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Abstract

The multiset dimension was introduced by Rinovia Simanjuntak et al. as a variation of metric
dimension. In this problem, the representation of a vertex v with respect to a resolving set W is
expressed as a multiset of distances between v and all vertices in W, including their multiplicities.
The multiset dimension is defined to be the minimum cardinality of the resolving set. Clearly, this
is at least the metric dimension of a graph. In this paper, we study the properties of the multiset
dimension of graphs.
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1. Introduction

Let G(V, E) be a simple connected graph. The distance between two vertices u,v € V(G),
denoted by d(u, v), is the length of the shortest path between them. A vertex w € V' (G) resolves a
pair of vertices u, v if d(u, w) # d(v,w). For an ordered set of k vertices W = {wy, wo, ..., wy},
the representation of distances of a vertex v with respect to IV is the ordered k-tuple

r(v|W) = (d(v,wy),d(v,ws), ..., dv,w)).

A set of vertices W C V(G) is a resolving set of GG if every two vertices of GG have distinct rep-
resentation with respect to 7. A smallest resolving set is called a metric basis and its cardinality
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is called the metric dimension. This metric dimension was introduced by Slater [7], also indepen-
dently by Harary and Melter [4]. It has some applications in chemistry [2] or in combinatorial
optimization [5], etc. Metric dimension of some particular family of graphs has also been studied,
for example, for circulant and Harary graphs [3], for fullerene graphs [1], and many more.

A new variant of metric dimension was introduced by Simanjuntak et al. [6], where the repre-
sentation of distances of a vertex v with respect to W is expressed in terms of a multiset, instead
of the ordered tuple. In multiset dimension, given a set W C V/, the representation of a vertex v
with respect to a set IV is expressed as a multiset of distances between v and all vertices in W,
including their multiplicities. The set W C (G is said to be resolving set of G if any pair of vertices
of GG have distinct representations. Formally, the multiset dimension is defined as follows.

Definition 1.1. Let G be a simple and connected graph with vertex set V (G). Suppose that W
is a subset of V(G) and v is a vertex of G. The representation multiset of v with respect to W,
rm(v | W), is defined as a multiset of distances between v and the vertices in W together with
their multiplicities. If r,(u | W) # rp(v | W) for every pair of distinct vertices u and v, then
W is called a resolving set of GG. A resolving set having minimum cardinality is called a multiset
basis. If G has a multiset basis, then its cardinality is called the multiset dimension of G, denoted
by md(G). If G does not contain a multiset basis, we say that G has an infinite multiset dimension
and we write md(G) = oo.

Simanjuntak et al. [6] showed that the only graphs with multiset dimension 1 are paths and
there is no graph with multiset dimension 2. Therefore, any graph other than a path has multiset
dimension at least 3. Figure 1 shows an example of a graph of multiset dimension 3.
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Figure 1. An example of a graph with multiset dimension 3.

2. Main results

Let GG; and G5 be simple and connected graphs where |V (G3)| < |[V(G)| or |E(Gs)| <
|E(G4)|. The multiset dimension of G+ is not necessary less than the multiset dimension of G,
even when (G5 is a subgraph of G;.

Theorem 2.1. The multiset dimension is not monotonic.
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Proof. A graph that has less vertices does not necessary to have less multiset dimension. We are
going to give an example of two graphs GGy and Gy where |V (G1)| > |V (Gs)| but md(Gy) <
md(Gz). Observe the following graph GGy of 13 vertices. Let a cherry be a vertex that is connected
to two leaves. In order to distinguish the representation of these two leaves, one of them has to be
included in the resolving set. Since this graph has 3 cherries where one of its leaves in each cherry
has to be included in the resolving set (represented by red vertices), then the multiset dimension of
this graph is at least 3. Figure 1 showed that this graph indeed has multiset dimension 3.
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Figure 2. Graph G with 13 vertices and md(G1) = 3.

Figure 3 shows a graph with one less vertex. Since it still contains 3 cherries, then the multiset
dimension is at least 3. However, it is insufficient for this particular graph, because the two vertices
indicated in blue now have the same representation. Therefore, one of the blue vertex has to be
included in resolving set. The multiset dimension will be at least 4.
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Figure 3. Graph G4 with 12 vertices and md(Gz) = 4.

Similarly, a graph with less number of edges can have a larger multiset dimension.
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Figure 4. Graph G3 with 12 edges and md(G3) = 3 and graph G4 with 11 edges and md(G4) = 4.

]

Charles Delorme in his correspondence with Simanjuntak [6], mentioned the possibility of a
graph having the infinite multiset dimension if it has too many symmetries. However, this is not a
necessary condition.
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Lemma 2.1. There exists an asymmetric graph with multiset dimension equals infinity.

Proof. The following graph is an asymmetric graph on 6 vertices. There is no set of vertices that
can resolve this graph, hence, its multiset dimension equals co.

AN

Theorem 2.2. Given any positive integer m > 3, there exists a simple graph whose multiset
dimension equals m.

]

Proof. We give a recursive construction of the graphs with multiset dimension m. Let GG, in this
construction be a graph of multiset dimension m. The base graph is the graph GG3 shown in Figure 1
with multiset dimension 3. To obtain G4, we identify the left most vertex of the subgraph shown in
Figure 5(a) to the last vertex of the main path of GG5. In general, we obtain (G5, ; by identifying the
left most vertex of a subgraph shown in Figure 5(b) to the last vertex on the main path of the graph
G. The leaf in red will be in the resolving set of the final graph. Clearly, the constructed graph
will have multiset dimension no smaller than m, as there are m pairs of leaf nodes in the graph. To
see that the multiset dimension of the constructed graph is indeed equal to m, we first examine the
presentations for all vertices on the main path of the constructed graph, it is straightforward to see
the representations are different, as in each iteration, the path added has different length. And it is
easy to verify the leaf node will be resolved by the neighbour leaf node.
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Figure 5. (a) Additional subgraph from G5 to G4; (b) Additional subgraph from G, to G, 41.

Figure 6 shows examples of graphs with multiset dimension 3 and 4 while Figure 7 gives an

example of the same construction of graph, with multiset dimension 5.
O

2.1. Graphs of multiset dimension 3

In this section, we focus on the graph that has multiset dimension 3. Let G be a graph on n
vertices of diameter k. Let W = {wy, w, w3} C V be aresolving set. The representation of vertex
v € V\W with respect to W will be in the form of {17,272 ... k" } where z1+xo+. . .+ = 3.
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Figure 6. Graphs G5 and G4.
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Figure 7. Graph G5

Observation 2.1. The distance of a vertex in a resolving set W to the other two vertices in W has
to be distinct. In other words, forr,s,t € {1,2,3} and r # s # t, d(w,, ws) # d(w,, w;) .

If d(wy,we) = d(wq,ws) = 1, then d(wsy, w3) < 2. In this case, at most 2 distinct representa-
tions are available for these 3 vertices, that is (0,1, 1), (0, 1,2) which by pigeonhole principle, at
least two of them have to be the same.

Theorem 2.3. If GG is a graph on n vertices of diameter k with multiset dimension 3, then

k3 + 3k% + 2k + 12
n < 5

and this bound is the best possible.

Proof. From the observation we know that (0, 1, 1) cannot be a representation of any vertex in a
graph of multiset dimension 3. Similarly, the representation (1, 1, 1) cannot exist for any vertex in

the graph.
The representation of vertex v € V' outside the resolving set W with respect to 1 will be in
the form of {171,2%2 ... k" }, where 1 + z3 + ... + 25 = 3. The number of solutions to this

. Since (1,1, 1) should be excluded, then the maximum

.. k+2) E® 4+ 3k% + 2k
equation 1s =

kE—1 6
number of possible representations for vertices outside the resolving set is
k* + 3k* + 2k

6

Since there are n — 3 vertices outside the resolving set, then

1.

k3 + 3k2% 4 2k

—1>n-3.
5 >n
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Therefore,

k? 4+ 3k* + 2k k* + 3k? + 2k + 12
<——143= :
6 6
This bound is sharp. The equality is achieved by the graph in Figure 8.
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Figure 8. Graphs on 12 vertices of diameter 3 with multiset dimension 3.

3. Open problems
This research area has a lot more to be explored. Here are some open problems:
Problem 1. Find the necessary and sufficient conditions for a graph to have multiset dimension 3.

Problem 2. Does there exist graph on n vertices with multiset dimension equals n? Find the
necessary and sufficient conditions for this to happen.

Problem 3. Study the algebraic properties of graphs and their relation to the multiset dimension.
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