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Abstract
Here we denote a diameter six tree by (c; ay, ag, . . ., Gpm; b1, ba, ... by;c1,Ca, ... ¢ ), where cis the
center of the tree; a;,7 =1,2,...,m, b;,7 =1,2,... ,n,and ¢, k = 1,2, ..., r are the vertices of

the tree adjacent to c; each q; is the center of a diameter four tree, each b; is the center of a star,
and each ¢, is a pendant vertex. Here we give graceful labelings to some new classes of diameter
six trees (c;ay, ag, ..., am;b1,bay ... by ¢y, ca,. .., ¢.) in which a diameter four tree may contain
any combination of branches with the total number of branches odd though with some conditions
on the number of odd, even, and pendant branches. Here by a branch we mean a star, i.e. we call a
star an odd branch if its center has an odd degree, an even branch if its center has an even degree,
and a pendant branch if it is a pendant vertex.
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1. Introduction

Definition 1.1. [13] A graceful labeling of a (p, q) graph G is an injection [ : V(G) — {0,1,2,...,q}
such that, when each edge uv of G is assigned the label | f (u) — f(v)|, the resulting edge labels (or
weights) are distinct from the set {1,2,3,...,q}. A graph that admits a graceful labeling is said

to be graceful. As for a tree g = p — 1, f is also onto and hence bijective.
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Definition 1.2. A diameter six tree is a tree which has a representation of the form (c; ay, as, . . . , p;
bi,ba, ..., by;c1,Co, ..., C), Where cis the center of the tree; a;,i = 1,2,....m, b;,j = 1,2,...,n,
and ci, k = 1,2,...,r are the vertices of the tree adjacent to c; each a; is the center of a diameter

four tree, each b; is the center of a star, and each c;, is a pendant vertex. We observe that in a
diameter six tree with above representation m > 2, i.e. there should be at least two (vertices) a;’s
adjacent to c which are the centers of diameter four trees. Here we use the notation Dg to denote
a diameter six tree. A combination of branches incident on any a;, 0 < i < m, can be represented
by a triple (x,y, z), where x, vy, and z represent the number of odd, even, and pendant branches,
respectively, incident on a;. Here we use the symbols e and o to represent a non-zero even number
and an odd number, respectively. For example: (e, 0, 0) means an even number of odd branches, no
even branch, and an odd number of pendant branches. If in a triple e or o appears more than once
then it does not mean that the corresponding branches are equal in number, for example, (e, e, 0)
does not mean that the number of odd branches is equal to the number of even branches.

In the literature [3, 4, 5, 6, 12] we find that all trees up to diameter five are graceful. As far as
diameter six trees are concerned, only banana trees are graceful [1, 2, 3,4, 6,7, 8, 14, 15, 12, 16].
From literature [2] a banana tree is a tree obtained by connecting a vertex v to one leaf of
each of any number of stars (v is not in any of the stars). Chen et al. [2] conjectured that ba-
nana trees are graceful. Bhat-Nayak and Deshmukh [1], Murugan and Arumugam [8] and Vil-
fred [16] gave graceful labelings to different classes of banana trees. Sethuraman and Jesintha
[6, 7, 14, 15]) proved that all banana trees and extended banana trees (graphs obtained by join-
ing a vertex to one leaf of each of any number of stars by a path of length of at least two)
are graceful. In this paper we give graceful labelings to some new classes of diameter six trees
(1,09, ..., am; b1, ba, ... by, Coy ..o ¢p) Witheach a;, i = 1,2, ..., mq, my < m, is attached to
(0,0,0). In the diameter six trees with the above representation a diameter four tree may contain
any combination of branches with the total number of branches odd though with some conditions
on the number of odd, even, and pendant branches.

2. Preliminaries

Now we state some existing terminologies results borrowed from [5, 9, 10, 11] to prove our
main result.

Definition 2.1. For an edge e = {u,v} of a tree T, we define u(T') as that connected component
of T — e which contains the vertex u. Here we say u(T') is a component incident on the vertex v.
If a and b are vertices of a tree T, u(T') is a component incident on a, and b ¢ u(T') then deleting
the edge {a,u} from T' and making b and u adjacent is termed as the component (1) has been
transferred or moved from a to b. In this paper by the label of the component "u(T)” we mean
the label of the vertex u. Let T be a tree and a and b be two vertices of T. By a — b transfer
we mean that some components from a have been moved to b. If we consider successive transfers
a; — ag, Ay —> Az, a3 — Ay, ... we simply write a; — as — az — a4 . .. transfer. In the transfer
a; — Ay —> ... —> Qy_1 — Qp, each vertex a;,1 = 1,2,... . n — 1is called a vertex of transfer.
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Lemma 2.1. [5] Let f be a graceful labeling of a tree T'; let a and b be two vertices of T'; let u(T')
and v(T) be two components incident on a where b & u(T) U v(T). Then the following hold:

(0) if f(u)+ f(v) = f(a)+ f(b) then the tree T* obtained from T by moving the components u(T')
and v(T') from a to b is also graceful.

(i7) if 2f (u) = f(a)+ f(b) then the tree T** obtained from T' by moving the component u(T') from
a to b is also graceful.

Definition 2.2. Let T be a labelled tree with a labeling f. We consider the vertices of T whose
labels form the sequence (a,b,a—1,b+1,a—2,b+2) (respectively, (a,b,a+1,b—1,a+2,b—2)).
Let a be adjacent to some vertices having labels different from the above labels. The a — b
transfer is called a transfer of the first type if the labels of the transferred components constitute a
set of consecutive integers. The a — b transfer is called a transfer of the second type if the labels
of the transferred components can be divided into two segments, where each segment is a set of
consecutive integers. A sequence of eight transfers of the first typea — b —a—1—>b+1 — a —
b—a—1—b+1— a—2(respectively,a -b—+a+1—-b—1—-a—>b—>a+1—->b0b—-1—
a + 2), is called a backward double 8 transfer of the first type or BDSTF a to a — 2 (respectively,
ato a—+2). A sequence of five transfers of the first typea - b+1—a—1—-b—>a—2—b+2
(respectively, a -b—1—>a+1—b—a+2—b—2), is called a 5 - transfer of the first type
or in brief 5STF a to b + 2 (respectively, a to b — 2). A sequence of four transfers of the first type
a—>b+1—a—-1—b+1— a—2(respectively,a -b—1—a+1—b—1—a+2),is
called a 1 - jump transfer of the first type or in brief 1JTF a to a — 2 (respectively, a to a + 2). A
sequence of two transfers of the first type a — b+ 1 — a — 2 (respectively, a — b—1 — a+2), is
called a 2 - jump transfer of the first type or in brief 2JTF a to a — 2 (respectively, a to a + 2). A
sequence of two transfers of the first type a — b+ 2 — a — 3 (respectively, a — b — 2 — a + 3),
is called a 4 - jump transfer of the first type or in brief 4JTF a to a — 3 (respectively, a to a + 3).
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(h)

Figure 1. The graceful trees in (b), (c), d), (e), (), (2), and (h) are obtained from the graceful tree in (a) by applying transfers of the first type
22 — 1, the transfer of second type 22 — 2, BD8TF 22 to 20, 5TF 22 to 3, 1JTF 22 to 20, 2JTF 22 to 20, and 4JTF 22 to 18, respectively.
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Theorem 2.1. [9, 10, 11] In a graceful labeling f of a graceful tree T, let a and b be the labels of
two vertices. Let a be attached to a set A of vertices (or components) having labels n,n + 1,n +
2,...,n + p (different from the above vertex labels), which satisfy (n +1+1i) + (n +p — i) =
a+b,i > 0 (respectively, (n+ i)+ (n+p—1—1) = a+b,i > 0). Then the following hold.

(a) By making a transfer a — b of first type we can keep an odd number of components at a
from the set A and move the rest to b, and the resultant tree thus formed will be graceful.

(b) If A contains an even number of elements, then by making a sequence of transfers of the
second typea - b —-a—1—-0b+1—a—-2 — b+ 2 — ... (respectively, a — b —
a+1l—b—1—a+2—0b—2—...), an even number of elements from A can be kept at
each vertex of the transfer, and the resultant tree thus formed is graceful.

(c) By a BDSTF a to b+ 1 (respectively, b — 1), we can keep an even number of elements from
Aata,b,a— 1, and b+ 1 (respectively, a,b,a + 1, and b — 1), and move the rest to a — 2
(respectively, a + 2). By a 5TF a to a — 2 (respectively, a + 2), we can keep an even number
of components at a and a — 2 (respectively, a and a + 2) and an odd number of components
at the remaining vertices of the transfer and move the rest to b+ 2 (respectively, b — 2). By a
1JTF a to b+ 1 (respectively, b — 1), we can keep an even number of elements from A at a,
a— 1, and b+ 1 (respectively, a, a + 1, and b — 1) and no component at b, and move the rest
to a — 2 (respectively, a+2). By a 2JTF a to b+ 1 (respectively, b — 1), we can keep an even
number of components at a and b + 1 (respectively, b — 1) and no component at b and a — 1
(respectively, a + 1), and move the rest to a — 2 (respectively, a + 2). By making a 4JTF a to
b + 2 (respectively, b — 2), we can keep an odd number (> 3) of components at a and b + 2
(respectively, b — 2) and no component at b, a — 1, b+ 1, and a — 2 (respectively, b, a + 1,
b—1, and a + 2), and move the rest to a — 3 (respectively, a + 3). The resultant tree formed
in each of the above cases is graceful.

(d) Consider the transfer R : a — b —>a—1—> b+ 1 — ... — z (respectively, a — b —
a+1—>0—1— ... = 2), with z = a — p, or b+ py (respectively, a + r1 or b — r3),
such that R is partitioned as R : Ty — Ty — 15 — ... — T),, where each T;,1 <1 < n, is
either a transfer of the first type or any of the derived transfers. Construct a tree T from T’
by making the transfer R part wise, i.e. first the transfer I, then I, and so on. The tree T™
is graceful.

(e) Consider the transfer R' :a — b —a—1—b+1— ... — ... (respectively, a — b —
a+1—b—1— ... — ...), such that R' is partitioned as R' : T'y — 1", where T}
is sequence of transfers consisting of the transfers of the first type and the derived transfers
and T} is a sequence of transfer of the second type. The tree T** obtained from T by making
the transfer R’ is graceful.

Lemma 2.2. [5] If g is a graceful labeling of a tree T' with n edges then the labeling g, defined
as gn(x) = n — g(x), for all x € V(T), called the inverse transformation of g is also a graceful
labeling of T
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3. Results

Construction 3.1. We construct a diameter six tree Dg = (¢; a1, a9, . .., Gy by, ba, ... bys e, ca, ..
with degree of each a; and b; an odd number. Suppose that o;, e;, and p; are the number of odd,
even, and pendant branches incident on the center a;,1 < 5 < m.

(1) The vertex a; may be attached to one of the following combinations with the conditions speci-
fied.

(a) (0,0,0).

(b) (0,¢€,¢) or (o,e,0) with either e; — p; =0 (mod 4) or o; > 3.

(c) (0,0,0) with e; > 3 and either e; — p; = 2 (mod 4) or o; > 3 and e¢; — p; > 4.

(d) (0,0,¢€) or (0,e,e) with e; = 0(mod 4), p; = 0 (mod 4), 0; > B + 2, and at least & odd
branches contain 3 or more pendant vertices.

(2) The combinations of branches incident on a; and a;., may be one of the following.

(a) The vertex a; is attached to (e, e,0) or (0, e,0) (respectively, (e,0,¢e)) or (0,0,¢) and a;,1 is
attached to (e, 0,¢€) or (0,0, e) (respectively, (e, e, 0))or (0, e, 0) with the conditions a; > p; + 1,
aiv1 > piv1 + 1, and [e; + e;11 — pi — piv1] =2 (mod 4).

(b) Both the vertices a; and a;. are attached to (e, e, 0) or (0, e, 0) with the conditions e; > p; + 1,
eit1 > Pip1 + L, [e; + €iy1 — pi — piya] = 0 (mod 4), and [e; + e — pi — pipa] > 4.

(c) Both the vertices a; and a;, 1 are attached to (e, 0, e) or (0, 0, €) with the conditions e; > p; — 1,
€it1 2> Dit1 — L [€; + i1 — pi — piv1] = 0 (mod 4), and [e; + €41 — pi — pit1] > 0.

(d) The vertices a; and a;, 1 are attached to either (e, 0,0) or (0, 0,0) with [e; +e;41] = 0 (mod 4).
(e) The vertex a; is attached to either (0,0,0) or (e,0,0) (respectively, (0,0,¢) or (e,o0,€)) and
the vertex a;y, is attached to either (0,0,¢) or (e,o0,¢) (respectively, (0,0,0) or (e,0,0)) with
le; + €iy1 — pi — pita] =0 (mod 4) and [e; + €;41 — pi — pita] > 4.

(f) The vertex a; is attached to either (0,0,0) or (e,0,0) (respectively, (0,e,0) or (e,e,0)) and
the vertex a;y1 is attached to either (0,e,0) or (e, e,o0) (respectively, (0,0,0) or (e,0,0)) with
e; > i+ 3, €41 > pip1 + 3, and [e; + €41 — pi — piy1] = 2 (mod 4)

(g) The vertices a; and a1 are attached to either (e, 0, 0) or (e, e, 0) with p; + p;r1 = 0 (mod 4),
e; = 0 (mod 4), e;41 = 0 (mod 4), o, > n, + 2,7 = i,i + 1, and at least n, odd branches
incident on a, contain 3 or more pendant vertices, where n, = ””; Lifp, =1 (mod 4) and ’”T_l if
pr = 3 (mod 4).

(h) Both the vertices a; and a; are attached to (e, 0,e) with e; + e;41 = 0 (mod 4), 0, > &, r =
1,1+ 1, and at least % odd branches incident on a, contain 3 or more pendant vertices.

(i) The vertex a; is attached to (o, e,0) (respectively, (o, e,€)) and the vertex a;,; is attached to
(0, e, e) (respectively, (0, e,0)) with [e;+e;11—pi—pit1] = 0 (mod 4) and [e;+e; 11 —pi—pit1] > 4.
(j) The vertex a; is attached to (0,¢,0) or (o, e, e) (respectively, (0,0,0)) and the vertex a;,1 is
attached to (o, 0, 0) (respectively, (0, ¢e,0)) or (o, e, e) with [e; + €;11 — p; — Piy1] = 2 (mod 4) and
le; + €1 — Di — Pig1] > 2.

(k) Both the vertices a; and a;,1 are attached to (0,0,0) or (o, e,e) with one of the following
conditions:

(1) [e; — p-] =0 (mod 4), and [e, — p,] >0, forr =i,i+ 1.

(1) [e, — p;] =2 (mod 4), and e, — p,] > 2, forr = 1,1+ 1.
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(III) [61' — pz] =0 (mod 4), [ei—f—l — pi—i—l] =2 (mod 4), [61' — pz] Z 0, [€i+1 - pi—l—l] Z 2, Oj+1 2 3.
(IV) [e; — p;]) =2 (mod 4), [eir1 — pit1) = 0 (mod 4), [e; — pi] > 2, [€i41 — piy1] = 0, 0; > 3.

(1) Both the vertices a; and a;y, are attached to (o, e,e) with e; + e;11 = 0 (mod 4), and for
r=1,i+ 1, p. =0 (mod 4), o, > & + 1 and at least & odd branches incident on a, contains 3
or more pendant vertices. &

Example 3.1. The diameter six tree Dg (c; a1, as, as, aq, as, ag; by, be, bs; ¢y, ¢o, ¢3) in Figure 2 is
of the type in Construction 3.1. Here 0y = 3,1 = 0,p1 = 0; 00 = 2,e5 = 2,ps = 1503 = 0,e3 =
3,p3 = 2; 04 = 1,64 = 1,])4 =1; O5 = 1,65 = 1,p5 =1; Og = 3,66 = 4,p6 = 4; Thus, ap is
attached to (0,0, 0), as is attached to (e, e, 0), as is attached to (0, o, €), a4 is attached to (o, 0, 0),
as is attached to (o, 0, 0), and ag is attached to (o, e, €).

O 0 O
- .
- Q 0 O
O 0 o 0O
O O O O
® Q A
o \ ¢ —0 O A O
L Q 0 () ? ) O
() o O .
. O O Q o =
a. () (] ()
O - - > a4, Fy
4 1‘15 )

l | P 0 | e 0 ©

> i "X ~
0 a .
O (]
4b © Q n O
O 1 9 () S e
@, e . . o O
S A& g .o e

Figure 2. A diameter six tree of the type in Construction 3.1

Theorem 3.1. The diameter six tree Dg in Construction 3.1 is graceful.

Proof.

Case - I. Let m + n be odd. Let |E(Dg)| = q and deg(ag) = m + n = 2k + 1. Suppose that for
i=1,2,...,m,0; +e; + p; = deg(a;) — 1 = 2)\; + 1. We proceed as per the following steps to
get a graceful labeling of Dg.

1. Remove the pendant vertices adjacent to ¢ and represent the new graceful tree by Dél). Consider
the graceful tree GG as represented in Figure 3.
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1 2 O—«\_\q-r-k-l

oq-r—k- 1

Figure 3. The graceful tree G.

2. LetA={k+1,k+2,...,¢g—k—r—1}. Observe that (k+i)+ (¢g—r—k—1i)=q—r1.

Designate the vertices adjacent to ag, i.e. a;,2 = 1,2,...,m, b;,j =1,2,...,nas:
m+j—1 ¢ -
—r— 2= jfjisodd . .
{ ?nﬂ 2 UJ if m is even
q—7r— =L ifiisodd 2 if j is even
“ { 5 Qifz' is even and b; =
2 mh if j is odd e
mAj—1 g . if m is odd
q—r——5— if jiseven

Let A be the set of all pendant vertices adjacent to a; = ¢ — r in GG. The set A can be written
as A={z1,20,..., 25}, wherefor 1 <i<s=2>" (2)\ +1),

L { q—r—k—1% ifiiseven
P k+ L if i is odd

3. Consider the sequence of transfer 7} : a; — ao — a3 — ... = @y —> by — ... — by, — 21,
ie.qg—r—-1—-q—-r—-1—-2—...>k—q—r—k+1—k—q—r—k— k+1witheach
transfer is a transfer of first type of the vertex “’labels in set A”. Observe that the transfer 77 and the
set A satisfy the hypothesis of Theorem 2.1. Carry out the transfer 77 and keep 2)\; + 1 elements
of A at the vertices a; and a desired odd number of vertices at each vertex b,. Let A, be the set of
vertices of A that have come to the vertex k + 1. Let the resultant graceful tree thus formed be G.
4. Consider the transfer T : 21 — 2o — 23 — 24... — 25, Where s = > " [2); + 1].

The manner in which we have moved the vertices of A in step 3, we notice that the first 2\; + 1
vertices in 75 are incident on aq, the next 2\ + 1 vertices in 75 are incident on as, and so on.

Further, we observe that the set A; and the vertices z; and 2z, satisfy the hypothesis of Lemma

2.1. We partition the transfer 75 : Tg(l) — TQ(Q) — T2(3) - ... = TQ(m) and carry out the
transfer 75 by successively carrying out the transfers Tz(l), TQ(Q), ceey Tz(m) in order. Each transfer
TQ(i),z' = 1,2,...,m consists of sequence of transfers of the first type and one or more of the
derived transfers. Here the transfer TQ(i) D s, 41 — Qs;_,42 — ... —> A5, — Qg,41, Where for
i=1,2,...,m,8 = 2221(2& + 1) and the vertices as, ,11,as, ,+2,- - -,as, are incident on the
path a;.

We start with the transfer T2(1) or T2(1) — T2(2) for the cases (1) and (2), respectively.
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Case (1): Let a; be attached to one of the combinations in (1). Here we carry out the transfer
TQ(I) A R A% R N A4 P
Case (a): Here TQ(I) consists of 2)\; + 1 successive transfers of the first kind.
Case (b): If e; — p; = 0 (mod 4), then Tg(l) consists of < successive BD8TF followed by the o,

successive transfers of the first kind. If e; — p; = 2 (mod 4) then 0; > 3 and as such T2(1) consists
of one 5TF, followed by % successive BDSTF, and finally 0; — 3 successive transfers of the first
kind.

Case (¢): If e; — p; = 2(mod 4) then T2(1) consists of o; successive transfers of the first type,
followed by & successive 2JTF, followed by % successive BD8TEF, finally one 1JTE. If
er — p1 = 0(mod 4) then 0, > 3, and T(l) consists of one 5TF, followed by 0; — 3 succes-
sive transfers of the first type, followed by - successive 2JTF, followed by “—— —4 successive
BDSTF, finally one 1JTFE.

Case (d): In this case Tgfl) consists of <+ successive BD8TF, followed by % successive 4JTF, and
finally 0; — % successive transfers of the first kind. Case (2): Suppose a; and a, are attached to

one of the combinations in (2). Here we carry out the transfer 7: 2(1) — T 2(2) R A S S
22(A1+A2+1)-

Case (a): Let [(e1 + e2) — (p1 + p2)] = 4l1 + 2. Here T(l) — T( ) consists of 0, successive
transfers of the first type, followed by [*— 1] successive 2JTF, followed by one 1JTF, followed by

I, successive BD8TF, followed by [£2] successwe 2JTF, and finally o, successive transfers of the
first type.

Case (b): Let [(e; + e2) — (p1 + p2)] = 4la,15 > 1. Here T(l) —> T( ) consists of 01 successive
transfers of the first type, followed by one 1JTF, followed by #5—= successive 2JTF, followed by
(Iy — 1) successive BDSTF, followed by 22-* successive 2JTF, followed by one 1JTF, and finally
05 successive transfers of the first type.

Case (c¢): In this case 7. 2(1) consists of 0; successive transfers of the first type, followed by <
successive BD8TFs followed by, W successive 2JTF, followed by %, and finally, o, succes-
sive transfers of the first type.

Case (d): HereT: 2(1) consists of 0; successive transfers of the first type, followed by % succes-
sive BD8TF, and finally o, successive transfers of the first type.

Case (e)-(i): Let [(e1 +e2) — (p1 +po)] = 4l3,13 > 1. Here T( ) consists of 01 successive transfers
of the first type, followed by &+ successive 2JTF, followed by successive BD8TF, followed by
B successive 2JTF, and ﬁnally 05 successive transfers of the ﬁrst type.

Case (f): Let [(e1 +e2) — (p1 +p2)] = 4l4+2,14 > 1. Here T(l) consists of 07 successive transfers
of the first type, followed by /4 successive BD8TF, followed by one 1JTF, followed by £ succes-
sive 2JTF, and finally oy successive transfers of the first type (respectively, o; successive transfers
of the first type, followed by £ successive 2JTF, followed by one 1JTF, followed by [, successive
BDS8TF, and finally o, successive transfers of the first type).

Case (g): Here Tg(l) consists of <+ BD8TF, followed by 0; — n; successive transfers of the first
type, followed by 222 1+p2 successive 4JTF, followed by 0y — ny successive transfers of the first type,
and finally % BD8TF
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Cases (h) : In this case TQ(D consists of 0; — &+ successive transfers of the first type, followed by &
successive 4JTF, followed by % successive BDSTF, followed by % successive 4JTF, and finally
05 successive transfers of the first type.

Case (j): Let [(e; + e2) — (p1 + p2)] = 4l5 + 2,15 > 1. In this case T2(1) consists of 0, succes-
sive transfers of the first type, followed by [5 successive BD8TF, followed by Z- successive 2JTF,
followed by one 1JTF, followed by ”2771 successive 2JTF, and finally, o, successive transfers of
the first type (respectively, o; successive transfers of the first type, followed by one 1JTF, followed
by plT_l successive 2JTF, followed by Z- successive 2JTF, followed by 5 successive BD8TF, and
finally, o, successive transfers of the first type).

Case (K) - (I): In this case T 2(1) consists of 0; successive transfers of the first type, followed by %
successive BD8TF, followed by ’% successive 2JTF, followed by % successive BD8TF, and
finally o5 successive transfers of the first type.

Case (k) - (II): In this case TZ(I) consists of 0, successive transfers of the first type, followed by
one 1JTF, followed by # successive BD8TF, followed by 1%272 successive 2JTF, followed

by % successive BD8TF, and finally o, successive transfers of the first type.

Case (k) - (III): In this case T. 2(1) consists of 0; successive transfers of the first type, followed
by <72 successive BDSTF, followed by ’% successive 2JTF, followed by % successive
BDSTEF, followed by one 5TF, and finally 0, — 3 successive transfers of the first type.

Case (k) - (IV): In this case 7: 2(1) consists of 0; — 3 successive transfers of the first type, followed
by one 5TF, followed by % successive BDSTF, followed by ’% successive 2JTF, followed
by “52 successive BDSTF, and finally o, successive transfers of the first type.

Case (1): In this case 1. 2(1) consists of o; — & successive transfers of the first type, followed by £
successive 4JTF, followed by % successive BDSTF, followed by £2 successive 4JTF, and finally
0y — B successive transfers of the first type.

In the similar manner we carry out the transfers T2(i) successively in order by repeating the
procedure in which we have accomplished the transfer Tz(l) and TQ%) — T2(2) respectively, for the
Cases - (1) and (2) and complete the transfer 7, :— TQ(U — T2(2) — T2~(3) — ... = TQ(m) so as to
get back Dél) with a graceful labeling due to Theorem 2.1.

5. Now we attach r pendant vertices cy, co, ..., ¢, to ag and assign them the labels ¢ — r + 1,

q—nr+2,...,q,respectively, so as to from Dg with a graceful labeling from the graceful tree Dél).

Example 3.2. The diameter six tree in Example 3.1 (Figure 2) is of the type in Theorem 3.1. Here
q = 118, m = 6,n = 4,r = 3. The transfer 7} : a; — ay... — b, — 2z in Step 3 is the
transfer 118 —- 1 — 117 — ... — 111 — 5. Ty : 21 — 25 — ... — 2z, in Step 4 is the transfer
5 — 110 - 6 — ... = 20 — 95 We first form the graceful tree G as in Figure 4. Figure 5
represents the graceful tree (; obtained after step 3. Figure 6 represents the graceful tree Dél)
obtained after step 4. Figure 7 represents the given diameter six tree Dg with a graceful labeling
obtained by attaching the pendant vertices c;, co, and c3 assigning them the labels 116, 117, and

118 in step 5.

Case - II: Let m + n be even. Then form a diameter six tree, say G by removing the vertices
1, C2y - . ., Cry and b, from Dg. Let |[E(Gg)| = ¢1. Give a graceful labeling to G by following the
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Figure 5. The graceful tree obtained after Step 3.

steps 1 to 9 involving giving a graceful labeling to Dél) in the proof for Case - I by replacing ¢ — r

with ¢;. Observe that in the graceful labeling of G, the vertex ag gets the label 0. Now attach
the vertices ¢y, co, . . ., ¢, and b, to ay and assign them the labels ¢; + 1, ¢; + 2, ..., ¢ + r, and
¢1 + r + 1, respectively. Obviously, the tree Gg U {c1, co, . .., ¢, b, } with the labelings mentioned
above is graceful with a graceful labeling, say g. Then apply inverse transformation ¢,, 4+, to the
above labeling of Gg U {cy, ¢, ..., ¢, by }. Now the vertex b,, gets the label 0. Let deg(b,) = p.
Finally, attach p — 1 pendant vertices to b,, and assign them the labels ¢; +r + 2, ¢1 +r+ 3, ..,
q1 + r + p, so as to get the tree Dg with a graceful labeling. [ |
The next result follows immediate from Theorem 3.1.
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Figure 6. The graceful tree obtained after Step 4.

Construction 3.2. If degrees of a; and b; are even, fori = 1,2,3,...,m;j = 1,2,3,...,n, and
the centers a;,1 = 1,2, ..., m, of diameter four trees are attached to combinations as in Theorem
3.1 then Dg given by the following are graceful.

(a): D¢ ={c;a1,ag,...,am;b1,ba, ... by}

(b): Dg = {c;a1,as,...,am;c1,¢a ..., ¢} withm odd.

(c): Dg = {c;aq,as,...,a,} withm odd.

Proof. Proofs of part (a) and (b) follow if we set r = 0 and n = 0, respectively in the proof involv-
ing Theorem 3.1. Proof of part (c) follows if we set n = 0 and = 0 in the proof corresponding to
Case - I of Theorem 3.1 . [ |

Notation 3.1. Let Dg = {ag; a1, as,...,an;b1,ba, ..., by;c1,0a,. .., ¢} be diameter six tree. We
may have one of or both n = 0 and r = 0. For next couple of results we will consistent use the
following notations.

n. =Number of stars adjacent to ay with center having odd degree.

n, = Number of stars adjacent to ay with center having even degree, i.e. n = n. + n,.

Theorem 3.2. Let m + n be odd, n. = 0 mod 4, degrees of a; are even, fori =1,2,3,... . m. If

the centers a;, 1 = 1,2, ..., m, of diameter four trees are attached to combinations as in Theorem
3.1 then
(a) D¢ = {ap;a1,as,...,am;b1,ba, ..., by;c1,Co,. .. C.} is graceful.

(b) Dg = {ap;ai,...,am;b1, by, ... by} is graceful.
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Figure 7. The graceful tree obtained after Step 5.

Proof. Let |E(Dg)| = q and deg(ag) = m + n = 2k + 1. Proceed as per the following steps. Let
us first prove part (a). We repeat Steps 1 and 2 in the proof of Theorem 3.1 for Case -I. Consider
the transfer 7y : a1 — as — a3 — ... = a,, — by — by — ... — b, — 2; consisting of m + n,
successive transfers of the first type, followed by “¢ successive BD8TF from vertex levels in the
set A . Observe that the transfer 7 and the set A satisfy the hypothesis of Theorem 2.1. Carry out
the transfer 77 keeping 2)\; + 1 elements of A at the vertices a;, the desired odd number of vertices
at b;,j = 1,2,...,n,, and the desired even number of vertices at b;,j = n, + 1,n, +2,...,n
of T1. By Theorem 2.1, the new tree, say GG, thus formed is graceful. LetA; be the set of vertex
labels of A which have come to the vertex z; after the transfer 7. Finally, we repeat Steps 4 and 5
in the proof involving Theorem 3.1 for Case -I to get the tree Dg with a graceful labeling. Proof of

part (b) follows if we set » = 0 in the proof involving part (a).

Theorem 3.3. Let m + n be even, either n. = 1 mod 4 or n. = 0 mod 4 and n, > 1, degrees
of a; are even, foriv = 1,2,3,...,m. If the centers a;,1 = 1,2,...,m, of diameter four trees are

attached to combinations as in Theorem 3.1 then
(a) Dg = {ap;a1,as,...,am;b1,ba, ..., by;c1,Co,. .. C.} is graceful.
(b) Dg = {ap;ai,...,am;b1,ba, ... by} is graceful.
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Proof. We prove the part (a) first. Let us designate the vertex b,, as the center of a star adjacent
to ag with odd (respectively, even) degree if n. = 1 mod 4 (respectively, n. = 0 mod 4, n, >
1). Let us define two integers k; and ky as ky = { fle ™ 1.if ne = Lmod 4 and ky =
Ne if ne =0 mod 4 and n, > 1
n, ifne=1mod4

{ ne — 1ifn. =0 mod4and n, > 1
So we have n = n, + n. = k; + ko + 1. Form a diameter six tree, say G by removing the
vertices ¢y, Ca, ..., ¢, and b, from Dg. Let |E(Gg)| = ¢1. Give a graceful labeling to Gg by
following the steps 1 to 4 by setting ¢ —r = ¢; and replacing n. with k; and n, with ks, in the proof
for Case -I of Theorem 3.1. Observe that in the graceful labeling of G, the vertex a, gets the label
0. Now attach the vertices cy, co, . . ., ¢, and b,, to ay and assign them the labels ¢; + 1, ¢; + 2, . . .,
¢1 + 7, and g1 + r + 1, respectively. Obviously, the tree Gg U {c1, ¢a, . . ., ¢, b, } with the labelings
mentioned above is graceful with a graceful labeling, say g. Then apply inverse transformation
Gq1+r+1 to the above labeling of Gg U {c1,ca, ..., ¢, b, }. Now the vertex b,, gets the label 0. Let
deg(b,) = p. Finally, attach p pendant vertices to b,, and assign them the labels ¢; +7+2, ¢; +7+3,
.. q1 +7r+p+1,s0as to get the tree Dg with a graceful labeling. The proof of part (b) follows
if we setr = 0. [ ]

Example 3.3. Figure 8 (a) is a diameter six of the type in Theorem 3.3. Here ¢ = 192, m = 8§,
and n = 6,n, = 5, a; is attached to (e, 0,0), each of ay is attached to (0, 0,0), as is attached
to (0,0,¢€), a4 is attached to (o,e,0), each of a5 and ag is attached to (o, 0,0), a7 is attached
to (e,0,0), and ag is attached to (e, e,0). We first form the graceful diameter six tree G as
in Figure (d) (without labeling) by removing all the pendant vertices and one star adjacent to ¢
with odd degree. The transfer 77 : a; — as — ... — b,_1 — 2z; in Step 3 is the transfer
182 -1 —= 181 - ... - 176 — 7. Ty : 2y = 2z — ... — zs in Step 4 is the transfer
7 — 175 — 8 — ... — 27 — 155 We first form the graceful tree GG as in Figure (b). Figure
(c) represents the graceful tree (G; obtained after Step 3. Figure (d) represents the graceful tree
(¢ obtained after Step 4. Figure (e) represents the tree obtained from the graceful tree in (d) by
attaching three pendant vertices to ¢ and assigning them the labels 183, 184, and 185. Finally, the
graceful tree in Figure (f) is obtained by applying inverse transformation to the graceful tree in
Figure (e) (so that the label of the vertex bg becomes 0), and attaching eight vertices to the vertex
bs (labelled 0) and assign them the labels 186, 187, 188, 189, 190, 191, 192, and 193. [ |
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®

Figure 8. A diameter six tree of the type in Theorem 3.2 with a graceful labeling.
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