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Abstract

In this paper, we explore the characteristic polynomials of degree sum adjacency matrix D.S4(G)
of a simple undirected graph (G. We state a relation between the structure of a graph and the
coefficients of its DS, polynomial. A walk generating function is expressed in terms of DS,
polynomial. Then, we obtain the degree sum adjacency polynomial for some standard graphs,
derived graphs and for graph operations.

Keywords: degree sum adjacency matrix, degree sum adjacency polynomial, number of walks

Mathematics Subject Classification : 05C31, 05C50
DOI: 10.5614/ejgta.2022.10.1.2

1. Introduction

Spectral graph theory focuses on the study of the eigenvalues and its relation to the structural
properties of a graph. Thus, for a given graph many matrices were defined in this field which
records the information about the vertices and the edges of a graph. To state a few, the most
explored and widely studied matrices are the adjacency matrix, the laplacian matrix, the signless
laplacian matrix, and many more.

In chemistry, many matrices are defined with respect to the distance, incidence and other fac-
tors. This motivated many researchers to explore different matrices [11, 13, 14] and study their
properties and energy [1, 10]. Zagreb index defined as the sum of the degrees of adjacent vertices
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have been studied intensively [4, 5, 6, 7, 15], which relates to the degree sum adjacency (DS4)
matrix. This motivated us to explore the DS 4 polynomial for a graph and its operations. In this
paper, we consider the degree sum adjacency matrix defined by Zaferani [14] and we discuss rela-
tion between the structure of a graph and the coefficients of DS, polynomial. Then we determine
the generating function for the number of walks of each length with respect to the degree sum adja-
cency matrix. Later we study the DS 4 polynomial of complementary graphs, some regular graphs,
derived graphs and graph operations in terms of its adjacency polynomial. The proof techniques
of the results in this paper are analogous to the results in [3].

Let G be a simple graph with n vertices and m edges. The adjacency matrix of a graph G is
defined as A(G) = [a;j], where a;; = 1, if v; is adjacent to v; and a;; = 0 otherwise. The adjacency
eigenvalues are denoted as A\; > Ay > --- > ), and they satisfy all the basic relations [3]. The
adjacency polynomial of a graph G is denoted by,

6(G: A) = det(\[ — A) = ag\" + @\ + -+ a,.

Let the vertices v, v, . . ., v, of G have the degrees dy, ds, . .., d,. Then DS4(G) = [ds;;] is
the degree sum adjacency matrix [14] of G whose elements are defined as,

dsi; — d; +d;, ifv; an'd v; are adjacent 0
0, otherwise.
U1
V1 V2 V3 Vg4 Vs

h e v [0 5500

G: vo |5 0 6 5 0

DS4(G)= v3 [ 5 6 0 0 5

04 s vy |05 0 0 4

vs |0 05 4 0

Figure 1.
Graph and its DS 4 matrix
The degree sum adjacency polynomial of a graph G is defined as

Pps,(c)(8) = det(BI — DSa(G)) = " + a1f" ™ + a8 + -+ 4 ap. (2)

As DS4(G) is a real symmetric matrix, its eigenvalues must be real and can be arranged as
B2 B2z = P

Lemma 1.1. [2] The eigenvalues of matrix x1 + yJ of order n X n are x + ny with multiplicity
one and x with multiplicity n — 1.
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2. Characteristic polynomial of degree sum adjacency matrix

In this section, first we obtain the explicit values of some coefficients of polynomial as defined
in Eq. (2). Then obtain the relation between the DS 4 characteristic polynomial of a graph and that
of its complement.

Some propositions relating the coefficients o, of Ppg, )(3) to structural properties of G
A degree sum adjacency matrix of any simple graph G is,

0 d812 cee dSln
d821 0 s dSQn
pSu&=| -~ . . 3)
dSnl dSnQ tee 0

Then the coefficients of D.S4 polynomial of GG can be expressed using Sach’s theorem as follows.
Let GG be a graph having n vertices and ¢ be any positive number. Then Sach’s graphs S; are
the subgraphs of G with ¢ vertices having disjoint union of K, and/or C,,. Let the number of
components of s € S and number of cycles of s € S be P(s) and c(s) respectively. Then the
coefficient a; of 3"* in Eq. (2) is given by

e (_ 1)P(5) (Square of degree Sum) . 26(5) ( product of degrees )
a; = along the edge along the edges of c(s)/ *

SES;

Here we state first few coefficients of DS 4 polynomial.

ag = 1
a; = 0
_ 2
ay = — E dsjy,
j<k
az = —2(multiplying sum of the degrees along the edges of the triangle )
_ 2 2 where ds;; and dsy; . multiplying sum of degrees
ay = E dsij dskl are the matching edges 2 ( along the edges of Cy )
1<j,k<l
— 9 ( multiplying sum of the degrees along ) -9 (multiplying sum of degrees)
as = the edges of the triangle and disjoint edge along the edges of C's

» multiplying sum of degrees
ag = — ds?. . ds?, - ds? where dsij,dsp; and dsmn +2 along the edges of Cy
iJ kl mn  are the matching edges and an disjoint edge
1<j,k<l,
m<n

+ 4 (multiplying sum of degrees along) ) (multiplying sum of degrees)
the edges of two disjoint triangles along the edges of Cg

Relation between D.S 4 polynomial of a graph and its complement:

A walk of length k£ in a graph is any sequence of vertices vy, vo, ..., Ury1 (not necessarily
different) such that there is an edge from v; to v; 1, for each ¢ = 1,2,... k. To obtain the DS,
polynomial of a complement graph we first find the generating function to get the number of walks
of length k in G with respect to its DSy matrix.
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Theorem 2.1. Let G be the complement of G and let Hps, o) = >0, N t* be the function
that generates the number Ny, of walks of length k in G, (k = 0,1,2,...) with respect to its DS s

matrix. Then
r " . 14 2rt n—r—1
1 (n—r—l) (=1) Fpsa@) {_( t ) ( r )]

Hps,)(t) = 5~ 1 NG
Ppsae | 7

Proof. The proof of this theorem is analogous to the proof obtained for adjacency matrix of a graph
G [3]. Let sum (A) denote the sum of all entries of matrix A.

|B+xzJ| = |B|+ «sum (adj B) ®)
adjB = B '|B| (6)
- 1
dodtt = ltat+dt 4= . (7)
— 1—at
N, = Zd% sum(DS4)¥, (8)

where B is any n ordered non singular matrix, .J is a square matrix whose all entries are equal to
one, x is any arbitrary number and NNy, is the number of all walks of length £ in G with respect to
the DS 4 matrix.

Let Hpg,c)(t) = Y peo Nit" denote the generating function that gives the number of walks
N, each of length k& in GG. Using Eq. (8), Eq. (7) and Eq. (6) we get.

Zthk Z m(DS,)*t* = sum Z(DSA)ktk
k=0 =0 —
1
= —_ = I —DS,t)™?
sum T— (D50 sum ( At)
sumadj(I — DSxt) ©)
|I — DSt
From Eq. (5) we have
1
sum adjB = p {|B+zJ|—|B|}.
Substituting B = I — DSt, Eq. (9) reduces to
I — DSAt+[EJ| |I DSAt|
Nith = | 10
Z { 7= DSat| (19

Substituting z = 2rt in the Eq.(10) we get
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= 1 (|I — DSat+2rtJ| —|I — DSat|
Nyt = — : 11
% T o { I — DS4t] b

But
DSy=2n—r—-1)(J—-1—-A)

DS,y =2(n—r—1) (J—I—DZSA)
T

2r(DSA) =2(n—r —1)(=2rl +2rJ — DS,).

Multiplying both sides by ¢ we get,

rt(DSa)

—DSt+ 2rtJ = 1 + 2rtl.

n—r-—

Using the above result in Eq.(11) we get

D
- [+(i+2ﬂ>t‘
Y Nitt = 1 nor—1 —1
il ort I — DS 4t|

\
(

(

1+ 2rt DS
(+T)]+T A

) s
_ b n-—r 1

2rt ‘ I

S_D
t Sa

( . r " 14 2rt n—r—1
0 (imm) P |- (57) ()
-1
2rt 1
Ppsae | 7
\

Hence we get the required generating function. [

Theorem 2.2. If G is a regular graph with degree 1 and n vertices, then DS 4 polynomial of the
complememt G is

n—r—1\" B—2(n—r—1)> P —rB—2r(n—r—1)
r ) [B+(n—r—1)(2r+2)} DSA(G)( n—r—1
(12)

Prs. () = (—1)" (

Proof. Since G is a r regular graph, a walk can begin at any one vertex of G and may continue in

r ways. Therefore, number of walks of length k in G is N, = nr*.
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Thus, for DS4(G) we have (évﬁ = nr*.

Hence for the generating function H(t) we have,

Hpsae)(t) = > Nyt = (DSa)"t"
k=0 k=0
= Zn.’r’k.(Qr)ktk = Zn(2r2t)k
k=0 k=0
n
To1-2 (13)
Using Eq.(4) we get
r " N 1+ 2rt n—r—1
1 (n—r—1> U s {_( t )< r ﬂ - (14)
2rt (1) 1 —2r2
Ppsae | 7
Substituting — (1 +t2rt> (n _: — 1) = [ in Eq.(14) we get
n r !
()" =7 ) Pos. ) “n 2(n —r—1)
P —rB—=2r(n—r—1) = 1+ 2rin—r—1) B+2(n—r—1)
DSa@) n—r—1 B+2n—r—1)
B —2n(n —r —1)
B+ Mn—r—1)(2r+2)
r n
(=1 (ﬁ) Fos. () Con(n—r—1)
S B—rn—r—1]  Bim—r—D@r+2
Ppsa) n—r—1

B+ (n—r—1)-2n+2r+2]
B4+ (n—r—1)2r+2)

Simplifying we get the required D.S4 polynomial for G in terms of D.S4 polynomial of G. O]

3. DS 4 polynomials and spectra of some regular graphs

Theorem 3.1. [14] The degree sum adjacency polynomial of a complete graph K, with n vertices
is

Pps, ) (B) = [B+2(n—1)]" " [B—2(n—1)7]. (15)

This result can also be obtained by using lemma (1.1).
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Theorem 3.2. The DS s-polynomial for a 1-regular graph G with k vertices is
Pps, () () = (8% = 4)%. (16)

Proof. As each component of a 1-regular graph is isomorphic to /5, by substituting n = 2 in Eq.
(15) we obtain

Pps,ry)(B) = (B=2)(B+2) = (B> —4)*.

A cocktail-party graph is a complementary graph of 1-regular graph.
Corollary 3.1. The DS 4- polynomial of the cocktail-party graph with 2k vertices is
Pps,cr(B) = B°[8 — 2(2k — 2)*][8 + 4(2k — 2)) . (17)

Proof. Let G be a 1-regular graph, then Ppg, @ = Pps,(cp). To obtain DS, polynomial for
cocktail-party graph, substitute n = 2k and r = 1 in Eq. (12)

5—2(%—2)2}]3 {—5—2(2/{—2)}
B+ (2k—2)4 | 9@ 2% — 9

o [

= BB —2(2k — 2)°][B + 4(2k — 2)]* .

Ppsacrwy(B) = (=1)*(2k —2)* {

O

Theorem 3.3. If C,, is a cycle with n vertices, then eigenvalues of degree sum matrix of C,, are
Bk:8cos(¥> k=0,1,...,n—1. (18)
Proof. The eigenvalues of A(C,,) are \;, = 2003¥ where k = 0,1,...,n — 1. As DS4(G) =
4A(G), the eigenvalues of DS4(C),) are ), = 8005? where k =0,1,...,n— 1. ]

A crown graph S is obtained from the complete bipartite graph K, ,, by deleting the perfect
matching edges.

Theorem 3.4. The DS 4-polynomial of a 2n-vertex crown graph S is
Pos,ysp(B) = [67 = 4(n = 17" [8* — 4(n - 1)*] (19)

Proof. The DS 4-matrix of crown graph will be of the form [ X ¥ . The DS 4 matrix can be

Y X
reduced to the form (X — Y)(X + Y'), where X is a matrix of all zeros and Y is a matrix with
all non diagonal entries as 2(n — 1) and the diagonl entries as zero. The matrix Y is of the form
2(n—1)J —2(n —1)I. Separately evaluating (X —Y") and (X +Y") by applying lemma (1.1) and
then multiplying, we get the required result. [
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4. DS 4 polynomial of some graph operations

Line Graph L(G) of a graph G is the graph which has one-to-one correspondence between the
vertex set and the set of edges of the graph G, with two vertices of L(G) being adjacent iff the
corresponding edges are adjacent in GG [8].

Theorem 4.1. If G is a r regular graph having n vertices and m = %m’ edges and L(G) is a line
graph, then DS 4 polynomial of L(G) in terms of DS 4 polynomial of G is

2r —2\" r
Ppsawy(B) = (B+8r—8)m" ( - > Pps. () [27“ — (8 —4r* +12r —8)| . (20)

Proof. Let A be an adjacency matrix of graph (G, B be an adjacency matrix of graph L(G) and R
be the incidence matrix of GG with D as the degree matrix. Then for G, we have

RRT:A+D:M+D and R"R= B +2I = DSA—L(G>+2[
or 4dr — 4
Taking r' = 4r — 4 we have,
B" Prpr(B) = B"Prrr(B)
g™ |81 — RRT| = |BI— R"R|
2r r!
S DSA(G) B DSAL(G)
5 (/3—7“)1—2—T‘ = ‘(5—2)]_ 7 ‘
ér)n ()" Pps,e)2r(B—7)] = Pps,weylr'(8—2)]

substituting r'(5 — 2) = f and v’ = 4r — 4 we get the required result as shown in Eq. (20). O

Subdivision graph s(G) of a simple graph G is the graph which is obtained by adding (insert-
ing) a new vertex onto every edge of G [8].

Theorem 4.2. If G is a regular graph of degree r with n vertices and m <: %) edges and s(G) is
a subdivision graph, then DS 4 polynomial Ppg, sy of $(G) in terms of its adjacency polynomial

¢(G) is,

2
Posean(8) = 8"+ 26 (G | Lo ). @

Proof. For a r—regular graph GG having n vertices, its degree sum adjacency matrix of subdivision
graph s(G) of graph G is DS4(s(G)). As vertex set of s(G) is partitioned into two sets, one with
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n vertices of degree r and the other with m vertices of degree 2, the characteristic polynomial of
DE(s(@)) is obtained as follows.

_ T
Pps,sc)(B) ‘ Bl (r+ 2R

= ™ "|B°L, — RR"(r +2)°|
gmn |ﬁ21n — (r+ 2)%(A + T[n)l

= AT +2)™ (( 622 r)[n—A’
= o (o[ ]).

Semi total point graph Ti(G) is a graph which is derived from graph G by inserting (adding)
a new vertex into every edge of G and each new inserted vertex is then joined to the end points of
the corresponding edge [3].

]

Theorem 4.3. The DS polynomial Ppg, 1, () of semi total point graph Ty(G) of a n ordered
r-regular graph G in terms of its adjacency polynomlal o(G) is

_ n B2 —r(2r +2)?
P =p/m " 4 2r + 2)? G: : 22
psunion(8) = " (1 -+ @r 4270 (G [ §TE @)
Proof. Let G be a r-regular graph with n vertices, where m = nr/2 new vertices are added
to construct a 71 (G) graph. Then the DSy polynomial of T (G) is DSs(T1(G)) = det(SI —
DSA(Ti(G))).

B I, —(2r +2)RT
Pri)(8) = ’ —R(2r+2) pl,—4rA
= p"\pBl, —4rA — (2r + 2);RRTIW

= B B%L, —4rAB — (2r +2)*(A+ 1)

= B |(B% —r(2r+2)*) L, — [4rB + (2r +2)°] 4

_  pm-n 217 (62 —7“(27"+2)2) I, _

= f [47"5 + (2r + 2) } WA+ (@127 A‘
B% —r(2r + 2)2})

dr+ (2r+2)2] )"

= g [4rB+ (2r+2)°]" ¢ (G ; [

]

Semi total line graph Ty(G) of a graph G, is the graph with vertex set V(T3(G)) = V(G) U
E(G) in which two vertices are adjacent if they are on adjacent edges of G or one is a vertex of G
and the other is an edge of G, incident to it [3].
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Theorem 4.4. Let G be a r-regular graph having n vertices and m edges and let T5(G) be a semi
total line graph of G. Then the DS 4 polynomial Pps, 1,y of semi total line graph T5(G) of a
graph G in terms of its adjacency polynomial of line graph ¢(L(G)) is

Posyiauen(8) = 5 (ars + 976 (1) - | 2180 3)
DSA(T2(G)) - 478 + 9r2 )
Proof. For a r-regular graph G, the DS 4 polynomial of T5(G) is
61, 3rR
PDSA(TQ(G))(/B) = 3rRT 5Im — 4rB

= B"|(Bln —4rB)3 — 9’ R"R]
= B""|(BI, — 4rB)B — 9r*(B + 2I)|
= B""|(8% = 18r%) 1, — (478 + 9r°) B

2 2
= BB+ 9r*)"¢ (L(G) : {—Z 3 jz;D :

]

Thorn graph G** is a graph which is obtained from graph G by attaching k& pendent vertices
to every edge of G. If G is a graph with n vertices and m edges, then G** has n 4 nk vertices and
m + nk edges.

Theorem 4.5. The DS 4 polynomial Ppg, G+~ of Thorn graph G** of an ordered r-regular graph
G in terms of its adjacency polynomial ¢(G) is

Pusion() =82 + 0o (G |5 s - FEEEEEN)

Proof. The DS 4 polynomial of Thorn graph can be written as,

Bl, —2(r+k)A —(r+k+1J —(r+k+1)J - —(r4+k+1)J

—(r+k+1)J BI, 0 0
Pps,am(B) =] —(r+k+1)J 0 BI, 0

—(T+/€+1)J’ O 0 . ﬁ]—k

where A is the adjacency matrix of G, I is the unit matrix and .J is a block matrix of order (n, k).

1
For 5 # 0, multiply the rows (consisting of block matrices) numbered 2, 3, . .., k+1 by 3 (r+k+1)
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and add the resulting rows to the first row. This reduces the determinant as follows.

[5]n_2(r+k)/ﬂ_k<r+—k+1>2 0 0 --- 0
—(rt+k+1)J BL, 0 - 0

Paw(0) = —(r+k+1)J 0 AL, -~ 0
_(r—|—l;;+1)J’ 0 O BIk

— 5nk

(ﬁ _ ’“(”—’”1)2) I —2(r + k:)A‘

B
= B*[2(r + k)¢ (G : {2(7& Pl k(;(:f lj);)QD '

Hence the result. ]

Total graph T(G) of G is a graph with vertex set V (7'(G)) = V(G)UE(G), with two vertices
of T'(G) being adjacent if and only if the corresponding elements of G are adjacent or incident [8].

Theorem 4.6. If G is a regular graph of degree r having n vertices and m edges, then the Total
graph T'(G) has (m — n) DS 4 eigenvalues equal to —8r and the other 2n eigenvalues are given

by,
1
= (4% = 8r + 8r\;) £4r\/1? + 44 4\

2
where \; (i = 1,2,...,n) being the adjacency eigenvalues of G.

Proof. Let G be a r regular graph with n vertices and m edges. As DS4(T(G)) can be expressed
in terms of its adjacency matrix A, adjacency matrix of line graph B and the incidence matrix R
of a graph G, we get

drA  4rR
DSAT(@)) = ( 4rRT 4rB ) '

Its DS 4 polynomial can be expressed as
Bl —4rA  —4rR
PDSA(T(G))<B) = —4rRT BI—4’I“B :

AsA+D=RR"and B+2I = RTR
—4rA = 472 — 4rRRT and —4rB = 8rI — 4rR"TR

BI + 47?1 — 4rRRT —4rR
Fosarien(#) = —4rR” BI+8r] —4rRTR |

Applying series of elementary transformation,

e Second row = second row - R first row
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4rR
+ 8r

e First row = First row + second row

the determinant can be expressed as follows.

P B) = (8 +4r*)I — 4rRR" —4rR
DS A(T(G)) = | —rRT — (B+4r%)IRT — 4rRTRRT (B +8r)]
BI —4rA —4rR

—(B+4r* +4r)RT + 4rR"RRT (B +8r)I

= |(B+8r)I, {(51 4rA) + [—(B +4r® +4r) + 4rRR"] 545;}

(BI +8r)™ " |(BI — 4rA)(B + 8r) + [—(B + 4r® + 4r) + 4rRR"]4r RR" |
(BI +8r)™ " |(BI — 4rA)(B + 8r) + [4rA — (B + 4r)1](4rA + 4r°1)|

= (BI+8r)m " \16r2A2 (16r* — 48r% — 8rB)A + (6% + 8r3 — 4r? — 16r°)|
(B1 + 8r)™~

x [[{8> = B(4r* — 8r + 8r);) + [16r°A7 + \i(16r® — 48/%) — 16:°] }

where \; (i = 1,2,...,n) are the eigenvalues of A. Thus we have proved that there are exactly
(m —n) DS, eigenvalues of T'(G) equal to 5 = —8r.

Using b* — 4ac, we find that the roots of the polynomial a/3? + b3 + ¢ where a = 1, b = —(4r% —
8r + 8r);) and ¢ = 1672X? + \;(16r% — 48r?) — 167>,

On solving we get 2n eigenvalues of T'(G) as

1
5 {(47‘2 —8r+8r\;) £4dry/r? +4+4)\Z~} :
O

The join G1V Gy of (disjoint) graphs Gy and G is the graph that is obtained from G| U G,
by joining every vertex of GG, to all vertices of Gs.

Theorem 4.7. Let G| and G4 be two regular graphs with regularity v and ro and with orders n,
and ny respectively. Then the DS 4-polynomial of G1V G5 is given by the relation,

5 7’25
P P
“ (7“1 +n2> e (7"2 +nz)

PDSA(GlVG2)(6) = [B — 2, (Tl + ng)][ﬁ —_ 27"2(7“2 + nl)] {[ﬁ — 2 (Tl + n2)] (25)

(B — 2ry(ry +ny)] — ningx?}.

where x = ny + ng + 11 + 7o.
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Proof. The DS 4-polynomial of G; VG5, is obtained as
Pps,cive,)(B) = det(BI — DS4(G1VGy))

Blnl - (Tl j:lnz) DSA(Gl) _anlxng
T, 8I,, — (”2 j "1) DSA(Gy)
2

where x = ny + ny + 71 + 72 and J is a matrix whose all entries are equal to unity. The above
determinant can be written as,

153 —dsyy -+ —dSip, —x —-r - —x
—dsoy 6] s —dSop, —x e A —x
—dSp,1 —dSpe - B —x —xr e —x
Pt T BT 26)
!/ /
- —xr e —x —dsh, I6] e —dsy,,
/ /
—x —xr e —x  —ds,,; —ds, ‘- Ié]

Where ds;; is the ij*" entry DS, matrix of G and dsgj is the i5'" entry DS, matrix of G5. In G,
each vertex is adjacent to all vertices of (g5, so its new vertex degree is 71 + no and as there are r;
vertices adjacent to a vertex v; in G, therefore

ni
> dsi = 2ri(ry + na) for i=1,2,...,n,. 27)
j=1

Similarly for G
D dsi; = 2ry(ry +ma) for i=1,2,... n. (28)
j=1

We carry out a series of elementary transformations so that the determinant remains unchanged.
Subtracting (n; + 1) row from the rows (n; + 2), (ny + 3),..., (ny + ny) of determinant (26),
we get

ﬁ —d812 ce —dslm —T —X ce —X
—dsgy 6] s —dSap, —x —x e —x
—dsp,1 —dSpe - o] —x —x e —x

_m _m ... _m /8 _d832 ... _dsg_n2
0 0 U 0 _d5/21 - B ﬁ + dS/lQ U _d8/2n2 + dS/lng
0 0 0 —ds),,, — B —ds], o+ ds}, B+ dsh,,
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Add the columns (n; + 2), (ny + 3),..., (ny + ny) to the (ny + 1) column, using Eq. (28), and
also taking into consideration ds;; = ds’; we arrive at the following determinant,

6] —dsyy -+ —dSip, —Ny —x e —x
—dso o] s —dSap, —NoT —x e —x
—dsp,1 —dSp2 v B —Nox —x e —x

—x —x - =z B=2r(rg+mny) —ds), e —dsh,,,
0 0 e 0 0 B+ dsi, oo —dsy,, +dsh,
0 0 e 0 0 —ds, o +dsly - B+ dsh,,
On simplifying, the determinant reduces to
ﬁ —d512 s —dslm —MNoT
—dsg B te _d52n1 —NaZ
: X1, (29)
_dsnll _d8n12 te B —NaZ
—x —x - =z [ =2r(re +ny)
where
B+ ds)y —dsys +dshy -+ —dsh,, +ds},,
—dsh, + ds] + ds) oo —dsy, 4+ ds),
—ds), o +ds}y —ds) 5+ dsy - B+ dsh,,
Subtracting first rows of determinant (29) from all other rows, we get
ﬁ —d812 cee —d81n1 —MNoXT
_d321 — ﬁ B + d812 s —dSin + d51n1 0
: : X1 31
—dsp;1 — B —dsp2 +dsig - B+ dsin, 0
—1 —1 —1 5—27“2(7“2—1—721)

Adding columns 2, 3, ..., n; to the first column and using Eq. (27) we get

B —2ri(ry + ng) —dsqo .. —dsip, —NoT
O ﬁ —I— d812 s —d82n1 + dslnl O
: : | X1
0 —d3n12 + d812 s 6 + dslnl 0
—nix —x - —x B —2ry(ry +nq)
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Expanding the determinant along its first column we get

{18 = 2r1(r1 +n2)]A; — (=1)™n, Ag} | X]. (32)
Where
5 + d812 —d823 + d813 cee —dSin + d81n1 0
—d$32 + dSlg B + d813 s —dé’gm + d81n1 0
Ay = : :
—dsmg + d512 —dSnlg + d813 e 6 + dslm 0
—x —x e —x B —2ry(re + ny)
and
—d812 —d813 cee —dslnl —MNaoXT
6 + d812 —d823 + d813 L —dSin + d81n1 O
Ay = —ds3o + dsio b+ dsi3 s _d33n1 + d51n1 0
_d3n12 + d812 —dSnlg + d813 s ﬁ + d51n1 0

The expression in (32) can be rewritten as

{8 = 2ri(r1 + n2)][8 — 2ra(re + n1)||Y] — mung|Y |} X

= | X[[YH[B = 2ri(r1 +n2)][B — 2r2(r2 + n1)] — mina} (33)
where
B+ dsiz —dsoz +dsiz - —dsy,, +dsip,
|Y| - —d832 + dslg 5 + d813 e —d83n1 + dslnl
—d5n12 + d812 —dSnlg + d813 cee ﬁ -+ d51n1

The above determinant can be written as
1
YI = X
Y] (B = 2r1(r1 + na)|

6 — 27’1 (7”1 + n2) —d812 —d813 s —dslm
0 6 + d812 —d823 + d813 s —dSin + dSlnl
0 —ds3y + di2 o+ dis s —d3py + dip,
0 —dSnlg + d512 —d8n13 + d813 ce ﬁ + dSlnl
Using Eq. (27), the sum of the i-th row in the above determinant is 3 + ds;; fori = 2,3,...,n;.
Therefore, by subtracting the columns 2, 3, ..., n; of above determinant from the first column, we
obtain
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1
Yl = [B = 2r1(r1 + no)] X

ﬂ —dsio —dsi3
—B — dsg B+ dsia —ds93 + dsy3
—ﬂ — ngl —d332 + d812 ﬁ + d813

—ﬁ — dsnll —dSnlg + d812 —dSnlg + d813

Adding first row to all other rows of the determinant, we get

ﬁ —dsi2 —dsi3
1 —dsg; B —dsa3

_ —d —d
Y| = 3= 2m(r + 1)l .331 532 p

_dsnll —dSnIQ —d8n13

1

- (B —2r(r + ng)]PG1 (8-

Similarly, we can show that from Eq. (30) we get

[ X|=

(B — 2ra(ra + nq)] Fe.(8) -

Substituting Eq. (34) and Eq. (35) into Eq. (33) results to Eq. (25).

—dslm
—dSin + dslnl
—d53n1 + dslnl

5 + dslnl

—dslm
_d52n1
—d83n1

(34)

(35)

O

Let G be a graph with n; vertices and let H be a graph with ny vertices. Then the corona Go H
is the graph with n; + ning vertices, which is obtained by taking graph GG and n copies of graph
H and by joining i" vertex of G to each vertex in the i-copy of H (i = 1,--- ,n,).

Theorem 4.8. Let G and H be regular graphs with ny and ny vertices respectively. Then the DS 4
polynomial Ppsg,com) of the corona G o H in terms of its adjacency polynomials ¢(G) and ¢(H)

A

Ppsa(com) (B) =22 (1) + ng)™ (ry 4 1)™72 {¢ (H : {

i (G : [2<n i (fn;?ﬁt?o: : 21>>D |
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Proof. Let A be adjacency matrix of the r; regular graph G with n; vertices and let B be the
adjacency matrix of the ry regular graph H with ny vertices. Its DS, polynomial can be obtained
as follows,

Bl —2(r1 +n2)A  —(ri+ra+1+n9)J -+ —(ri+ra+1+mn9)J
—(ri+re+1+n)JT  BI—2(r,+1)B - 0
Pps,(Gom) = : : . :
—(r1+r2—|—1—|—n2)JT 0 /8]_2(T2+1)B
1
Multiply the rows (consisting of block matrices) numbered 2, 3,...,n; by (ro 72+ 14 1)

5[ — 2(7’ 2+ 1) ’
then the sum of rows of the block matrices to the respective row of the first block matrix. This
reduces the determinant to

Pps,(com(B) =

m(r1 + 12 + 1+ ng)?
o (ﬁlf—;(errl)Q) —2(r1 +n2)A 0 0
—(T1+T2+1+7’L2)JT 61—2(7“2—’—1)3 0
(it et 1 )T 0 BI—2n+1)B

On simplifying the determinant, we get

Pps,comy(B) = |BI —2(rs + 1)B™

(5_m(7’1+r2+1+n2)2
5]-2(7"24-1)

ni

2”1 (7”1 + ng)”l

) I—2(r + nQ)A’
s
2(’/“2 + 1)

‘( B mv1+m+1+na2>l_A
2(7“1 + TZQ) (7"1 + ng)ﬁl — 2(7"2 -+ 1)

= et fo (1 [ 2]V

(¢ o~ Tr el

= Qmn2(py 4 1)mn I-B

[
Theorem 4.9. The DS 4-polynomial of cartesian product of complete graphs K, and K,,, K;UK,
Is
B —2n?
B+ 2n?

PDSA(KQDKn)(/B) = < ) [(ﬂ + 277,)2 _ 4n2] n—1 [(5 + 277,)2 _ 4n2(n — 1)2} (37)

Proof. As complement of 2n-vertex crown graph SY is the cartesian product of K, and K,
K,5UK,. Applying the result of Theorem (3.4) in Eq. (12) of Theorem(2.2) we get the required
result. 0
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