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Abstract

In this paper, we introduce a new family of cubic graphs I'(m), called Generalized Pappus graphs,
where m > 3. We compute the automorphism group of I'(m) and characterize when it is a Cayley
graph.
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1. Introduction

The study of different families of graphs with respect to their group of symmetries is an impor-
tant aspect of modern algebraic graph theory. Among them the cubic families are one of the most
important class of graphs. Various important families of cubic graphs which are extensively stud-
ied are Generalized Petersen graphs [2], Double Generalized Petersen graphs [5], Zhou-Ghasemi
graphs [8], Zhou-Li graphs [9], Devilliers et.al. graphs [1], [4] etc. In this paper, we construct
another infinite family of cubic graphs starting from the well-known Pappus graph and study its
automorphism group and structural properties.

Pappus graph is a bipartite cubic graph with 18 vertices and 27 edges, formed as the Levi
graph of the Pappus configuration. It is named after Pappus of Alexandria who is believed to have
discovered the “hexagon theorem” describing the Pappus configuration. Recently, [7] proposed a
group theoretic generalization of Pappus configuration from a projective geometric viewpoint. Our
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goal is to generalize it from a graph theoretic viewpoint. To begin with, we define the Genralized
Pappus graph next. For other definitons and terminologies, readers are referred to [3].

Definition 1.1. Let m > 3 be a positive integer and set n = 2m. The generalized Pappus graph
['(m) is defined on the vertex set V.= {x;,y;, z; : i € ZLy,}, where x;’s, y;’s and z;’s are called
the outer vertices, middle vertices and inner vertices respectively. There are four types of edges
between these vertices, namely outer edges of the form x; ~ x;.1, spoke edges of the form x; ~ vy;,
middle edges of the form y; ~ z; .1 and y; ~ z;_1 and inner edges of the form z; ~ z;\,. (Here
u ~ v means u and v are adjacent.)

ﬂ’h
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Figure 1. Generalized Pappus Graphs, I'(3) and T'(4).

It is obvious that I'(m) is a cubic graph of order 6m and I'(3) is the Pappus graph (See Figure
1). We denote the set of outer, spoke, middle and inner edges by €2, >, M and 7 respectively, and
the set of vertices x;, y; and z; by X, Y and Z respectively.

2. Automorphism Group of I'(m)

We start by noting some automorphisms of I'(m). It can be easily checked that p : T'(m) —
['(m) and 7 : T'(m) — I'(m) defined by

P Ti—= Tipq T X, — T
Yi = Yit1 Yi = Y—i
Zi . Zi1 Zi b 2

are automorphisms of I'(m) and o(p) = n;0(7) = 2 and 7p7 = p~'. Thus H = {p,7) = D,), the
dihedral group of order 2n. Moreover, if m is odd, it can be shown that o : I'(m) — I'(m) given
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by
0 Ti Yirm 1f1iseven O X~ Zigy 1fiisodd
Yi = Titm Yi = Zi
Zi = Y Zi 77 Titm

is an automorphism of I'(m) which does not belong to H. Also we have o(c) = 3, opo = p and
oT = TO.

Theorem 2.1. If m is odd, then T'(m) is a Cayley graph.

Proof. We prove the theorem by showing that X' = (p, o) acts regularly on I'(m). As |K| = 3n =
|T'(m)], it is enough to show that K acts transitively on the vertices of I'(m).

Let us start with zy. Note that zy can be mapped to any z; by applying suitable powers of
p. As o(xyg) = ym, We can map z, to any y; by applying suitable powers of p on o(zy). And,
as op(rg) = Zmy1, We can map xg to any z; by applying suitable powers of p on op(x). Thus,
we can map z, to any vertex of I'(m) and vice-versa using the elements of /. Now, if we start
with two arbitrary vertices, we can map one to the other via xy. Hence, K acts transitively on the
vertices of I'(m). O

Lemma 2.1. Let ¢ € Aut(I'(m)), if p(X) = X then ¢ € H.

Proof. Let p(xg) = x4, then ¢(x1) = x441 OF T, (since p(z1) ~ @(x0) = x,).

Let p(21) = z441. As 9(X) = X we have ©(z2) = Tat2, 9(¥3) = Tarz, - @(Tn-1) =
Tarn—1. Now as z; ~ y;, p(2;) = xeri ~ p(y;) so we have p(y;) = yq4; for all 7. Again as
O(Yi—1) = Yari—1 and ©(Yiy1) = Yarir1, We have p(z;) = 2,4, for all i. Hence, ¢ = p* € H.

Let p(z1) = za-1. As p(X) = X then p(22) = a2, ©(T3) = Ta—z, +,0(Tn1) =
Ta—(n—1). Now as z; ~ y;, p(x;) = Ta—; ~ ¢(y;) so we have ¢(y;) = ya—; for all 7. Again,
as ©(Yi—1) = Ya—(@i—1) and ©(Yiy1) = Ya—(i+1)» We have p(2;) = z,-; for all 7. Hence we have,
p=p'te H. [

Lemma 2.2. Let ¢ € Aut(I'(m)) and m # 3. If (x;) = x; and p(y;) = y; for some i, j, then
p€E H.

Proof. As p(z;) = x; and (y;) = y; then (z;11), p(xi1) € {zj41, x5}

Let p(ziy1) = @41 and p(z;1) = -1, then ©(xi2) = X2 or Yjp1. I 9(Tir2) = yjpa,
consider the cycle C' : y; ~ x; ~ Tip1 ~ Tiyo ~ Yiro ~ Zip1 ~ Yi, then o(C) 1 y; ~ xj ~ i1 ~
Yit1 ~ ©(Yir2) ~ ©(zig1) ~ y;. For m # 3, there exists a unique path P of length 3, namely
Yj ~ Tj ~ T ~ Yj11 between y; and y;41. Thus ¢(C') is not a cycle, which is a contradiction.
Hence p(x;12) = x;42. Similarly, it can be shown that p(x;1) = x4 for all k, ie., p(X) = X.
Then by Lemma 2.1, we have ¢ € H. Similarly if ¢(x;11) = ;_1 we can show ¢ € H. 0

It is to be noted that if m = 3, there exists another path P’ : y; ~ z;_; ~ 2zj49 ~ y;41 joining
yj and y;4q.

Lemma 2.3. Let ¢ € Aut(I'(m)) \ H. Then ¢ can not map consecutive spokes into X..

347



A generalization of Pappus graph | S. Biswas and A. Das

Proof. Let o([z;,y;]) € X. We will show ¢([z;41,%i11]) & X. Let m # 3. As ¢ ¢ H, then by
Lemma 2.2, we have (¢(z;), ¢(v;)) # (z;,y;) for all j. However, as ¢([z;,v;]) € X, the orientation
of the spoke [z;, y;] is changed by . Thus, we assume that p(z;) = yi and p(y;) = ), for some
k. Now as ¢(x;) ~ ¢(x;11), we must have o(z;41) = 2x_1 O 241, hence p([z;11, yir1]) & 2.

Now let m = 3 and ¢([z;,y:]) € . If p(2;) = yr and p(y;) = xy for some k, then as
o(x;) ~ @(x;1) we have @(x;11) = zx_1 or 2,41 and hence ¢([x;1 1, y;i11]) ¢ X. So, we assume
that p(z;) = z1 and p(y;) = yx. Then o(x;11), (x;_1) € {Tr11, Tr1}-

Let p(2it1) = i1, then ©(Tiv2), 0(Yit1) € {Trr2, Y1} I o(Yir1) = T2 and p(zi42) =
Yrt1 then ©([Tit1, Yit1]) = [Trr1, Tivo] € B I (Y1) = Y1 and p(2i12) = Tp2, consider
the cycle Cl PTG ™ Yip1r Y R4 N Zigs N Y ~ Ty Y Ty Then QO(CH) DTk Y Yk
©(zite) ~ ©(zits) ~ yp ~ T ~ Tpr1. As o(Cy) is a cycle then we have ¢(z;12) = 219 and
©(2iv5) = 2zk+5 (See Figure 1(Left)). Now consider the cycle Cy : y;41 ~ Tiy1 ~ Tipo ~ Tiyg ~
Yirs ~ Ziya ~ Yir1, then (C2) 1 ypi1 ~ T ~ Toyo ~ ©(Tivs) ~ O(Yirs) ~ Zkr2 ~ Yrr1- As
©(Cs) is a cycle then we have ¢(x;43) = xy3 and ©(y;13) = yrr3. Proceeding this way, we get
©(X) = X and p(Y) =Y. Then by Lemma 2.1, we have ¢ € H, which is a contradiction, hence
O(Yiv1) # Yk, 1., ©([Tin1,vi01]) ¢ 2. Similarly we can proof this if ¢(z;41) = zx_1. This
completes the proof. 0

Corollary 2.1. Stab(X) = H.

Proof. 1t is clear that H stabilize X setwise, i.e., H C Stab(X). Let ¢ € Stab(X). Then
o[z, i), o([Tit1, yis1]) € X for all 4, and thus by Lemma 2.3, we have ¢ € H, i.e., Stab(X) C
H. O]

Lemma 2.4. Let ¢ € Aut(I'(m)) \ H and m # 3. If ([z;, yi]) € %, then o([xi12, Yito]) € 2.

Proof. Let p(z;) = x; and ¢(y;) = y;, then by Lemma 2.2, we have ¢ € H, which is a contradic-
tion. So we assume that p(z;) = y; and ¢(y;) = ;. Then p(x;41), p(zi—1) € {2j+1, 2j—1}-

Let (zi11) = zj41 and @(ri-1) = zj—1. As @(zit2) ~ @(xiy1) and @(x;) = y; then
QO(I‘H_2> = Yj+2 OF Zj414m- We claim that QO(.Z‘H_Q) = Yj+2. If possible, let QO(.%H_Q) = Zj+l1+m-
AS o(Yit1) ~ ©(Tiy1) = 2j41, 0(7:) = y; and p(Tit2) = 2j114m, We have (yiy1) = yj2. Now
consider the CyClC C: Yi ~ Ty ~ Tjp1 ™~ Ti+2 ™~ Yir2 ™~ Zi41 ™~ Y. Then QD(C) LTy Yy
Zjr1 ~ Zjtrem ~ P(Yir2) ~ (2i11) ~ x;. As there exists unique path z; ~ y; ~ zj11 ~ Zjt14m
of length 3 between x; and z;1.,, for m # 3, we get ¢(C') is not a cycle, which is a contradiction.
Therefore ¢(z;42) = yj1o.

Now as 90(%+2) ~ QO(ZEH_Q) = Yj+2 and (p(l’i+1) = Zj4+1, WE have QO(yH_Q) = Zj4+3 OI Tj42. We
claim that ¢(y;12) = x4o. If possible let ©(y;42) = zj13. Consider the cycle C' : y; ~ z; ~
Tip1 ~ Tiva ~ Yira ~ Zig1 ~ Yir then o(C) 1 x5 ~ y; ~ 2j11 ~ Yjpa ~ Zixz ~ @(2ip1) ~ ;.
As there does not exist any path of length 2 between x; and z;3, ©(C') is not a cycle, which is a
contradiction. Therefore ¢ (y;+2) = x;42. Therefore p([z;, yi]) = [y;, x;] implies ©([T;12, Yito]) =
[Yjr2: Tjta] € X

Similarly we can proof this if p(2;41) = z;_1 and ¢(x;_1) = z;11. This completes the proof.

O
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From Theorem 2.1, we have if ¢ ¢ H, then either ) # p(X)NE C Yorp(X)NYE = (0. We
will show in Theorem 2.2 that ) # p(X) N X C X is possible only if m is odd. If ¢ ¢ H and
m # 3, then from Lemma 2.4, we have p([x;, vi]) = [y;, ¢;] = o([@itor: YVitor]) = [Yj+2k, Tjrok]
for all k. At first for m # 3 we consider the case when any one even spoke is mapped to an odd
spoke, then by Lemma 2.4 we have all even spokes are mapped to all odd spokes and we will show
that case appears only if m is odd.

Lemma 2.5. Let ¢ € Aut(I'(m)) \ H and m # 3. If set of all even spokes are mapped to set of all
odd spokes via @, then m is odd.

Proof. Let [z, y.| be an even spoke and [ 4, Yoq) be an odd spoke such that ([ze, Ye|) = [Tod, Yod]-
If o(x.) = zoq and p(y.) = Yoq then by Lemma 2.2 we have ¢ € H, which is a contradiction. So
QO(ZL’e) = Yod and Qp(ye) = Zod- Then So(xe—i-l)’ Qo(xe—l) S {Zod+17 Zod—l}-

Case 1. Let ©(2er1) = Zoar1 and ©(Te_1) = Zog_1- AS [Teio,Yero] is an even spoke, let
O(Ter2) = Yoao, Where 0d2 is an odd index. As x, ~ Toy1 ~ Teyio, applying ¢ we have y,q ~
Zodt1 ~ Yod2, and hence Yog2 = Yod 2. Again, as [Tc 4, Yey4] is an even spoke, let O(Tci2) = Yoas-
Since the distance between x.. o and z.4 is 2, the distance between 9,42 and ¥,43 is also 2, and
hence Y(Tet4) = Yod+4a and S0 P(Yeta) = Toata. Proceeding this way, we have ©(Zeyor) = Yodt2k
and p(Yeqor) = Toasor for k = 0,...,m — 1. Now as Tejop ~ Teqopt1 ~ Tetort2, applying ¢,
we have Yogior ~ P(Tetort1) ~ Yodrorto Hence ©(Teiopy1) = Zoayor1 fork =0,--- ,m — 1.
Again as O(Yerort1) ~ P(Terors1) = Zodtor+1 aNd O(Teyok) = Yodr2k, We have O(Yeqors1) =
Zod+(2k+1)+m- NOW @S Yeqok—1 ~ Zepok ~ Yet2k+1, APPlyINg ¢ we have 2,44 (2k—1)4m ~ O(Zesan) ~
Zod4(2k+1)+m- THUS ©(Zerok) = Yodt2ktm for k = 0,--- ,m — 1. Note that if m is even then
od + 2k + m is an odd integer and s0 ¢(ze12k) 7 Yodr2k+m as all even spokes are mapped to all
odd spokes. Hence ¢ is not a graph automorphism when m is even and so m must be odd.

Case 2. Let ¢(Tey1) = 2og—1 and p(ze_1) = 2,441 Proceeding as in the previous case, it can
be shown that ©(Teior) = Yod—2ks P(Yer2k) = Tod—2k aNd ©(Te—2k) = Yodt2ks L (Ye—2k) = Tod+2k

for k = 0,---,m — 1. NOow as Zeior ~ Teiops1 ~ Teiokio, applying ¢ we have, yoq_or ~
O(Tetort1) ~ Yod—2k—2, hence O(Teqoni1) = Zod—(2k+1) and similarly ©(2e—(2k41)) = Zodt(2k41)
fork =0,---,m —1. As ©(Yetan+1) ~ P(Tetan41) = Zod—(2k+1) and O(Ter2k) = Yod—2k» We get

O(Yer2kt1) = Zod—(2kt1)+m- SiMilarly ©(Ye—(2x+1)) = Zod+(2k+1)+m- ALAIN, @S Yeyok 1 ~ Zetor ~
Yet2k+1> applying ¢ we have 2,q—(2k—1)4m ~ O(Zeqar) ~ Zod—(2k+1)+m» and hence O(Zesor) =

Yod—ok+m for k= 0,--- ,m — 1. Note that if m is even then od — 2k + m is an odd integer, and
SO ©(Zerok) 7 Yod—2k+m as all even spokes are mapped to all odd spokes. Hence ¢ is not a graph
automorphism when m is even and so m must be odd. 0

Similarly, it can be proved that:

Lemma 2.6. Let p € Aut(I'(m)) \ H and m # 3.
» [f set of all even spokes are mapped to set of all even spokes via o, then m is odd.
 If set of all odd spokes are mapped to set of all odd spokes via p, then m is odd.

* [f set of all odd spokes are mapped to set of all even spokes via p, then m is odd.
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Theorem 2.2. Let p € Aut(I'(m)) \ H. If 0 # o(X) NX C X, then m is odd.

Proof. If m = 3, then there is nothing to prove. So, we assume that m # 3. As ¢(3) N2 # 0,
there exists some ¢ such that ¢([z;,y;]) € X. Then, by Lemma 2.4, we have o([x; ok, Yit2x]) € &
for all k. Now, depending on whether i is odd or even and depending on whether ¢([z;, y;]) is an
even spoke or an odd spoke, we can apply Lemma 2.5 or Lemma 2.6, to prove that m is odd.  [J

Corollary 2.2. If m is even and ¢ € Aut(T'(m)) \ H, then p(X) N3 = (.

Proof. This is the contrapositive form of Theorem 2.2.

Lemma 2.7. If o € Aut(I'(m)) \ H, then p(X) € M.

Proof. If possible, let p(X) € M. Then ¢([zo,y0]) € M. Now, two cases may arise. Either
¢([z0, yo]) = [¥i, zit1] or @([xo, Yo]) = [yi, zi-1] for some i.

Case 1. Let o([zo,40]) = [y, ziv1]. I ©(x0) = wir p(Y0) = 2iv1, then as p(z1), p(z-1)
are adjacent to p(xg), we have p(z1), p(z_1) € {x;, zi-1}. Let (z1) = z; and p(x_1) = 2.
Then ¢(y1) = x;41 or 2,1, hence p(x1,y1) € €2, which is a contradiction. Hence ¢(x1) # z; or
©(x_1) # zi—1. Similarly we get a contradiction for ¢(z_1) = x; and p(z1) = 2;—;. Thus we have
¢(x0) # yi or p(Yo) # Zit1-

If p(z9) = 241 and v(yo) = i, then as p(zy), p(z_1) are adjacent to ¢(xy), we have
@(x1), p(z-1) € {Yivo, Ziv14m}. Let o(x1) = yir2 and ©(z_1) = Ziy14m. Then o(z2), p(y1) €
{Zi+3, IH_Q}. As @(2) - M, we have (p(y1> = Z;13 and QO(I'Q) = Tjy2. Then gO(yg) - {xi—l-l; IZ'+3}
and hence (]2, y0]) € 2, which is a contradiction. Hence ¢(x1) # yir2 or ©(T_1) # Zit11m-
Similarly we arrive at a contradiction for p(x_1) = y;.2 and (1) = 21114, and then we have
©(x0) # 2iy1 0r 9(yo) # yi. Therefore ([0, yo]) 7 [Yi, zi+1]-

Case 2. Let ¢([xq, yo]) = [¥i, zi—1]- The proof is similar to that in the previous case.

Combining two cases, we get the lemma. [

Lemma 2.8. If m is even and p € Aut(T'(m)) \ H, then o(3) N Q = (.

Proof. Tf possible let o(X) N Q # O and let p([z4,y.]) € Q. Without loss of generality, we can
assume that ©([x,, y.]) = [%o, x1] such that p(z,) = x¢ and p(y,) = 2.

Let us first explain the rationale behind such an assumption. As ¢([z,,v.]) € 2, we have
©([as Ya]) = [, 2441] for some j. Then p~o([T4,va]) = [T0,21]. Now, pp(X) N Q = 0 if
and only if p(X) N p/(Q) = ©(X) N Q = 0. Thus, without loss of generality, we can assume
that o([Z4,va]) = [%0,21]. Now, if p(z,) = x1 and ¢(y,) = o, we can work with p7 in the
same manner as p7(2) = (2. Thus, the assumption is justified and we start with ¢(z,) = x¢ and
©(Ya) = 1. Then ©(z441), 9(Ta-1) € {z-1, 30}

Case 1. Let o(z441) = yo and ©(z4—1) = T_1. AS Ta_1 ~ Ya—1, We have p(y,—1) = 22
or y_1. If o(ya—1) = y_1, then we have o([x4_1,Ya—1]) = [x_1,y_1] € X. But this contradicts
Corollary 2.2. Thus ¢(y,—1) = z_s.

Consider the cycle Cp : yq1 ~ Ta1 ~ Tg ~ Tar1 ~ Yai1 ~ Za ~ Ya_1- Then p(Cp) : x_o ~
Ty~ o~ Yo ~ P(Yar1) ~ ©(2a) ~ x_a. As p(Cp) is a cycle, we have p(y,41) = z-1 and
P(2a) = Yo
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Again, consider the cycle C) : y, ~ Ty ~ Tar1 ~ Tgia ~ Ygio ~ Zar1 ~ Yq. Then
(Ch) s @1~ @0 ~ Yo ~ P(Tar2) ~ P(Yat2) ~ ©(2a41) ~ T1. As p(C1) is a cycle, we have
©(Tar2) = 21, P(Yar2) = y2 and ©(z441) = To.

Proceeding in this way and considering the cycles C; : 9q1i 1 ~ Tario1 ~ Tari ~ Taritl ~
Yatit1 ~ Zati ~ Yario1,fori =2,--- n—1,we get 0(C;) : @(Yati-1) ~ O(Tagi—1) ~ @(Tays) ~
P(@arit1) ~ @(Yatit1) ~ ¢(2ati) ~ ©(Yari—1). Hence, we have

90($a+12k) = Tk SO(ya+12k) Tek+1 SO(Za+12k;) = Yek—2
90($a+12k+1) = Ysk Sﬁ(ya+12k+1) = Z6k—1 90(211+12k+1) = T6k+2
90($a+12k+2) = Z6k+1 (p(ya+12k+2) = Y6k+2 90(Za+12k+2) = Z6k—1+m
90(%+12k+3) = Z6k+14+m ¢(ya+12k+3) = Y6k+m 90(Za+12k+3) = Z6k+3
O(Tat12k+4) = Yoktotm | P(Yar12k+4) = Z6k+3+m ©(Zat12k44) = T6ktm
O(Tat12k+5) = Tekt2+m | C(Wari2k+5) = Ters14m | L(Zat12k45) = Ysk+dtm
90($a+12k+6) Tk+-3+m @(ya+12k+6) Tok+4a+m So(za+12k+6) = Y6k+1+m
O(Tat12647) = Yokt3tm | P(Yar12kt7) = Zokt24m ©(Za+12647) = T6kt54m
90(%+12k+8) Z6k+4+m 80(ya+12k+8) Y6k+-5+m @(Za+12k+8) 26k+2
90($a+12k+9) Z6k+4 @(ya+12k+9) Y6k+3 @(Za+12k+9) Z6k+6+m
<P(%+12k:+10) = Y6k+5 @(ya+12k+10) = Z6k+6 <P(Za+12k;+1o) = T6k+3
90(%+12k+11) = T6k+5 (ya+12k+ll) = T6k+4 sO(Za+12k+11) = Yok+7

As m is even, m is either 6k or 6k + 2 or 6k + 4. Hence n = 12k or 12k + 4 or 12k + 8.

Let m = 6k and £ = 2¢. Then SD(Za—i-l-i-m) = (p(za+1+12i) = T6i+2- As QO(ZG_H) ~ QO(Z(H_H_m),
we have xy ~ x40, 1.€., 60 + 2 = 3, i.e., 3k = 1, i.e., m = 2. However, we considered m > 3.
Hence, a contradiction. Again, let m = 6k and k = 2i + 1, then ©(za114m) = ©(Zar7412i) =
Teirsrm- AS ©(2a11) ~ ©(Zar14m), We have z9 ~ g1 54m, 1.€., hence 6i + 5 + m = 3, i.e.,
3m = 2, i.e., m = 2. a contradiction. So m # 6k.

Similarly, it can be shown that m # 6k + 2, 6k + 4. Then ¢(z411) # Yo Or P(T4_1) # T_1.

Case 2. Let p(2,41) = 1 and p(z,_1) = yo. A similar technique as that in the previous case
leads to a contradiction and hence we have ¢([x,4, ¥.]) # [%o, 1]

Therefore, the lemma holds. O]

Lemma 2.9. If m is even and p € Aut(T'(m)) \ H, then o(3X)NZT = ().

Proof. As m is even, by Theorem 2.2, we have p(X) N3 = (). If possible, let p(X) NZ # ()
and let [x;, y;] be a spoke edge which is mapped into Z by ¢. Without loss of generality, we can
assume that o([x;, y;]) = [20, 2m] With o(z;) = 2o and p(y;) = 2zm. (We can do so, because if
o([i,u]) = [2), 2j4m)> then p~p([z5,yi]) = [20, 2m). Now, if p~o(X) NZ = 0, then we also
have (3) N p'(Z) = ©(X) NZ = 0. Similarly, if p([2:, %)) = [2j-4m, 2j], then we need to work
with Tp~7 instead of p~.) Therefore ©(x;y1), (i 1) € {y1,y_1}.

Let p(zi+1) = y1 and @(x;—1) = y_1. Then p(y;11) € {z, 21} and p(yi1) € {22,214}
As p(X)NY = 0 then p(y;+1) = 22 and p(y;_1) = z_o. Now consider the cycle C' : y;_; ~
Tig ~ T~ Tigr ~ Y1 ~ 2~ Yio1. Then o(C) 1 20 ~y g ~ 20 ~y1 ~ 22 ~ @(2i) ~ 22
As ¢(z;) is the common neighbour of z; and z_,, then ¢(z)) = y;, for some j. This implies
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j=2+4+1=—-2—-1(mod2m),i.e, m = 3, which is a contradiction as m is even. Hence, we have
©(Tiy1) # yror o(Tio1) # y-1.

Similarly we can also prove that ¢(x;11) = y_; and ¢(x;_1) = y; does not hold. Hence, the
lemma holds. O

Theorem 2.3. If m is even, then Aut(I'(m)) = H = (p, 7).

Proof. Tt is known that H is a subgroup of Aut(T'(m)). If possible, let Aut(I'(m)) \ H # 0 and
¢ € Aut(I'(m)) \ H. Then by Corollary 2.2, Lemma 2.8 and Lemma 2.9, we have p(¥) N (X U
QUZ) = (. However, as the edge set of I'(m) is the union of 3,2, M and Z, it follows that
»(X) € M. But this contradicts Lemma 2.7. Thus Aut(I'(m)) = H = (p, 7). O

Lemma 2.10. If m is odd and m # 3,9, then |Stab(x() N Stab(z)| = 1.

Proof. Let ¢ € Stab(xg) N Stab(x;). Then ¢(xy) = zo and p(z1) = x1. As ©(yo), p(z_1) are
adjacent to ¢(xg); and p(y1), ¢(x9) are adjacent to ¢(x1), we have p(yo), p(z_1) € {yo,z_1}
and ¢ (y1), p(22) € {y1, 22}

Case 1. Let ¢(yo) = x_1 and p(y1) = 22, and hence ¢(z_1) = yo and p(z2) = y1.

Consider the cycle Cp : y_1 ~ x_1 ~ xg ~ X1 ~ Y1 ~ 29 ~ y_1. Then p(Cy) : p(y_1) ~
p(x_1) ~ xo ~ 21 ~ T3 ~ P(20) ~ @(y-1). As p(Cy) is a cycle, we have p(z_1) = yo,
¢(y-1) = 21 and p(z0) = yo.

Now consider the cycle Cy : yg ~ xg ~ 1 ~ Ty ~ Yo ~ 21 ~ Yo. Then ©(C}) : x_1 ~ o ~
x1 ~ p(x2) ~ p(y2) ~ p(21) ~ z_1. As p(C1) is a cycle, we have (z2) = y1, ¢(y2) = 2 and
e(z1) = y-1.

Proceeding in this way and considering the cycles C; : y; 1 ~ x;_1 ~ X; ~ Tjr1 ~ Yir1 ~
zi ~ Yoy, for i = 2,--- n— 1, we get (Cy) = p(yi-1) ~ p(@i1) ~ o) ~ o(Tip1) ~
@(Yir1) ~ ¢(zi) ~ @(yi—1). Thus, we have

90(961%) = Tk 90(91%) = Tek—1 90(21%) = Y6k+2
90(51712k+1) = Tek+1 @(y12k+1) = Tek+2 90(2’121@+1) = Yok—1
80($12k+2) = Yok+1 (;0(?/12k+2) = Z6k 90(212k+2) = T6k+3
@(xmms) = Z6k+2 90(?/12k+3) = Y6k+3 80(212k+3) = Z6k+m
90(3312k+4) = Z6k+24+m @(y12k+4) = Y6k+14+m 90(212k+4) = Z6k+4
90(9012k+5) = Y6k+3+m So(yl%—%) = Z6k+4+m 4,0(212k+5) = T6k+1+m
90(1E12k+6) = T6k+3+m @(y12k+6) = T6k+2+m 30(212k+6) = Y6k+5+m
O(T12k47) = Tektatm | Q(V12ke47) = Tektstm | P(212k47) = Yok+2+m
<P($12k+8) = Y6k+4+m @(y12k+8) = Z6k+3+m 90(212k+8) = T6k+6+m
@($12k+9) = Z6k+5+m @(y12k+9) = Y6k+-6+m 90(212k+9) = Z6k+3
90(9012k+10) = Z6k+5 90(9121c+10) = Y6k+4 4,0(2’12k+10) = Z6k+T7+m
90(5E12k+11) = Y6k+6 @(y12k+11) = Z6k+T7 S0(212k+11) = T6k+4

As m is odd, m is either 6k + 1 or 6k + 3 or 6k + 5. Hence n = 12k +2 or 12k + 6 or 12k + 10.
If m = 6k + 1 then o(x19112) = @(x0), i.€., Ysrr1 = To, which is a contradiction. Thus

©(yo) # x—1 0r (Y1) # Ta.
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If m = 6k + 5 then p(x195110) = @(x0), i.€., k45 = T, Which is a contradiction. Thus
¢(yo) # —1 0r p(y1) # o

Now let m = 6k + 3, consider yo ~ 21 ~ 211, then (y2) = 20 ~ p(21) = y—1 ~ ©(214m)-
If k = 2i is even, then 2., = Zex+a = 212i14 and hence ¢(z14.,) = 26;+4. Therefore when k is
even, we get 6i +4 = —2 (mod n), i.e., 6i + 6 = 0 (mod n), i.e, 3k + 6 = 0 (mod 12k + 6). This
happens only when k£ = 0, i.e., m = 3.

On the other hand, if k¥ = 2i + 1 is odd, then z1,,, = 212i110 = Z6i+7+m» hence ©(211m,) =
Zgi+7+m- Thus when k is odd, we have 6i+7+m = —2 (mod n), i.e, 9(k+1) = 0 (mod 12k +6).
This happens only when £k = 1,1.e., m = 9.

Therefore we have if m is odd and m # 3,9, then there does not exists ¢ € Stab(xy)NStab(z;)
such that Case 1 holds.

Case 2. Let ¢(yo) = yo and ¢(y1) = x2. As ¢([0, ¥o]) = %0, Yo, by Lemma 2.2, we have for
m#3,¢0 € H,ie., p=id.

Case 3. Let p(yo) = 1 and ©(y1) = y1. As p([z1,y1]) = [x1, 1], by Lemma 2.2, we have
form # 3,0 € H,i.e., v =id.

Case 4. Let ¢(yo) = yo and ¢(y1) = y1. Then ¢ maps consecutive spokes [xg, yo|, [€1, y1] into
Y. Then by Lemma 2.3, we have ¢ € H, i.e., ¢ = id.

Therefore combining all the 4 cases, we have the lemma. O]

Lemma 2.11. Let m is odd and m # 3,9, then

{¢ € Aut(T'(m)) : p(z0) = o, p(z1) = x_1}| = 1.
Proof. The proof is similar to that of Lemma 2.10. [

Lemma 2.12. Let m is odd and m # 3,9, then there does not exist any ¢ € Aut(I'(m)) such that
o(xg) = xo and p(x1) = Yo.

Proof. Let p(zo) = xg and o(x1) = yo. As ¢(yo), p(z_1) are adjacent to ¢(xg); and ¢(y1), p(z2)
are adjacent to (21, then we have (), (1) € {21, 1} and (), 9(2) € {1, 71}

Case 1. Let ¢(yo) = x1 and p(y1) = 21, then ¢(x2) = z_;. Now consider the cycle C' : yy ~
To ~ XL~ Ty~ Yo~ 21 ~ Yo. Then p(C) 1 2y ~ 29 ~ Yo ~ 221 ~ @(y2) ~ p(21) ~ x1. As
©(C) is a cycle, for m = 3 we have ¢(y2) = 22 and ¢(z1) = yi, but for m # 3, ¢(C') is not a
cycle, which is a contradiction.

Case 2. Let ¢(yo) = z_1 and p(y1) = 2z_1, then ¢(x5) = 2;. This leads to a contradiction, as
in previous case.

Case 3. Let ¢(yo) = z1 and ¢(y1) = z_1. Then p(x2) = 2. Consider the cycle Cy : y_1 ~
Ty~ a0~ 1~ Y1~ 2 ~ Y-1. Then o(Co) : p(y-1) ~ p(z-1) ~ T ~ Yo ~ 221 ~ p(20) ~
©(y-1). As ©(Cp) is a cycle, we have p(x_1) = x_1, p(y_1) = v_2 and p(2y) = y_o.

Again consider the cycle C : yg ~ xg ~ o1 ~ Ty ~ Yy ~ 21 ~ Y. Then ©(C}) : x1 ~ xy ~
Yo ~ 21 ~ p(y2) ~ @(z1) ~ 1. As p(C}) is a cycle, we have p(y2) = y2 and p(z1) = 5.

Proceeding in this way and considering the cycles C; : y; 1 ~ x;_1 ~ XT; ~ Tjx1 ~ Yir1 ~
zi ~ Yi—1, fori = 2,--- ,n — 1, we have ©(Cy) : p(yim1) ~ @(zi1) ~ o(z:) ~ P(@ip1) ~
@(yir1) ~ ¢(zi) ~ @(yi-1). Hence we get

353



A generalization of Pappus graph | S. Biswas and A. Das

90(3712k) = Tk Sp(yl%) Tek+1 SO(ZI%) = Yok—2
80(9512k+1) = Yok 90(?/12k+1) = Z6k—1 90(212k+1) = Tok+2
<P($12k+2) = Z6k+1 @(ylzkw) = Yok+2 80(212k+2) = Z6k+m—1
@($12k+3) = Z6k+14+m @(y12k+3) = Y6k+m 90(212k+3) = Z26k+3
90(9012k+4) = Y6k+2+m @(912k+4) 26k+3+m 90(212k+4) = T6k+m
O(T12k45) = Tekto+m | P(V12k645) = Teht14m | P(212k45) = Yok+d+m
O(T12k46) = Tekts+m | Q(V12k46) = Tektatm | P(212k+6) = Yok+1+m
<P($12k+7) = Y6k+3+m Qo(y12k+7) 26k+-2+m 90(212k+7) = T6k+5+m
90(3312k+8) = Z6k+4+m Sp(y12k+8) = Y6k+5+m 80(212k+8) = Z6k+2
90(1712k+9) = Z6k+4 90(9121c+9) = Y6k+3 4,0(2’121c+9) = Z6k+64+m
90(5E12k+10) = Y6k+5 (y12k+10) = Z6k+6 80(2’12k+10) = T6k+3
90(96’12k+11) = T6k+5 @(y12k+11) = T6k+4 90(212k+11) = Y6k+7

As m is odd, m is either 6k + 1 or 6k + 3 or 6k + 5 and hence n = 12k + 2 or 12k + 6 or
12k + 10. If m = 6k + 1 then ¢(z12x42) = p(x0), i.€., Zex+1 = To, Which is a contradiction. If
m = 6k + 5 then ¢(z12x110) = @(x0), i.€., Ysr1r5 = T, Which is a contradiction.

Now let m = 6k + 3. Consider 21 ~ 21, ~ Y2+m. Then applying o, we get x5 ~ p(2114m) ~
P (Yom)-

If k = 2i is even, then Yoim = Yekt+s5 = Yi2i+s ANd 2140, = Zogra = Z12i14. Hence ©(Yoim) =
Teir1+m and ¢(z14m) = Tgirm. Therefore when k is even, xo ~ Tgitm ~ Tgir14m. Hence we
have 6i+m = 3 (mod n), i.e, 3k + 6k +3 = 3 (mod n), i.e., 9k = 0 (mod 12k + 6). This happens
only when £ = 0, i.e., m = 3.

On the other hand, if £ = 2¢ 4+ 1 is odd, then ys,, = ¥y12;411 and 21, = Zz12;110. Hence
QO(y2+m) = T6it+4 and gO(Zl+m) = X6i+3- Thus when k& is Odd, we have T ~ Tgit3 ™~ L6it4- This
implies 6i + 3 = 3 (mod n), i.e, 6i = 3(k — 1) = 0 (mod 12k + 6). This happens only when
k=1ie.,m=09.

Therefore we have if m is odd and m # 3, 9, then ¢ as in Case 3 does not exist.

Case 4. Let p(yo) = x_1 and ¢(y;) = 2. In this case also, it can be shown, similarly as in
Case 3, that such a ¢ does not exist.

Therefore combining all 4 cases, the lemma follows. L]

Theorem 2.4. [f m is odd and m # 3,9, then Aut(I'(m)) = (p, 1, 0).

Proof. Tt was already noted that (p, 7, 0) is a subgroup of Aut(I'(m)) of order 6n. Moreover,
as m is odd by the Lemma 2.1, we have I'(m) is Cayley and hence vertex-transitive. Thus, by
orbit-stabilizer theorem, we have

Aut(I'(m
W = |T'(m)| = 3n, i.e., |[Aut(I'(m))| = 3n - |Stab(xy)|.
Thus, to prove the theorem, it suffices to show that |Stab(xz¢)| = 2.

It is clear that id, 7 € Stab(zg). Let ¢ € Stab(xg). As x¢ ~ z1, therefore p(x1) = z7 or z_4
or yo. If p(z1) = x1, by Lemma 2.10, ¢ = id. If ¢(x1) = x_4, then by Lemma 2.11, ¢ = 7. And
finally, Lemma 2.12 shows that no ¢ exists such that ¢(z1) = yo. Hence, Stab(xy) = {id, 7} and
the theorem follows. O
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We now note a few automorphisms which occurs only when m = 3 or 9. Define
n = (24,Y5)(21, 25) (T2, Y1) (Y3, 23) (Ya, 24) (73, 20) (Y2, 22) and

€ = (5661'+37 Z6i4-45 26i74)(336i+27 Y6i—1, 26141) (9661'72, Y6i+1, 26i+1) <x6i+1; Tei—1, y6i) (y6i+27 Y6i—2, ZGi)-
It can be shown that 1,eq € Aut(I'(3)) and { = epe162 - (23, 20, 215) - (Y3, Yo, y15) € Aut(T'(9)).
Moreover, it was checked using SageMath [6] that

Aut(L'(3)) = (p, 7,0, 1, &) and Aut(I'(3)) = (p, 7, 0,().
Thus, summarizing all the cases, i.e., Theorem 2.3, Theorem 2.4 and the above discussion, we get
the following theorem.

Theorem 2.5. Let m > 3 and I'(m) be the Generalized Pappus graph. Then

(p,T), if m is even,

Py T,0), if m is odd and m +#+ 3,9,
Aut(T'(m)) = gp . 0> > ifm =9

(p,T,0,m,€0), Iifm=3.

Corollary 2.3. The following are true:

1. I'(3) and I'(9) are arc-transitive.
2. Form # 3,9, I'(m) is not edge-transitive.
3. I'(m) is Cayley if and only if m is odd.

Proof. The arc-transitivity of I'(3) and I'(9) can be easily checked in SageMath [6]. As I'(m) has
9m edges, in order that I'(m) is edge-transitive, the order of Aut(I'(m)) must be a multiple of 9m.
However, if m # 3,9, the order of Aut(I'(m)) is either 4m or 12m depending upon whether m is
even or odd. Thus the second statement holds.

For the last statement, the sufficiency is proved in Theorem 2.1. For the necessity, the order
of a vertex-transitive graph should divide the order of its automorphism group. However, if m is
even, then |I'(m)| = 6m < 4m = |Aut(I'(m))|. O

3. Open Issues

Another thing which is very much related to graphs with large symmetry groups, is its hamil-
tonicity, viz, Lovasz’ conjecture. Our observation based on first few values of m, made us to
strongly believe that I'(m) is Hamiltonian for all value of m > 3. This can be an interesting topic
for further research.
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