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Abstract

Two of the most studied graph labelings are the types of harmonious and graceful. A harmonious
labeling of a graph of size m and order n, is an injective assignment of nonnegative integers smaller
than m, such that the weights of the edges, which are defined as the sum of the labels of the end-
vertices, are distinct consecutive integers after reducing modulo m. When n = m + 1, exactly
two vertices of the graph have the same label. An a-labeling of a tree of size m is a bijective
assignment of nonnegative integers, not larger than m, such that the labels on one stable set are
smaller than the labels on the other stable set, and the weights of the edges, which are defined as
the absolute difference of the labels of the end-vertices, are all distinct; this is the most restrictive
type of graceful labeling. Even when these labelings are significantly different in their definitions
of the weight, for certain kinds of graphs, there is a deep connection between harmonious and
a-labelings. We present new families of harmoniously labeled graphs built on «-labeled trees.
Among these new results there are three families of trees, the kth power of the path P,,, the join of
a graph GG and tK; where G is a graph that admits a more restrictive type of harmonious labeling
and its order is different of its size by at most one unit. We also prove the existence of two families
of disconnected harmonious graphs: K,, ,,, UK ,,,—1 and GUT, where G is a unicyclic graph and T’
is a tree built with a-trees. In addition, we show that almost all trees admit a harmonious labeling.
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1. Introduction

The process of labeling the vertices of a graph can be described as the assignment of labels to
the vertices, usually nonnegative integers, that satisfies a number of conditions. In this work we
study two of the most known of these assignments: graceful and harmonious labelings. Through
the entire work we use the following conventions: a graph G has order n and size m if |V (G)| = n
and | E(G)| = m. The stable sets of a bipartite graph G are the sets that form the natural bipartition
of V(G); by Z,, we mean the set {0,1,...,m — 1}.

The concept of graceful labeling was introduced in 1964 by Rosa [12]. Let G be a graph of
size m. An injective function f : V(G) — Z,,41 is said to be graceful when every edge uv of G
has assigned a weight defined as | f(u) — f(v)| and the set of all weightsis {1,2,...,m}. If sucha
labeling exists, then G is said to be a graceful graph. The complementary labeling of f, denoted by
f and defined for each v € V(G) by f(v) = m — f(v), is another graceful labeling of G. Note that
if G is a tree, then f is a bijection. This shows that a forest with at least two components cannot be
graceful. An open question in this subject is whether or not all trees are graceful.

A bipartite graceful graph G is called an a-graph if there exists a graceful labeling f of G with
the additional property that there is an integer A such that for every edge uv of G, f(u) < X < f(v)
or f(v) < A< f(u). Werefer to A as the boundary value of f, and to the function as an a-labeling.
Through this entire work, the symbol ) is reserved to represent the boundary value of the a-labeling
under consideration. Let GG be a tree of size m with stable sets A and B. Assuming that f is an
a-labeling of G that assigns the label 0 to a vertex of A, there are some characteristics of f that is
important to mention here:

1. The boundary value of f is A = |A| — 1. (This implies that A and |A| have different parity.)

2. The labels assigned by f to the vertices in A are 0, 1,. .., \; the labels assigned by f to the
verticesin Bare A+ 1, A+ 2,...,m.

3. The complementary labeling, f, assigns the label 0 to a vertex in B and its boundary value
is m — A. (This implies that for any a-tree, there exists an a-labeling that assigns the label 0
to a vertex in A.)

Rosa [12] showed that not all trees admit an a-labeling, he presented an infinite family of trees
that are not a-graphs, the minimal member of this family is the tree obtained subdividing every
edge of the star S3 = K 3 exactly once. An interesting fact is that any other subdivision of S
results in an a-tree. Kotzig [11] proved that almost all trees admit an «-labeling. Although a-
labelings are the most restrictive of the labelings introduced by Rosa, they are the most versatile
in the sense that a-graphs are frequently used to construct new graceful or a-graphs. Furthermore,
these labelings can be easily transformed into other types of labelings that, a priori, may seem
unrelated. In [10], Lopez and Muntaner-Batle give a detailed account of the interaction of several
labelings, showing that a-labelings are the core of this research area and that the existence of a
a-labeling of any graph implies the existence of many other types of labelings for that graph.

In 1980, Graham and Sloane [8] initiated the study of harmonious labelings of graphs. A
graph G of size m is said to be harmonious if there is an injective function f : V(G) — Z,,
such that when each edge uv € E(G) is assigned the weight f(u) + f(v) reduced modulo m,
the set of induced weights is Z,,. With this definition, any graph of size m and order m + 1
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cannot be harmonious; consequently, trees are not harmonious. In order to resolve this impasse,
Graham and Sloane [8] modified the definition. They said that in the case of a tree, a harmonious
labeling requires exactly one label to be repeated once. Naturally, this extension can be applied
to any graph or order m + 1 and size m. In the same work, the authors conjectured that all trees
are harmonious. This conjecture is still unproven but many families of harmonious trees have
been discovered. Graham and Sloane proved that all caterpillars are harmonious. This result was
extended by Figueroa-Centeno et al. [4]; these authors proved that any a-tree is also harmonious.
Graham and Sloane [8] characterized harmonious cycles as those of odd size. So, an inevitable
question is whether or not all unicyclic graphs are harmonious.

Another notational convention used in this paper is the following: If f is a labeling of G, either
graceful or harmonious, the set of labels assigned by f to the vertices of G is denoted by L while
W} denotes the set of induced weights.

In this work, a-labeled trees are used to build new families of harmonious graphs. We prove in
Section 2 that almost all trees are harmonious, as well as introduce three families of harmonious
trees obtained from a-trees. Section 3 includes the construction of new families of harmonious
unicyclic graphs and the study of the kth power of the path P, as a harmonious graph. In Section 4
we prove that the join G +nK; is harmonious when G is a strongly k-indexable graph such that its
order and size differ by at most one unit. We close this work in Section 5 presenting two families
of disconnected harmonious graphs: K, ,,, U K1 ,,,—1 and G UT’, where G is a unicyclic graph and
T is a tree satisfying certain conditions. This last result is a corollary of one of the conclusions in
Section 2.

All graphs considered in this work are finite, with no loops nor multiple edges. All graph
theoretical notation not given here is taken from [2] and [5]. The reader interested in this subject
may find more information in Gallian’ survey [5], which is updated annually.

2. Harmonious Trees

Are all trees graceful? Are all trees harmonious? Both questions have been the center of
several papers in the last decades; a good amount of results are known with respect to graceful
labelings and in particular about a-trees. It is well-known that in the case of trees, the existence
of an a-labeling implies the existence of an harmonious labeling, therefore many families of trees
are known to admit this kind of labeling. In this section, we use this property to show that almost
all trees are harmonious and also, to present three new techniques that will allow us to produce
families of harmonious trees.

2.1. Almost all Trees are Harmonious

Slightly different of harmonious labelings are those called felicitous. Let G be a graph of
order n and size m, an injective function f : V(G) — Z,,4 is called felecitous if the weights
induced by f(u) + f(v) (mod m) on each edge uv € E(G) are all distinct, i.e., they form the set
Z,. In [4], Figueroa-Centeno et al., studied a more restrictive felicitous labeling; they said that
a felicitous labeling is strongly felicitous if there exists an integer « such that for every edge uv,
min{ f(u), f(v)} < k < max{f(u), f(v)}. Note the strong similarity between the parameters \
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and . They prove the following result that connects this type of labeling with the well-known
a-labeling.

Theorem 2.1. A graph of order n and size m, with m > n — 1, is strongly felicitous if and only if
it is an a-graph.

Trees satisfy this constraint on the order and the size, therefore we have the following corollary.
Corollary 2.1. If T is an a-tree, then T is strongly felicitous.

For the sake of completeness we show a way to transform an «a-labeling into a strongly felici-
tous labeling. Suppose that f is an a-labeling of a tree of size m and v € V(T'). Then a strongly
felicitous labeling g of 7' is given by:

o(0:) = {f(v), if f(v) < A,
' m+A+1— f(v), if f(v) > A

In [11], Kotzig proved that almost all trees admit an «-labeling. Since every a-labeling of a
tree can be transformed into a strongly felicitous labeling, we conclude that almost all trees are
strongly felicitous. We use this fact to prove that almost all trees are harmonious.

Theorem 2.2. Almost all trees are harmonious.

Proof. Let f be an «a-labeling of a tree 7' of size m. Since f can be transformed into the strongly
felicitous labeling g described before, we know that L, = Z,; and W, = Z,,. Thus, by reducing
the elements of L, modulo m, we get that only the label 0 is used twice. So, in this modified
labeling the set of labels is Z,,. Let v € V(G) such that g(v) = m and e = uv any edge incident to
v. Then, the weight of e under the original labeling g is g(u) + g(v) = g(u) + m = g(u)(mod m).
By making g(v) = 0, the previous congruence remains unchanged, implying that the weight of e
is still the same. Therefore, the set of weights is Z,, and the modified function g is a harmonious
labeling of G. Consequently, each a-labeling of G can be transformed into a harmonious labeling,
proving in this way that almost all trees are harmonious. [

In the following theorem, we introduce a simple procedure that allows us to build harmonious
trees from an existing a-labeled tree. We include this theorem in this subsection just to emphasize
the fact that a-labelings can be used to generate larger harmonious graphs in contrast with the
previous result where we modified the labeling but not the graph.

Theorem 2.3. Let T’ be a tree and e an edge of 'I' incident to a leaf. If T' — e is an a-tree, then T
is harmonious.

Proof. Suppose that T is a tree of size m + 1 such that there exists an edge e = v in T, where
deg(u) = 1and T" = T — e is an a-tree. Let f be an a-labeling of 7", when f is transformed
into the strongly felicitous labeling g, the vertices of 7" are labeled injectively with the elements
of Z,,+1; in addition,

{g(u) + g(v) :uv € E(T")} ={\+1,A+2,..., A+ m},
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when these weights are reduced modulo m + 1, we get the set Z,,, .1 — {\}.

We extend the labeling ¢ to the vertices of 7" in the natural way. That is, every vertex of 7"
keeps its label in 7'. Recall that u ¢ V (7”). Assume that g(v) = a; since the equation = + a = A
always has a solution in Z,, 1, the integer x can be used to label the other end-vertex of e, that is,
we make g(u) = z. In this way, the edge e has weight A and the only label used twice is z. Thus,
the labeling ¢ is harmonious. Therefore, 7" is a harmonious tree. 0

In Figure 1 we show an example of this construction. The figure on the top left corner is the
a-labeled tree 7", the other seven figures are trees of size 12 that satisfy the hypothesis of the
theorem; i.e., if the red edge is deleted, the underlying tree is the same a-tree 7.

Figure 1. All the harmoniously labeled trees of size 12 obtained from the same «-labeled tree of size 11.

2.2. New Families of Harmonious Trees

In this subsection we continue the idea of attaching pendent vertices to the vertices of an a-tree
to produce new harmonious trees. In our next theorem, we are attaching x > 1 pendent vertices to
an a-tree generating in this way a tree of size m + x.

Suppose that 7" is an a-tree of size m with stable sets A and B, where a = |A| and b = |B].
If f is an a-labeling of 7', then its boundary value equals @ — 1 or b — 1, depending on which
of the stable sets has the vertex labeled A. Let .7; denote the family of trees obtained from 7" by
attaching a pendent vertex to each of k vertices of A and to each of £ — ¢ vertices of B, where
1 <k <min{a,b} and i € {0, 1}. The tree T} has size m + 2k — i. We claim that for each a-tree
T and every i € {0, 1} there exists a harmonious tree 7; € .7; .
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Theorem 2.4. If T is an a-tree, then there exist trees Ty € 9, and Ty € 7 that are harmonious.

Proof. Suppose that T' is a tree of size m with stable sets A and B, and f is an a-labeling of 7" that
assigns the label 0 to a vertex in A. Select a positive number k such that & < min{|A|, | B|}. First,
we construct a harmoniously labeled tree 7. Once this is done, we transform 7 into a tree 77.

We start converting f into the strongly felicitous labeling g described above. Therefore, L, =
Zmy1; moreover, the labels assigned by g to the vertices in A are 0,1,...,]|A| — 1, and to the
vertices in B are |A|, |A| + 1,...,m. We identify each vertex of 7" with its corresponding label,
that is, for each ¢ € Z,,, 11, the vertex ¢ is the vertex labeled ¢ by the function g.

A tree Tj is built by adding a pendent vertex to each of 2k vertices of 7', k on each stable
set. Since our goal is to get a harmonious tree, the selected vertices of T"are: A — k + 1, A\ — k +
2,..., A+ k. Note that the vertices A\ —k+ 1, A\—k+2, ..., X are in A while the remaining vertices
are in B. Attach a pendent vertex to each of the selected vertices. The corresponding labels of the
pendent vertices attached to the elements of A are: m +k,m+k+1,...,m + 2k — 1. Thus, the
weights of the new edges are: m+ A+ 1, m+A+3,...,m+ A+ 2k — 1, respectively. The labels

of the pendent vertices attached to the elements of B are: m+ 1, m+2, ..., m+ k. Consequently,
the induced weights of these new edges are: m + A +2,m+ A +4,...,m+ X+ 2k.
Hence, the new labels are in the range {m + 1,m + 2,...,m + 2k — 1}. Since the new tree

has size m + 2k, the maximum label assigned to a vertex of 7j is smaller than its size. In addition,
the weights of the new edges are m + A+ 1,m + A+ 2,...,m + A + 2k and on the edges of T’
are \+ 1, A+ 2, ..., m+ \. Therefore, the tree T is harmoniously labeled because the only label
repeated twice is m + k, this label has been assigned to the pendent vertices attached to A — k + 1
and A + £.

Now, delete from T} the vertex labeled m + k attached to the vertex A\ + k of B. The new tree
is of the type 17 € .77, which implies that its size is m + 2k — 1, but this number coincides with
the largest label used. Recall that this label was used on the pendent vertex attached to A. So, if we
reduce this number modulo m + 2k — 1, it becomes the number 0 and the pendent edge has now
weight A. This means that the labeling of 7} assigns labels from {0,1,...,m + 2k — 2}, being 0
the only label used on two vertices, and the induced weights are now A\, A + 1,...,m + 2k — 2.

Therefore, T is a harmonious tree.
O

In Figure 2 we show an example of the harmoniously labeled trees 7 and 77 obtained from an
a-tree of size 11, with |A| =5, |B| = 7, A = 4 and k = 4. We start exhibiting the a-labeling of T,
the edges added to 7" to build 7, and 7} are in blue and red; the vertices with repeated labels are in
black.

In the following theorem we explore a method to build harmonious trees that can be described
as the one-point union of an odd number of copies of an a-tree of even size. The resulting labeled
tree has some properties that allow us to transform it into a disconnected graph, that is the union
of a unicyclic graph and a tree, and also into a unicyclic graph. In both cases, the final graph is
harmonious.

Theorem 2.5. Suppose that f is an a-labeling of a tree G of even size m. If k > 1 is odd, then a
harmonious tree of size k(m + 1) can be built with k copies of G by connecting a new vertex to the
vertex labeled ) in % of the copies of G and the vertex labeled m in the remaining % copies.
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T 1o :

N~

Figure 2. An a-tree 7" and two harmoniously labeled trees T and 77 .

Proof. Let GG be an a-tree of even size m; then the stable sets of ¢ have cardinalities with different
parities. Suppose that f is an a-labeling of GG such that ) is assigned to a vertex of the stable set
with an odd number of elements; this implies that X is even. If g is the strongly felicitous labeling
of G obtained from f, then L, = {0,1,...,m}and W, = {A\+ 1, A +2,..., A+ m}.

For each i € {1,2,...,k}, let G; be a copy of GG and h; be the labeling defined for every
veV(G;) as hy(v) = kg(v)+i—1.Thus, L, = {i —1,k+i—1,...,km+i—1} and the union
of the sets Ly, is {0, 1,...,k(m + 1) — 1}. Consequently, the labeling of U¥_, G; is an increasing
function, implying that G; has the edge with the smallest weight and G, has the edge with the
largest weight; these weights are k(A + 1) and k(A +m) + 2(k — 1), respectively.

Suppose that e = uv € E(G) has weight w, with w = g(u) 4+ g(v). Then, when e is seen as an
edge of GG;, its weight is

hi(u) 4+ h;(v) = (kg(u) +i — 1) + (kg(v) + 1 — 1)
= k(g(u) +9(v)) +2(0 = 1)
=kw+2(i—1).

This implies that if e, eo € F(G) have weights w and w + 2 under the labeling g, then the set
formed by the weights of the replicas of e; in all the graphs G; is Fy = {kw, kw + 2,..., kw +
2(k — 1)}; similarly we get that £y = {k(w + 2),k(w +2) + 2,...,k(w +2) + 2(k — 1)}. Note
that &1 N Fy = @ and E4 U Es is a set of consecutive integers with the same parity.

Since A is even, A + 1 and A + m — 1 are the smallest and largest odd weights induced by g on
the edges of &, while A + 2 and A\ 4+ m are the smallest and largest even weights. Thus, the weights
of the edges of UY_, G; can be separated into three disjoint sets:
Si={kA\+1),k(A+1)+2,...,k(A+2) — 1},

So ={k(A+2),k(A+2)+1,....,k(A+m—1)+2(k—1)},
Ss={kA4+m—-1)+2k—1)+1L,k(A+m—-1)+2k—1)+2,....k(A+m)+2(k—1)}.
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Note that | S| = |S3] = &L, |S5| = k(m—1) —1,and S = S; U S, U S is not a set of consecutive
integers but its complement with respect to {k(A + 1), k(A +1) +1,..., k(A +m) + 2k — 1} is
M={EA+1D)+LEA+1)+3,...,k(A+2)—2}U{k(A+m—1)+2(k—1)+ 2, k(A +m —
D4+2k—1)+4,...,k(A+m)+2(k—1)+1}.

Now that the vertices of Ui?“:lGi have been labeled, we introduce a new vertex, labeled 0. If
u is the vertex of G with label g(u) = A + 1, we connect the new vertex with each replica of u
on Gy, Gy, ...,Gj_1, which labels are k(A + 1) + 1, k(A + 1) + 3,..., k(A + 2) — 2, producing
edges with weights identical to these labels. If v is the vertex of G with label g(v) = A, we
connect the new vertex with each copy of v on Gy, Gj, ..., Gy generating edges with weights
kN, kEX+2,..., k(A + 1) — 1. By adding the constant k(m + 1) to these numbers we get

EX+km+1)=kA+m—1)+2(k—1)+2
EAX+2+km+1)=kA+m—-1)+2(k—1)+4

AN+ k—1+k(m+1)=k(A+m)+2(k—1)+ 1.

In other terms, the weights of the new edges are precisely the elements of M. Hence the graph
obtained is a tree of size k(m + 1), labeled with the elements of Zj,,+1), Where 0 is the only label
used twice, and the set formed by all the induced weights is {k(A + 1), k(A + 1)+ 1,... k(A +
m) + 2k — 1}. When the elements of this set are reduced modulo k(m + 1) we get the elements of
Zi(m+1)> Which implies that the new tree is harmonious. 0

In Figure 3 we show an example of this construction for a graph built with £ = 11 copies of
G = Ps. The edges in red correspond the the copy GG; of Ps. This copy plays an important role in
the following corollaries.

Suppose that the copy G of G is not connected to the new vertex 0. Recall that the labels of
Gy are 0, k, ..., km and that by disconnecting G; from the tree we lost the edge of weight k. So,
by connecting the vertices of GG} labeled 0 and kA we get a unicyclic graph with weights kA, k(\ +
1),..., k(A + m). Note that the union of this graph and the tree formed by G, Gs, ..., Gy, is a
harmonious disconnected graph.

Once the unicyclic graph formed with (G is in place, we can identify (amalgamate) its ver-
tex labeled 0 with the vertex labeled O in the subtree created with G5, G, ..., Gy, to generate a
harmonious unicyclic graph. Thus, we have the following corollaries.

Corollary 2.2. Let T be the harmoniously labeled tree attained in Theorem 2.5. If the two vertices
of T' labeled O are identified, then a harmonious unicyclic graph is obtained.

Corollary 2.3. Let GG be the harmoniously labeled unicyclic graph attained in Corollary 2.2. If G
is decomposed into a cycle and a tree, then the disconnected graph obtained is also a harmonious
unicyclic graph.
3. «-Trees and Harmonious Graphs

In this section we explore two techniques used to construct harmonious graphs by modifying

the a-labeling of a tree. We open the section by building some families of harmonious unicyclic
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Figure 3. Harmonious labeling of a tree built with 11 copies of Ps.

graphs. At the end of the section we prove that the kth power of the path P, is a harmonious graph
for feasible values of n and k.

Graham and Sloane [8] proved that all caterpillars are harmonious and conjectured that all
trees are harmonious. As we showed in Section 2, almost all trees are harmonious because almost
all trees admit a-labelings. A natural question related to trees and cycles is whether or not all
unicyclic graphs are harmonious as well. The answer is not, because the even cycles (i.e., cycles of
even size) were proved to be not harmonious in [8]. Are the even cycles the only exception within
the family of unicyclic graphs?

We open this section presenting two constructions of unicyclic harmonious graphs based on the
a-labelings of caterpillars discovered by Rosa [12]. Given the simplicity of these constructions, we
omit the proof of any result associated with them; instead we provide an example to explain how
these constructions work. Consider the strongly felicitous labeled graph G of size 23 and diameter
9 shown in Figure 4. This graph G has a symmetry with respect to its center (red edge), that is,
if e is the center of G, then the two components of G — e are isomorphic. The set of weights is
{12,13,...,34}. The black vertices have labels 0,1, ..., 11; so, among these numbers there are
six pairs z, y such that z + y = 11. Since the vertices labeled = and y are in the same stable set of
G, they are not adjacent. Therefore, by adding an edge connecting them we obtain a harmonious
unicyclic graph. Note that we have not yet used the symmetry, which means that the construction
just described can be applied to any caterpillar. In the second part of Figure 4 we show the six
unicyclic graphs described before, to avoid duplication of weights we must take one dashed blue
edge at a time.

The second construction uses the symmetry of G. We must observe that every vertex v of the
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Figure 4. Strongly felicitous labeled caterpillar and some unicyclic graphs built on it.

left side of the red edge has a replica v’ on the right side; if we connect v and v/, an edge with the
same weight that the red edge is introduced, which means that the red edge can be replaced by any
of these edges without affecting the harmoniousness of the unicyclic graph. We show this fact in
the second part of Figure 4, where a red dashed edge has been introduced. In general, many of the
unicyclic graphs so obtained are non-isomorphic, everything depends on the structure of the graph.
In the specific case of our graph G, there are 66 non-isomorphic unicyclic harmoniously labeled
graphs that have the labeling of G as their base.

Theorem 3.1. If T' is an a-tree with stable sets of cardinalities r and s, then there exist | 5] + |5 |
harmoniously labeled unicyclic graphs that have T" as a spanning tree.

Proof. Suppose that T is an a-tree with stable sets R and S such that |R| = r and |S| = s. Then,
there exists an a-labeling f of T that assigns the integers in Ly = {0, 1, ..., — 1} to the elements
of R and the integers in Lg = {r,r+ 1,...,7 + s — 1} to the elements of S. Let g be the strongly
felicitous labeling of 7" obtained from f as described above. Thus, the labels on each stable set are
the same as before and the set of induced weights is {r,r +1,...,2r + s — 2}.

In Ly there are | 7] pairs z,y such that x + y = r — 1. Let ug, vg be elements of R such that
g(ur) + g(vg) = r — 1, since these vertices are not adjacent, the introduction of the new edge
uprvp results in a unicyclic graph of odd girth. The weights on the edges of this graph form the
set {r —1,7,...,2r + s — 2}, therefore the graph is harmonious. In Lg there are | ;] pairs z,y
such that x +y = 2r + s — 1; as we did before, take any two vertices in S, say ug, vg satisfying
g(us) + g(vs) = 2r + s — 1 and connect them to produce a harmoniously labeled unicyclic graph
where the set of induced weights is {r,r + 1,...,2r +s — 1}.

Summarizing, the new edge can be drawn in || + |5 ]| ways, and each of these alternatives
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generates a unicyclic graph where 7' is one of its spanning trees. Note that as graphs, they may be
isomorphic, but as labeled graphs they are different. [

In Figure 5 we show an example of this last result for a tree 7" where r = s = 5. In the first
part we show the a-labeling of 7. In the second part we show the strongly felicitous labeling
of T' together with four possible new edges, such that the selection of any of them results in a
harmoniously labeled unicyclic graph.

0 0

9 5
O @ O O @ O ® O @ O sO ‘® {O—@
7 02 8 1 5 4 6 3 T 2 6%, 1.9 4.°8.°3

Figure 5. An a-labeled tree and four harmoniously labeled unicyclic graphs.

Another harmonious unicyclic graph can be obtained by starting with an a-labeled tree and
identifying the vertices labeled 0 and A + 1 when they are at distance at least 3.

Theorem 3.2. Let T be a tree and [ be an a-labeling of T'. If the vertices labeled 0 and \ + 1
by f are at distance at least three, then the unicyclic graph formed by identifying these vertices is
harmonious.

Proof. Suppose that T is a tree of size m and f be an a-labeling of 7T'. Let u, v denote the vertices
of T such that f(u) = 0 and f(v) = A + 1. Suppose that dist(u,v) > 3. When f is transformed
into the strongly felicitous labeling ¢g given in Section 2, we get g(u) = 0 and g(v) = m. By
making the label m equal to 0, we transform ¢ into a harmonious labeling of 7. When the two
vertices of T labeled 0 are identified, a unicyclic graph with girth dist(u, v) is created. Since no
new edge has been added, the labeling of this graph keeps its harmonious characteristic. 0

The kth power of the path P,, denoted by P, is the graph obtained from P, by adding the
edges that connect all vertices at distance k. Grace [7] proved that P? is harmonious. The set
formed by all the graphs P? is a subfamily of the polyiamonds, i.e., those connected planar graphs
formed with copies of the cycle C5 (or triangle) amalgamating edges. A graph of this family is
said to be a n-cell snake polyiamond if it is built with n triangles and every triangle shares at most
two edges with its neighbors. Thus, P2 is one special case of snake polyiamond, where the largest
degree is 4. Recently, Barrientos [1] extended Grace’s result by proving that all snake polyiamonds
are harmonious. Seoud et al. [14] proved that P? is harmonious. Gallian [5] mentioned that in
[18], Youssef generalized this result by proving that P* is harmonious when & is odd. We have
not found this result in Youssef’s paper. In the following theorem we prove that P” is harmonious
when £ is even. So, if the case £ odd was in fact proved, we could say that the kth power of the
path P, is harmonious for every n > 3.
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Theorem 3.3. The kth power of the path of order n, P¥ is a harmonious graph for every n > 3
and k <n — 1 even.

Proof. Since the case k = 2 was proven in [7] and P* = C,, when k = n — 1 and these cycles are
harmonious , we are going to assume thatn > 5and4 < k <n — 1.

Let vy, vy, ..., v, be the consecutive vertices of the path P,, in order to form the graph G = P,f
we add the edges v;v;; for every i € {1,2,...,n — k}. Thus, G is a graph of order n and size
2n — 1 — k. Consider the following labeling of the vertices of P,,:

 — 1
’2 , if 4 is odd,
2  —k — 2
flv) = n+12 : if 7 is even and n is odd,
n+i1—k—4 . .
5 , if 7 i1s even and n is even.

Note that each part of this function is linear and increasing. Due to the fact that the values
assigned by f on the vertices of GG are affected by the parity of n, we analyze each possibility
independently.

Suppose that n is odd. Since the definition of f depends on the parity of ¢ we have that
{0,1,..., ”T_l} is the set formed by the labels assigned by f on the vertices with an odd index,
while {225k 2nt2=h - 3n=3-kY s formed by the labels on the vertices with an even index. By

5y
hypothesis, we know that

k:gn—l(i)l§n—k:>—1<n—k<:)n—1§2n—k<:)n;1 < 2n2—k‘

This proves that these two sets are disjoint, which means that the function is injective. In
addition, we can see that the maximum label on a vertex of G is M which is smaller than
2n — 1 — k because k£ < n — 1. Consequently, f is an injective functlon whose range is a subset of
{0,1,...,2n — 2 — k}.

Now we study the weights induced by f. Seeing that for each parity of ¢, the vertices v; and
vi1o are labeled with consecutive integers the weights on the edges v;v;11 (i.e., the edges of F,)
are the integers 2~ k, 2k +1,..., 2=1=E; when these numbers are reduced modulo 2n — 1 — k
we get the set {2” o W on—2— k}u{0,1,...,%—1}. Since k is even, and regardless
the parity of 7, the edges vV and v;10v;1 04 have weights that are consecutive integers with
the same parlty as 5. In particular, when i is odd, the weights on the edges v;v;; form the set

{5+ M — 1}; when i is even the weights are 25 4k 4 9 Gn=0=3k

3k Reducing
these numbers modulo 2n — 1 — k we obtain the elements of the set {&+1, ’2“ +3,..., 2k 2},
The union of all these sets is {0, 1,...,2n — 2 — k}; consequently, f is a harmonious labehng of
G when n is odd.

Suppose now that n is even. We follow the same steps that in the previous case. The vertices v;
receive the labels from {0, 1, ..., 5—1} when i is odd and from {2” k_q,2n= k, ce 3"_24_k} when
1 1s even. As before, these are disjoint sets and the function is injective, the largest label is 3n=2=k

which is smaller than 2n — 1 — k. The weights on the edges v;v; are 275 — 1 202k 4n=6k,
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when these numbers are reduced modulo 2n — 1 — k we get the set {2”2_ k_1, 2”%: koo 2n—2—
k}u{o,1,..., g —2}. For ¢ odd, the weights on the edges v;v; . form the set {g, 5+2,..., 2”;’“ —

2}. When i is even, the weights on these edges are 4% — 2 4n=k - 0n=8=3k . 404in, reducing

modulo 2n — 1 — k we get the set {5 — 1,5 +1,...,22-% — 3}, Then, the union of these sets is

{0,1,...,2n — 2 — k} and f is a harmonious labeling when n is even.

]

In Figure 6 we show an example of this labeling for the graph P.y.

0 14 1 1 2 16 3 17 4 18 5 19 6 20 7 21 8 22 9

Figure 6. Harmonious labeling of Pjy.

4. The Join Product with Harmonious Graphs

Recall that the join of simple graphs G and H, written G + H, is the graph obtained from the
disjoint union G U H by adding the edges {uv : u € V(G),v € V(H)}. When T is a tree of size
m, the join T 4+ K, is a graph of order m + 2 and size 2m + 1. This implies that the maximum
label allowed in a harmonious labeling of this graph is 2m.

We can find in the literature several results about the join of two graphs. For instance, we know
that the following graphs are harmonious: nC,, + K; for every n # 0(mod 4) [3], K, , + K [16],
Kpn+ Ko [17], Ko+ Ko+ -+ Ky [9], P, + Ko [13], P, + K, and C), + K, [8], C),, + K5 if m
isodd [15], S,, + nK; and P,, + nK; [6]. The trees used in the last two graph families correspond
to instances of a-trees; in the following results we prove that 7' 4+ n/; is harmonious when 7' is
any a-tree of size m, superseding the ones given in [6].

Lemma 4.1. If T is an a-tree, then the join T + K is harmonious.

Proof. Suppose that T' is an a-tree of size m and f is an «-labeling of 7" with boundary value
A. We convert f into the strongly felicitous labeling g. In this way, the labels assigned by g are
0,1,...,m and the induced weights are A\ + 1, A +2,... . A+ m.

Now, the labels assigned by g are shifted m — A units. So, the new labels are m — A\, m — A +
1,...,2m — )\, and the new weights are 2m — A+ 1,2m — A+ 2,....2m — A+ m = 3m — A\
Since A > 0, the maximum label assigned, i.e., 2m — A, is smaller than the size of the graph.

The vertex of K is labeled 0. In this way, the edges connecting this vertex with the vertices of
T have weights m — A\,;m — A+ 1,...,2m — A\. Which implies that the weights induced on the
edgesof T+ Kyarem — A\,m — A+ 1,...,3m — A, thatis, 2m + 1 consecutive integers. When
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these numbers are reduced modulo 2m + 1 they form the set {0,1,...,2m}. Since all the labels
are distinct and are in the range {0, 1,...,2m — A} where 2m — A < 2m because A > 0, we get
that 7'+ K has been harmoniously labeled. [

As an example, the labeling of 7" + K is shown in Figure 7, where 7', depicted with black
edges, is an a-tree of size m = 12; its original a-labeling has boundary value A = 4.

Figure 7. Harmonious labeling of a graph 7" + K.

Now that a harmonious labeling of 7"+ K is known, it is easier to build a harmonious labeling
of the general case 1" + nk; for every n > 2. Note that this join has order m 4+ n + 1 and size
m+n(m+ 1).

Theorem 4.1. If'T' is an a-tree, then the join T' + n K, is harmonious for every n > 2.

Proof. Let T be a tree of size m that admits an a-labeling with boundary value A. Suppose that a
harmonious labeling of 7" 4+ K has been obtained using the procedure explained in the proof of
Lemma 4.1. Thus, the labels on the vertices of 7" form the set {m — A\,m — A+ 1,...,2m — \}
and the largest weight on an edge of 7" is 3m — A. If vy, vs, .. ., v, are the, still unlabeled vertices
of nK7, we assign to each v; the label (m + 1)i — 1. Note that all these labels are different, being
2m + 1 the smallest, which is larger than 2m — A, and the largest is (m + 1)n — 1, which is smaller
than the size of T' + nKj.

Furthermore, the edges connecting v; to 7" have weights that are consecutive integers and form
the set

Wi={(m+1)i—14+m-—2A...,(m+1)—1+2m — A}
—mG D) bi—1—X....ml+2)+i—1—\}.
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Since for every i € {2,3,...,n — 1}, max(W;) = m(i +2) +i—1— X and min(W;,1) =
m(i + 2) + i — A, differ by exactly one unit, we get

UWi:{3m—)\—|—1,...,(n—|—2)m—|—n—1—)\},

i=2
i.e., asetof (m+1)(n—1) consecutive integers, which are consecutive with the weights on 7'+ K.
Therefore, the labeling of 7" + n K is harmonious. ]

Figure 8. Harmonious labeling of (Cy ® K1) + K.

A similar result can be obtained if the tree 7" is replaced by a unicyclic harmonious graph. We
prove this claim in the upcoming theorem.

Theorem 4.2. If G is a harmonious unicyclic graph, then G + nK; is harmonious.

Proof. Suppose that G is a harmonious graph of size m. If f is a harmonious labeling of G, then
the labels assigned by f are 0,1, ..., m — 1 and the induced weights are also 0, 1,...,m —1. Letg
be the labeling of G defined for every v € V(G) as g(v) = (n+ 1) f(v). The new labels are 0, n +
L,...,(m—1)(n+1) and the induced weights form the set W = {0O,n+1,...,(m—1)(n+1)}.

P
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The join G + nK; has size m(n + 1); so, the largest label assigned by g is n units smaller than the
size.

The vertices of n K are labeled by g with the integers 1,2, ..., n. Thus, the labels are in the
range allowed by a harmonious labeling. Note that for each ¢ € {0,1,...,m — 1}, the edges
connecting the vertex of G labeled i(n + 1) with the vertices of nK; have weights that form the
set W; = {iln+1)+1,i(n+1)+2,...,i(n+ 1) + n}. Hence, the union of these sets with W/
produces a set with elements 0,1,2, ..., (m—1)(n+1)+n = m(n+ 1) — 1. Therefore, G +nkK;
is harmonious. ]

We show an example of this last theorem in Figure 8, where we present an harmonious labeling
of the graph (Cy ® K;) + K7, formed by the red edges.

These last results are connected to the strong relationship between the order and the size of the
graph (G, where the order equals the size or surpasses it by one. In the next theorem we analyze
the case where the size surpasses the order by one unit as well as the two previous options.

Let GG be a graph of order n and size m. A bijective function f : V(G) — {0,1,...,n — 1} is
said to be strongly k-indexable when { f(u)+ f(v) : wv € E(G)} = {k,k+1,...,k+m—1} for
some positive integer k. Any graph that can be labeled in this way is called strongly k-indexable.
Note that both, the strongly felicitous and the harmonious labeling of the tree and unicyclic graphs
in the two previous theorems are instances of strongly k-indexable labelings and the fact that the
labels used are consecutive is the key behind the proof of these results, so it is natural to use this
type of function to extend these last results.

Theorem 4.3. For everyt > 1, the join G + t K results in a harmonious graph provided that G is
strongly k-indexable and its order and size differ by at most one.

Proof. Suppose that G is a strongly k-indexable graph or order n and size m such that |[n—m| < 1.
If f is a strongly k indexable labeling of G, then Ly = {0,1,...,n — 1} and W; = {k, k +
1,...,k 4+ m — 1}. Thus, the labeling g of G, defined as g(v) = (t + 1) f(v) for every v € V(G),
satisfies L, = {0,t+1,2(¢t+1),...,(n—1)(t+1)} and W, = {k(t+ 1), (k+1)(t+1),...,(k+
m—1)(t+1)}.

The graph G+t K has size m+nt, which implies that the largest label used by any harmonious
labeling cannot exceed m +nt — 1. We extend the labeling ¢ to the vertices of ¢ K in the following
form:

e If n > m, then these vertices are labeled k(t + 1) — 1,k(t + 1) — 2,..., k(t + 1) — t.
In this way, the edges connecting a vertex of G with the vertices of tK; have weights that
are ¢t consecutive integers, where none of them is a multiple of ¢ + 1. The smallest of
these weights is k(¢ + 1) — ¢ and the largest is (m + k)(t + 1) — 1 when n = m + 1 or
(m+k—1)(t+ 1) — 1 when n = m. Consequently, the set of induced weights on the edges
of G+tKyis{k(t+1)—t,k(t+1)—t+1,...,(m+Ek)(t+1)—1} whenn =m+1or
{k(t+1)—t,k(t+1)—t+1,...,(m+k—1)(t+1)} whenn =m.

e If n < m, the vertices of ¢ K are labeled with the integers k(t+1)+1, k(t+1)+2,... k(t+
1) + t. None of these labels is a multiple of ¢ + 1. The weights of the edges connecting any
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of these vertices to each vertex of (G are exactly ¢ consecutive integers that lie between two
consecutive multiples of ¢ + 1. The set of induced weights on the edges of G + tK is
{kt+1),k(t+1)+1,....(k+m—-1(t+ 1)}

In both cases the largest label is on a vertex of GG and it is smaller than the size of G + tK7;
therefore, the final labeling of G + t K is indeed harmonious. ]

In Figure 9 we show an example of the harmonious labeling of G + 2K obtained using the
steps in the proof of Theorem 4.3; here (G is a strongly indexable graph of order 4 and size 5,
described by the thicker lines.

Figure 9. Harmonious labeling of G + 2K, where G is strongly indexable.

5. Harmonious Disconnected Graphs

In [8], Graham and Sloane characterized the harmonious complete bipartite graphs. A complete
bipartite graph is harmonious if and only if it is acyclic, in other terms, if it is a star K ,,. Consider
the complete bipartite graph K,, , where 2 < m < n. Since m > 2, this graph contains at least
one cycle, therefore it is not harmonious, however, K,, , U K5 is harmonious. Note that when
m = n = 2, Ky U Kj is a disconnected unicyclic graph of order 6 and size 5, which means
that any harmonious labeling of it must repeat one label. We show the harmonious labeling of this
graph in Figure 10, in addition we show two more examples of the labeling described in the proof
of the following proposition.

Proposition 5.1. For every 2 < m < n, the graph K,, ,, U K is harmonious .

Proof. Let R = {uy,ug,...,un} and S = {vy, va,...,v,} be the stable sets of K, ,. Assign to
the elements of R the labels 0,1,...,m — 1 and to the elements of S the labels m,2m, ..., nm.
Thus, the weights of the edges incident to v, form the set W; = {jm —i+1,jm—i+2,...,jm—
1,jm}. Since j € {1,2,...,n},U;_, Wj = {m,m+1,...,mn+m — 1}. On the other side, the
vertices of K, are labeled with the integers m+1 and mn — 1. In this way, the vertices of K, , U K>
are labeled with the integers 0, 1, ..., m+1,2m, 3m, ..., nm, and nm—1; i.e., with elements from
ZLipn- The edge of K5 has weight mn 4+ m. Then, the set of weights consists of mn + 1 consecutive
integers. Consequently, we have a harmonious labeling of the graph K, ,,, U K». OJ
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KoUKy K35 U Ky Ky, UK,
0 1 3 0 1 2 5 0 1 2 3 5
4 2 3 15 12 9 6 3 14 16 12 8 4 15

Figure 10. Harmoniously labeled graphs of the form K, ,, U K».

We can go even further, as we prove in the following result.
Theorem 5.1. For every 2 < m < n, the graph K, ,,, U K ,,,_1 is harmonious .

Proof. We proceed as we did in Proposition 5.1. Thus, the vertices of R have labels 0,1,...m—1;
the vertices of S have labels m,2m, ..., nm. The vertex of degree m — 1 in K, ,,_; is labeled
nm — 1 and the leaves of K ,,_; receive the labels m + 1, m + 2,...,2m — 1. In this way, the
edges of this star have weights m(n+ 1), m(n+1)+1,...,m(n+ 1) +m — 2. Then, the weights
on the edges of K, , U K ,,,—1 are mn +m — 1 consecutive integers, which implies that the graph
is harmonious . [

In Figure 11 we show an example of this labeling for the graph K, 4 U K 3.

0 1 2 3 ) 6 7

16 12 8 4 15

Figure 11. Harmoniously labeling of K4 4 U K 3.
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