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Abstract

A nonnegative signed dominating function (NNSDF) of a graph G is a function f from the ver-
tex set V (G) to the set {−1, 1} such that

∑
u∈N [v] f(u) ≥ 0 for every vertex v ∈ V (G). The

nonnegative signed domination number of G, denoted by γNNs (G), is the minimum weight of
a nonnegative signed dominating function on G. In this paper, we establish some sharp lower
bounds on the nonnegative signed domination number of graphs in terms of their order, size and
maximum and minimum degree.
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1. Introduction

We consider finite, undirected and simple connected graphs G with vertex set V (G) = V and
edge set E(G) = E. The cardinality of the vertex set of a graph G is called the order of G
and is denoted by n(G) = n. For every vertex v ∈ V , the open neighborhood of v is the set
N(v) = {u ∈ V | uv ∈ E} and the closed neighborhood of v is the set N [v] = N(v) ∪ {v}.
The number dG(v) = d(v) = |N(v)| is the degree of the vertex v. The minimum and maximum
degree of a graph G are denoted by δ(G) and ∆(G), respectively. If X ⊆ V (G), then G[X] is
the subgraph of G induced by X . For disjoint subsets X and Y of vertices of a graph G, we let
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E(X, Y ) denote the set of edges between X and Y . For a tree T , a leaf of T is a vertex of degree 1
and a support vertex is a vertex adjacent to a leaf. The set of leaves and the set of support vertices
in T are denoted by L(T ) and S(T ), respectively. The complement of a graph G is denoted by G.
We write Kn for the complete graph of order n and Cn for a cycle of length n. Consult [7] for
terminology and notation which are not defined here.

For a real-valued function f : V → R the weight of f is ω(f) =
∑

v∈V f(v), and for S ⊆ V we
define f(S) =

∑
v∈S f(v), so ω(f) = f(V ). For a vertex v in V , we denote f(N [v]) by f [v]. If G

is a graph, then a signed dominating function is defined in [1] as a function f : V (G) −→ {−1, 1}
such that f(N [v]) ≥ 1 for all v ∈ V (G). The signed domination number γs(G) of G is the
minimum weight of a signed dominating function on G. This parameter has been studied by
several authors [2, 5, 6, 8, 9].

A function f : V → {−1, 1} is said to be a nonnegative signed dominating function (NNSDF)
of G if f [v] ≥ 0 for every v ∈ V . The nonnegative signed domination number of G, γNNs (G),
is the minimum weight of a nonnegative signed dominating function of G. A nonnegative signed
dominating function of weight γNNs (G) is called a γNNs (G)-function. The nonnegative signed
domination number was introduced by Huang et al. [3]. In their paper, they determined the exact
values of this parameter for some classes of graphs. Since every signed dominating function of G
is a nonnegative signed dominating function, we conclude that

γNNs (G) ≤ γs(G). (1)

Our aim in this paper, is to establish some sharp lower bounds on the nonnegative signed
domination number of graphs in terms of their order, size and maximum and minimum degree.

For any function f : V → {−1, 1}, we define P = Pf = {v ∈ V | f(v) = 1} and M = Mf =
{v ∈ V | f(v) = −1}. Then ω(f) = |P | − |M | = |V (G)| − 2|M | = 2|P | − |V (G)|.

We make use of the following results.

Observation 1.1. Let f be an NNSDF of G and let v ∈ V (G). If deg(v) is even, then f [v] ≥ 1,
while f [v] ≥ 0 if deg(v) is odd.

Observation 1.2. For any even graph G, γNNs (G) = γs(G).

Proposition A. ([3]) Let G be a graph with n vertices and m edges. Then

γNNs (G) ≥
√

4n+ 1− n− 1.

Proposition B. ([1]) For n ≥ 3,

γs(Cn) =


n/3 if n ≡ 0 (mod 3)
bn

3
c+ 1 if n ≡ 1 (mod 3)

bn
3
c+ 2 if n ≡ 2 (mod 3).

Proposition C. ([3]) For any graph G of order n, γNNs (G) ≡ n (mod 2).

Proposition D. ([3]) For n ≥ 1, γNNs (Pn) = n− 2dn
3
e.
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Proposition E. ([3]) Let Kn be a complete graph. Then γNNs (Kn) = 0 when n is even and
γNNs (Kn) = 1 when n is odd.

Proposition 1.1. Let G be a graph of order n. Then γNNs (G) = n if and only if G ' Kn.

Proof. One side is clear. Let γNNs (G) = n. If deg(v) ≥ 1 for some v ∈ V (G), then the function
f : V (G) → {−1,+1} defined by f(v) = −1 and f(x) = +1 for all other vertices x, is an
NNSDF of G and this implies that γNNs (G) ≤ n − 2, a contradiction. Thus ∆(G) = 0 and so
G ' Kn.

Proposition 1.2. Let G be a connected graph of order n. Then γNNs (G) = n − 2 if and only if
G ' P2, P3, C3, C4 or C5.

Proof. One side is clear. Let γNNs (G) = n − 2. We claim that ∆(G) ≤ 2. Assume, to the
contrary, that ∆(G) ≥ 3. Let v be a vertex of maximum degree and let N(v) = {v1, . . . , v∆(G)}. If
N [vi] ∩N [vj] = {v} for some i 6= j, then define f : V (G) → {−1,+1} by f(vi) = f(vj) = −1
and f(x) = 1 for all other vertices x. Clearly, f is an NNSDF of G with weight n− 4 which leads
to a contradiction. Assume that N [vi] ∩ N [vj] 6= {v} for every pair i, j, 1 ≤ i 6= j ≤ ∆(G).
It is easy to see that the function f : V (G) → {−1, 1} defined by f(v) = f(v1) = −1 and
f(x) = 1 for all other vertices x, is an NNSDF ofG of weight n−4 which leads to a contradiction.
Therefore ∆(G) ≤ 2 and so G is a path or cycle. Now the result follows from Observation 1.2 and
Propositions B and D.

2. Bounds on the nonnegative signed domination numbers

In this section, we establish some sharp lower bounds on the nonnegative signed domination
number of graphs in terms of their order, size, maximum and minimum degree. We begin with a
simple lemma.

Lemma 2.1. Let G be a graph with minimum degree δ and maximum degree ∆ and let f be a
γNNs (G)-function. Then

|M |
⌈
δ + 1

2

⌉
≤ |E(P,M)| ≤ |P |

⌊
∆ + 1

2

⌋
.

Proof. Let v ∈ P . The condition f [v] ≥ 0 leads to 2|N(v)∩M | ≤ deg(v)+1 and so |N(v)∩M | ≤
bdeg(v)+1

2
c ≤ b∆+1

2
c. It follows that |E(P,M)]| ≤ |P |b∆+1

2
c.

Now let v ∈M . Since f [v] ≥ 0, we have 2|N(v)∩P | ≥ deg(v)+1 that implies |N(v)∩P | ≥
ddeg(v)+1

2
e ≥ d δ+1

2
e. This leads to |E(P,M)| ≥ |M |d δ+1

2
e, and the proof is complete.

Theorem 2.1. If G is a graph of order n with minimum degree δ and maximum degree ∆, then

γNNs (G) ≥
d δ+1

2
e − b∆+1

2
c

d δ+1
2
e+ b∆+1

2
c
n.
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Proof. By Lemma 2.1, |P |d δ+1
2
e ≤ |M |b∆+1

2
c. Using this inequality and |P | = n+γNNs (G)

2
and

|M | = n−γNNs (G)
2

, the desired inequality follows.

We show next that the bound given in Theorem 2.1 is sharp. For this purpose, we recall the
following two observations.

Observation 2.1. If k and n are integers with k < n and n is even, then we can construct a
k-regular graph on n vertices.

Observation 2.2. ([2]) Let k,m and p be integers satisfying 1 ≤ k ≤ mp, m|k and p|k. Then
there exists a bipartite graph of size k with partite sets P and M such that |P | = p and |M | = m,
and each vertex in P has degree k

p
while each vertex in M has degree k

m
.

Theorem 2.2. Let δ and ∆ be integers with 1 ≤ δ ≤ ∆. Then there exists a graph G such that
γNNs (G) =

d δ+1
2
e−b∆+1

2
c

d δ+1
2
e+b∆+1

2
cn.

Proof. Let x = d δ+1
2
e, y = b∆+1

2
c, λ = 2d∆+1

δ+1
e, m = λy, p = λx and k = λxy. Then, k

m
= x

and k
p

= y and so 1 ≤ k ≤ pm. By Observation 2.2, there exists a bipartite graph H of size
k with partite sets P and M such that |P | = p and |M | = m, and each vertex in P has degree
b∆+1

2
c while each vertex in M has degree d δ+1

2
e. Furthermore, m is even and m = λy > b δ−1

2
c.

Hence, by Observation 2.1, we can construct a b δ−1
2
c-regular graph with vertex set M . Similarly, p

is even and p = λx > d∆−1
2
e and so we can construct a d∆−1

2
e-regular graph with vertex set P . By

adding the edges of both these graphs to H , we obtain a graph G in which every vertex of P has
d∆+1

2
e neighbors in M and b∆−1

2
c neighbors in P , while every vertex of M has d δ+1

2
e neighbors

in P and b δ−1
2
c neighbors in M . In particular, every vertex in P has degree δ and every vertex in

M has degree ∆. Define f : V (G) −→ {−1,+1} by f(x) = 1 for x ∈ P and f(x) = −1 for
x ∈ M . Obviously, f is an NNSDF of G. Hence, γNNs (G) ≤ w(f) = |P | − |M | = λ(x − y).

Since |V (G)| = n = λ(x+ y), it follows from Theorem 2.1 that γNNs (G) =
d δ+1

2
e−b∆+1

2
c

d δ+1
2
e+b∆+1

2
cn.

Now we give an upper bound on the nonnegative signed domination number of a graph in terms
of its order and size.

Theorem 2.3. Let G be a graph of order n and size m. Then

γNNs (G) ≥ n

2
−m.

Proof. Let f be a γNNs (G)− function. If M = ∅, then the result is true. Let M 6= ∅. It follows
from f [v] ≥ 0 that |N(v) ∩ P | ≥ |N(v) ∩M | − 1 for each v ∈ V . Therefore

2|E(G[P ])| =
∑
v∈P

|N(v) ∩ P | ≥
∑
v∈P

(|N(v) ∩M | − 1) = |E(P,M)| − |P | (2)

that implies

|E(G[P ])| ≥ |E(P,M)| − |P |
2

. (3)
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It follows from Lemma 2.1 and (3) that |E(G[P ]) ≥ |M |−|P |
2

. Thus we have

m ≥ |E(G[P ])|+ |E(P,M)| ≥ 3|M | − |P |
2

=
3

2
n− 2|P | = 3

2
n− (n+ γNNs (G)),

and this leads to the desired bound.

In the next result we characterize all graphs achieving the bound in Theorem 2.3.

Theorem 2.4. Let G be a connected graph of order n ≥ 2 and size m. Then γNNs (G) = n
2
−m

if and only if G is obtained from a connected graph H by adding degH(v) + 1 pendant edges at v
for each v ∈ V (H).

Proof. Let G be the graph obtained from a connected graph H by adding degH(v) + 1 pendant
edges at v for each v ∈ V (H). Clearly n(G) = 2n(H) + 2m(H) and m(G) = n(H) + 3m(H)
and the function f defined by f(x) = 1 for x ∈ V (H) and f(u) = −1 for all other vertices
u, is an NNSDF of G of weight 2m(H) = n(G)/2 − m(G). It follows from Theorem 2.3 that
γNNs (G) = n

2
−m.

Conversely, let γNNs (G) = n
2
−m. Assume f is a γNNs (G)-function. Then every inequality in

the proof of Theorem 2.3 becomes an equality, i.e.,

1. |N(v) ∩ P | = |N(v) ∩M | − 1 for each v ∈ P ,
2. |E(P,M)| = |M | and every vertex in M is adjacent to exactly one vertex in P ,
3. m = |E(G[P ])|+ |E(P,M)|.

Let G[P ] = H . It follows from (2) and (3) that M is independent and every vertex of M has
degree 1. Since G is connected, we deduce that H must be connected. By (1), we conclude that
every vertex v ∈ P = V (H) is adjacent to exactly degH(v) + 1 vertices in M and so v is adjacent
to exactly degH(v) + 1 leaves. This completes the proof.

Corollary 2.1. Let G be a connected graph of order n ≥ 2 and size m. Then γNNs (G) = n
2
−m

if and only if G is an odd graph and every vertex v ∈ V (G) with degree at least 3, is adjacent to
deg(v)+1

2
leaves.

Theorem 2.5. Let G be a graph of order n, size m and minimum degree δ. Then γNNs (G) ≥
−4m+3nd δ+1

2
e−n

3d δ+1
2
e+1

.

Proof. Let f be a γNNs (G)-function and p = |P |. By Lemma 2.1 and (2), we have

|E(P,M)| ≥ (n− p)dδ + 1

2
e. (4)

and
|E(P,M)| =

∑
v∈P

degM(v) ≤
∑
v∈P

degP (v) + p = 2|E(G[P ])|+ p. (5)

It follows from (4) and (5) that

m ≥ |E(G[P ])|+ |E(P,M)| ≥ 3(n− p)
2

dδ + 1

2
e − p

2
.

Replacing p = n+γNNs (G)
2

leads to the desired bound.
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Using an idea in [6], we prove the next sharp lower bound as an improvement of the bound of
Theorem A for bipartite graphs.

Theorem 2.6. Let G be a bipartite graph of order n. Then

γNNs (G) ≥ 2(−1 +
√

1 + 2n)− n,

and this bound is sharp.

Proof. Let f be a γNNs (G)-function. Let X and Y be the bipartite sets of G. Further, let X+ and
X− be the sets of vertices in X that are assigned the value +1 and −1 (under f ), respectively. Let
Y + and Y − be defined analogously. Then P = X+ ∪ Y + and M = X− ∪ Y −. For convenience,
let |X+| = a, |X−| = s, |Y +| = b and |Y −| = t. Then γNNs (G) = 2(a + b)− n. Every vertex in
Y − must be adjacent to at least one vertex in X+. Therefore, by the pigeonhole principle, there is
a vertex v in X+ adjacent to at least |Y

−|
|X+| = t

a
vertices in Y −. Then

0 ≤ f(N [v]) ≤ |Y +| − |Y
−|

|X+|
= b− t

a

i.e.,
ab ≥ t. (6)

By a similar argument, one may show that

ab ≥ s. (7)

Adding (6) and (7), we obtain that
2ab ≥ t+ s. (8)

By the fact 2ab ≤ (a+b)2

2
together with (8), we have (a+b)2

2
≥ 2ab ≥ s + t = n − (a + b) which

implies that a+ b ≥ −1 +
√

1 + 2n. Thus γNNs (G) = 2(a+ b)− n ≥ 2(−1 +
√

1 + 2n)− n.
Now, for k ≥ 1, let a = b = k, t = s = k2 and let Gk be a graph of order n = 2k + 2k2 =

2a + 2a2 obtained from the disjoint union of Ka,a with the partite sets X and Y , Kt and Ks by
adding edges between X and V (Kt), and edges between Y and V (Ks) so that each vertex in Kt

joined to exactly one vertex in X , each vertex in X joined to exactly k vertices in Kt, each vertex
in Ks joined to exactly one vertex in Y and each vertex in Y joined to exactly k vertices in Ks.
Then the function f : V (Gk) −→ {−1,+1} that assigns +1 to every vertex of Ka,a and −1 to
the others is an NNSDF of Gk with weight w(f) = 2a − 2a2 = 2(−1 +

√
1 + 2n) − n and so

γNNs (Gk) ≤ 2(−1 +
√

1 + 2n)− n. This completes the proof.

The next result gives an upper bound on the nonnegative signed domination number of a graph
in terms of it’s degree sequence.

Theorem 2.7. Let G be a graph of order n, with degree sequence d1 ≥ d2 ≥ . . . ≥ dn. If G

has neven vertices of even degree, and if k is the smallest integer for which
k∑
i=1

di −
n∑

i=k+1

di ≥

neven + n− 2k, then γNNs (G) ≥ 2k − n. Furthermore, this bound is sharp.
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Proof. Let f be a γNNs (G)-function and p = |P |. By Observation 1.1, we have

neven ≤
∑
v∈V

∑
u∈N(v)

f(u) =
∑
v∈V

(deg(v) + 1)f(v)

=
∑
v∈P

deg(v)−
∑
v∈M

deg(v) + |P | − |M | ≤
p∑
i=1

di −
n∑

i=p+1

di + 2p− n.

It follows from the choice of k that p ≥ k and so γNNs (G) = 2p− n ≥ 2k − n.
To prove the sharpness, let G be the graph obtained from the path Pk := v1, v2, . . . , vk, k ≥ 3,

by adding the new vertices x1, . . . , xk, y1, . . . , yk, z2, . . . , zk−1 and joining vi to xi, yi for 1 ≤ i ≤ k
and vi to zi for 2 ≤ i ≤ k − 1. Obviously the degree sequence of G is 5, . . . , 5︸ ︷︷ ︸

k−2

, 3, 3 1 . . . , 1︸ ︷︷ ︸
3k−2

. It is

easy to verify that k is the smallest positive integer such that
k∑
i=1

di −
n∑

i=k+1

di ≥ n + neven − 2k

implying that γNNs (G) ≥ 2k − n = −2k + 2. Now define f : V (G) → {−1, 1} by f(v) = +1 if
v ∈ V (Pk) and f(v) = −1 for all other vertices v. It is easy to see that f is an NNSDF of G that
implies γNNs (G) ≤ ω(f) = −2k + 2. This completes the proof.
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