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Abstract

In this paper, we study the signed 2-independence number in graphs and give new sharp upper and
lower bounds on the signed 2-independence number of a graph by a simple uniform approach. In
this way, we can improve and generalize some known results in this area.
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1. Introduction

Throughout this paper, let G be a finite connected graph with vertex set V' = V(&) and edge
set F = E(G). We use [13] as a reference for terminology and notation which are not defined
here. The open neighborhood of a vertex v is denoted by N (v), and the closed neighborhood of
vis N[v] = N(v) U {v}. The minimum and maximum degree of GG are respectively denoted by
A(G) =Aand 6(G) = 0.

Let S C V. For a real-valued function f : V' — R we define f(S) = >, .o f(v). Also, f(V)
is the weight of f. A signed 2-independence function, abbreviated S2IF, of G is defined in [14] as
a function f : V' — {—1, 1} such that f(N[v]) < 1, for every v € V. The signed 2-independence
number, abbreviated S2IN, of G is a?(G) = max{f(V)|f is a S2IF of G}. This concept was
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defined in [14] as a certain dual of the signed domination number of a graph [3] and has been
studied by several authors including [8, 10, 11, 12].

A set S C V is a dominating set if each vertex in 1\ S has at least one neighbor in S. The
domination number (G) is the minimum cardinality of a dominating set [7]. A subset B C V is
a 2-packing in G if for every pair of vertices u,v € B, d(u,v) > 3. The 2-packing number (or
packing number) p(G) is the maximum cardinality of a 2-packing in G.

Gallant et al. [5] introduced the concept of limited packing in graphs. They exhibited some
real-world applications of it to network security, NIMBY, market saturation and codes. In this
paper we exhibit an application of it to signed 2-independence number in graphs. In fact as it is
defined in [5], a set of vertices B C V is called a k-limited packing in G provided that forallv € V,
we have |N[v] N B| < k. The limited packing number, denoted L (G), is the largest number of
vertices in a k-limited packing set. It is easy to see that L;(G) = p(G). In [6], Harary and Haynes
introduced the concept of tuple domination in graphs. A set D C V is a k-tuple dominating set
in G if [N[v] N D| > k, for all v € V(G). The k-tuple domination number, denoted vy (G), is
the smallest number of vertices in a k-tuple dominating set. When & = 2, D is called a double
dominating set and the 2-tuple domination number is called the double domination number and is
denoted by dd(G). In fact the authors showed that every graph G with 6 > k — 1 has a k-tuple
dominating set and hence a k-tuple domination number.

By a simple uniform approach, we derive many new sharp bounds on o?(G) in terms of several
different graph parameters. Some of our results improve some known bounds on the S2IN of
graphsin [8, 11, 12].

The authors noted that most of the existing bounds on o?(G) are lower bounds. In section
2, we prove that o?(G) > QLHQT”(G)J — n, for a graph G of order n. Also in section 3, by a
simple connection between the concepts of limited packing and tuple domination, we obtain the
exact value of the signed 2-independence numbers of regular graphs. In particular, we bound the
signed 2-independence numbers of cubic graphs from below and above just in terms of order as,
-5 <ai(G) <.

2. Main results

At this point we are going to present some sharp upper bounds on o?(G). First, let us introduce
some notation. Let f : V' — {—1, 1} be a maximum S2IF of G. We define V. = {v € V|f(v) =
1L Ve = {v € V|f(v) = -1}, G4 = G[V,] and G_ = G[V_] where G and G_ are the
subgraphs of GG induced by V. and V_, respectively. For convenience, let [V, V_] be the set of
edges having one end point in V, and the other in V_. Finally, degq, (v) = |N(v) N V| and

dege (v) = [N (v) N V_|. Obviously, |V, | = 225G and [V | = 2=ex(@)

Theorem 2.1. Let G be a graph of order n. Then
SI-T31+1
A ETEEIES

’ L3+ T

n

and this bound is sharp.
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Proof. Let f be a maximum S2IF of G. Let v € V.. Since f(N[v]) < 1, the vertex v has
at least [deg(”W > [2] neighbors in V_. Therefore |[V.,V_]| > [2]|V.|. Now letv € V_.

Since f is a S2IF, the vertex v has at most Ldeg(v)J +1 < 2] + 1 neighbors in V. Therefore
Ve VI (3] + DIV In fac

OVl < IIVi Vi < (L5 ]+ DIV-

Using |V, | = "+a Y and [V_| = "= O‘Q(G) , we obtain the desired upper bound. For sharpness it is
sufficient to con51der the complete graph K . 0

In [8] the author established a relationship between the signed 2-independence number and the
domination number of a graph as follows.

Theorem 2.2. ([8]) If G is a connected graph of order n > 2, then o(G) + 2v(G) < n, and this
bound is sharp.

Now we are going to improve Theorem 2.2. We shall need the following result, which can be
found implicit in [4] and explicit in [2] as Corollary 81.

Theorem 2.3. ([2],[4)) If G is a graph with § > k — 1, then v+, (G) > v(G) + k — 1.

Theorem 2.4. If G is a connected graph of order n, then o2(G) +2v(G) < n—2[2]+2, and this
bound is sharp.

Proof. Let f be a maximum S2IF of G. We have shown that |[N[v]NV_| > [$] forallv € V. On

the other hand, if v € V_, then degs_(v) > [degT(”)} — 1> [2] — 1. Therefore [N[v] N V_| > [£].
This shows that V_ is a []-tuple dominating set in G. This implies, [V_| > v, 4 (G) and hence
a2(G) < n-— 29,57(G). Now by Theorem 2.3, we have a2(G) < n—2v(G) + [3] - 1).

Therefore a2(G) + 2v(G) < n — 2[2] + 2. For sharpness it is sufficient to consider the complete
graph K. [

By the concept of limited packing we can present a sharp lower bound on o?(G) that involves
the packing number.

Theorem 2.5. Let G be a connected graph of order n. Then

02(0) 2 2| 721G

and this bound is sharp.

Proof. Let B be a | 2 |-limited packing set in G. Obviously, Lys, (G) < Lys iy (G). We claim that

B#V.IfB=Vandv €V suchthatdeg(v) = A, then A+ 1= [Np]NB| < [$] <A, a
contradiction. Now let u € V — B. It is easy to check that |[N[v] N (B U {u})| < [2] + 1, for all
v € V(G). Therefore B U {u} is a (| 2] + 1)-limited packing set in G. Hence
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Repeating these inequalities, we have

Ligyal@) 2 Ly (G) 412 > L(@) + 5] = p(G) + |3, 0

Now let B be a maximum ([ $] + 1)-limited packing set in G. We define f : V' — {—1,1} by
1 ifveB
f(“):{ -1 ifveV - B.
We deduce that

f(N[]) = |Np]nB|—|N[]n(V - B)|
= 2IN[w]NB|—|N[p]| <2[3]-d0+1<1,

for all v € V. Therefore, f is a S2IF of GG. This implies

a;(G) = f(V)=|B| = |V = B| =2|B| = n=2L5,,(G) — n.

Now (1) implies
)
05(G) 2 2Ly, (G) = n =2 2(p(G) + [5]) —n,
as desired. Considering the graph K,, we can see that this bound is sharp. 0

Volkmann in [11] proved that if G is a graph of order n, then 2 — n < o?(G). Moreover if
n>3,thend —n < Oz?(G). Obviously, the lower bound in Theorem 2.5 is an improvement of the
first inequality and when § > 2 this improves the second, as well.

At the end of this section we exhibit a short comment about signed 2-independence number of
bipartite graphs. The following upper bound on o?(G) of a bipartite graph was obtained by Wang
[12].

Theorem 2.6. ([12]) If G is a bipartite graph of order n > 2, then
a2(G) <n+6—2v2n+9.
Furthermore, the bound is sharp.
We now improve the bound in the previous theorem.

Theorem 2.7. Let G be a bipartite graph of order n. Then

2(G) < n 22+ T3 — 22+ 1212+ 2101

and this bound is sharp.
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Proof. Let f be a maximum S2IF of G. Let X and Y be the partite sets of GG. For convenience we
define X = X NV,, X_=XNV_andletY, and Y_ be defined, analogously. Obviously,
Vi=X,UY,;andV_=X_UY_.

Since every vertex in X , has at least (%} neighbors in Y _, by the pigeonhole principle, there exists

[
a vertex v in Y _ that is joined to at least [ﬁyﬁ” vertices in X ;. This implies
311X 3 _ 3
v (X | =1 < |INPIN Xy = NN X_| =1 = f(N[v]) <1,
and hence 5
21X < V(X | +2). @
A similar argument shows that
4]
[ 1Y ] < [X-[(Y-] +2). 3)

Using inequalities (2) and (3) we have
0 1 9 1 9
IVl S 2AX Y | +2V] < (X [+ Y )2+ 2V | = SV P +2V ],

Using |V =n—|V_

, We obtain

B
V_|* + (@+2[ DIV =2V_|n > 0.

o —4-2[81++/(4+2[37)2+8[31n : :
This yields to [V _| > 4-2[51+ (4;2[21)2+8M . Now, by using the value of |V _| we derive the
desired bound. ]

Using calculus we can see that g(x) = n + 2(x + 2) — 24/(z + 2)2 + 2nx is a decreasing
function for x > 0. So, for § > 1, (g} > 1 implies that

n+2(2+ [%1)—2\/(2+ (%1)2+2(21n§n+6—2\/2n+9

and therefore Theorem 2.7 is an improvement of Theorem 2.6.

3. Remarks on signed 2-independence in regular graphs
Zelinka [14] obtained the following sharp upper bound on o%(G) for regular graphs G.

Theorem 3.1. ([14]) If G is an r-regular graph of order n, then o*(G) < 7 when 1 is even and
a?(G) < 0 when r is odd.

We note that the bound in Theorem 2.1 implies the previous result. The authors in [9] proved
the following result.
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Lemma 3.1. ([9]) Let G be a graph. Then the following statements hold.

(1) Let 6 > k — 1. If B C V is a k-limited packing set, then V — B is a (0 — k + 1)- tuple
dominating set in G.

(13) Letd > k. If D C V is a k-tuple dominating set, then V — D is a (A — k + 1)-limited packing
set in G.

Now, by the above lemma we are able to obtain the exact value of the signed 2-independence
number of regular graphs, first in terms of order and limited packing number, second in terms of
order and tuple domination number. At the end we bound o?(G) of a cubic graph G from above
and below, just in terms of the order. First we need the following lemma.

Lemma 3.2. Let G be a graph of order n, then
(2) 2LL%J+1(G) —n<a(G) < 2LL%j+1(G) -n
(i) n —27,551(G) < aj(G) <n— 29, 121(G).

Proof. (i) In the proof of Theorem 2.5 we have seen that 2LL§J+1(G) —n < Q).

Now let f be a maximum S2IF of G. In the proof of Theorem 2.1 we have shown that | N [v]NV, | <
5] + 1, forall v € V_. On the other hand, if v € V.., then degg, (v) < LdegT(”)j < |£]. There-
fore V is a (|£] + 1)-limited packing set in G. This implies [V, | < LL%HI(G) and hence
a?(G) < 2LL%J+1(G) —n.

(i) According to the proof of Theorem 2.4, we have o2(G) < n — 27, B (G).

Now let D be a minimum [£]-tuple dominating set in . We define f : V — {—1,1} by

-1 ifvelD
f(“>_{ 1 ifveV —D.
By the previous lemma, we conclude that f(N[v]) = |[N[v] N (V — D)| — [N[vy] N D] < A —
[£1+1—[%] < 1. Therefore f is a S2IF of G. This implies a?(G) > f(V) = |V — D|—|D| =

Considering regular graphs, by the previous lemma, we have the following corollary.

Corollary 3.1. Let G be an r-regular graph of order n. Then
(’L) 042(G) = QLL%J_H(G) — n.

s

(i6) 02(G) = n — 2yx15(C).

s

As an immediate result of the previous corollary we obtain the following.

Corollary 3.2. If G is a cubic graph of order n, then
(i) a?(G) =2Ly(G) —n.

S

(i) a2(G) = n — 2dd(G).

In [1], the authors showed that if GG is a cubic graph of order n, then % < Ly(G). Moreover, the
upper bound L,(G) < § was presented in [5] for a cubic graph (. Therefore Corollary 3.2 leads
to
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<a2(G)<0

w3

for cubic graphs.
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