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Abstract

An injective function f : V(G) — {0,1,2,...,¢} is an odd sum labeling if the induced edge
labeling f* defined by f*(uv) = f(u) + f(v), for all wv € E(G), is bijective and f*(E(G)) =
{1,3,5,...,2¢ — 1}. A graph is said to be an odd sum graph if it admits an odd sum labeling.
In this paper we study the odd sum property of graphs obtained by duplicating any edge of some
graphs.
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1. Introduction

Throughout this paper, by a graph we mean a finite, undirected simple graph. For notations
and terminology, we follow [3].

A path on n vertices is denoted by P, and a cycle on n vertices is denoted by C),. A ladder
L,,n = 2, is the graph P,[]P,, the Cartesian product of the graphs P, and P,,. The graph G o K;
is obtained from the graph G by attaching a new pendant vertex at each vertex of G. Duplicating
of an edge e = wv of a graph G produces a new graph GG’ by adding an edge ¢’ = u/v’ such that
N@') = N(u) u {v'} — {v} and N(v') = N(v) u {u'} — {u} [9].
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In [7], the concept of mean labeling was introduced and further studied in [8]. An injective
function f : V(G) — {0,1,2,..., ¢} is said to be a mean labeling if the induced edge labeling f*
defined by

x . fe) () if f(u) + f(v) is even
f* () _{ ITOETTOESR flw) + fv)is odd,

2
is injective and f*(E(G)) = {0,1,2,...,q}. A graph G is said to be an odd mean graph if there
exists an injective function f from V(G) to {0, 1,2, ..., 2¢— 1} such that the induced map f* from
E(G) — {1,3,5,...,2q — 1} defined by

« B fe) () if f(u) + f(v) is even
[ (uv) = { f(u)?rg(v)Jrl it F(u) + £(0) is odd

is a bijection [6].

In [4], an odd edge labeling of a graph is defined as follows. A labeling f : V(G) —
{0,1,2,...,p— 1} is called an odd edge labeling of G if the edge labeling f* on E'((G) defined by
f*(uwv) = f(u) + f(v) for any edge uv € E(G) is such that the edge weights are odd. Here the
edge labeling is not necessarily injective.

In [1], we introduced a new concept called odd sum labeling of graphs. The odd sum prop-
erty of subdivision of some graphs have been studied in [2] and the same was referred in [5].
An injective function f : VG) — {0,1,2,...,q} is an odd sum labeling if the induced edge la-
beling f* defined by f*(uv) = f(u) + f(v), for all wv € E(G), is bijective and f*(E(G)) =
{1,3,5,...,2¢ — 1}. A graph is said to be an odd sum graph if it admits an odd sum labeling. In
this paper, we study the odd sum property of graphs obtained by duplicating any edge of some
graphs.

Theorem 1.1. [1] Every graph having an odd cycle is not an odd sum graph.

2. Main Results

Proposition 2.1. Let G be a graph obtained by duplicating an edge e of a path P,,n > 3. Then,
G is not an odd sum graph except the case when e is a pendant edge of Ps.

Proof. Let vy, vs, ..., v, be the vertices on the path F,. Let ¢’ = v/v;, ; be the duplicating edge of
e = VU1, forsome i, 1 <7< n—1.
Casel. 1=1lori=n—1.
Since the graph G is isomorphic when 7 = 1 or 7 = n — 1, we may take ¢« = 1.
Subcase (i). n = 0(mod 4).
Define f : V(G) — {0,1,2,...,n + 1} as follows:

6_j7 j:17273
j—2, 4 < j<nandj=0(mod4)

floj))=<% j+4, >5<j<n-—3andj=1(mod4)
j+2, 6<j<n-—2andj=2(mod4)
7, 7<j<n-—1landj=3(mod4)

and f(v)) =2—j, j=12
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From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.

1 0
5 4 3 2 0 8 7 61312 11 10

Figure 2.1. An odd sum labeling of G when n =12 and < = 1.

Subcase (ii). n = 2(mod 4).
Define f : V(G) — {0,1,2,...,n + 1} as follows:

(6-4, j=1,3

2, j=2

4, =6

j4+2 j=45

j+2, 8<j<n-—2andj=0(mod4)
7 9<j<n-—1landj=1(mod4)
Jj— 2, 10 < j < nand j = 2(mod 4)
| J+4, 7<j<n-—3andj=3(mod4)

and f(vj) =2 -4, j=1,2

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
Subcase (iii). 7 = 1(mod 4) andn > 9.

Define f : V(G) — {0,1,2,...,n + 1} as follows:

(-1, 1<j<3
43, =47
)i+ =538
fe)=15-1 j=609
j—1, 12<j<nandj=0,1(mod4)
[ j+3, 10<j<n-—2andj=2,3(mod4)

and f(vj) =5—j, j=1,2

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.

When n = 5, the number of edges in GG is 6. By assigning the label O (or 1, 2) to the vertex
vs, the labels 5 and 6 will be assigned to the end vertices of any one of the edges v,vs, v4v5 and
vjv) in order to get the edge label 11. If so, then 9 will not be an edge label. By assigning the
label 4 (or 5, 6) to the vertex v3, the labels 0 and 1 will be assigned to the end vertices of any one
of the edges v,v,, v4vs and v]v} in order to get the edge label 1. If so, then 3 will not be an edge
label. By assigning the label 3 to the vertex vs, the pair of labels 0, 1 and 5, 6 will be assigned to
the end vertices of any two of the edges v;vy, v4v5 and v]vs, in order to get the edge label 1 and 11
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respectively. This implies that the labels 2 and 4 are to be assigned to the remaining vertices which
gives an even edge label 6. Hence an odd sum labeling does not exist for G when n = 5.
Subcase (iv). n = 3(mod 4)andn > 7.

Define f : V(G) — {0,1,2,...,n + 1} as follows:

Jg—1, 1<5<3
fuj)=< j+3, 4<j<n—2andj=0,1(mod4)
j—1, 6 <j<nandj=23(mod4)

and f(v)) =5—j, j=12.

From this vertex labeling, the required induced edge labeling for GG will be attained.
While n = 3, an odd sum labeling of G is given in Figure 2.2.

4 3

N

0. 1. 32

Figure 2.2. An odd sum labeling of G when n = 3 and

Case2. 2<i<n-—2.
Subcase (i). (n —i)=0(mod4)andn —i > 12.
Define f : V(G) — {0,1,2,...,n + 2} as follows:

J—1, 1<j<i1—-1,5=14+1,:+6
g+ 1, J=11+2,1+3
J+3, Jj=1+4,1+5

flv;)) =< j+3, i+7<j<n—6andj—i=0(modd),j=n—2,n—1
j+1, 1+7<j<n—-6andj—i=1(modd),j=n—4,n—3
j—1, 1+7<j<n—6andj—i=2(modd),j=n
j+5, i+7<j<n—6andj—i=3(modd),j=n-—25,

f(vi) =i—1and f(v,,) =1i+6.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
Subcase (ii). (n—i) = 1(mod 4)andn —i > 9.

Define f : V(G) — {0,1,2,...,n + 2} as follows:

j—1, 1<j<i—-1,7=i+1,1+3

J+1,  J=i

43, j=i+2

flvj)=<% j+5, i+4<j<n—6andj—i=0(mod4
j+3, i+4<j<n—6andj—i=1(mod4
j+1, i+4<j<n—6andj—i=2(mod4
j—1, i+4d<j<n—6andj—i=3(mod4

f(vj)) =i—1land f(v.,) =i+ 4.

N — e
<l Sl ol .

3

|

=

N

|

w
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From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
Subcase (iii). (n — i) =2(mod 4) andn — i > 6.

Define f : V(G) — {0,1,2,...,n + 2} as follows:

(j—1, 1<j<i—1j=i+1,i+6
41, j—ii+2i+3

43, j—i+4i+5

fvj))=<% 7+3, i+7<j<nandj—i=0(mod4)
j+1, i+7<j<nandj—i=1(mod4)
j—1, i+7<j<nandj—i=2(mod4)
| j+5,  i+7<j<nandj—i=3(mod4),
f(v)) =i—1and f(vj,,) =i +6.

]

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
Subcase (iv). (n —1i)=3(mod4)andn —i > 7.

Define f : V(G) — {0,1,2,...,n + 2} as follows:

(j—1, 1<j<i—1,j=i+1i+3

g+l =i

43, j=i+2

f@ﬁ:{ j+5, i+4<j<nandj—i=0(mod4)
j+3, i+4<j<nandj—i=1(mod4)

j+1, i+4<j<nandj—i=2(mod4)

L J—1, i+4<j<nandj—i=3(mod4),

f(v)) =i—1land f(vj,,) =i+ 4.

1

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an

odd sum labeling of G.
The graphs which are not lying under any of the sub cases of Case 2 are given with their odd

sum labeling in Figure 2.3.
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5 4
3016 7 8 0
5 4

-1 9

1 0 3 2 5 10 11 12

3 01 6 7 8 9 1011 12 13
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5 6

4. N

4 3 01 8 7 109 1211 14 13

8 9 6 5 41 03 1011 14 13 16 1518 17

Figure 2.3. An odd sum labeling of G for various values of n.

]

Proposition 2.2. Let G be the graph obtained from P, o Ky by duplicating an edge, for n > 2.
Then, G is not an odd sum graph only when n. = 3 and the pendant edge attached at the pendent

vertex of P, is duplicated.

Proof. Let uy,us, ..., u, be the vertices of the path of length n — 1 and v;,1 < ¢ < n be the
pendant vertices of u;, 1 < 7 < n. Let GG be the graph obtained from P, o K; by duplicating an
edge e (other than u;v; and w,v,) by €.
Casel. e = wv;,forsomes,2<1<n—1.

Let its duplication be ¢’ = uv!.

Define f : V(G) — {0,1,2,...,2n + 2} as follows:

Foriisodd,f(uj)={ g’ ?i; andf(vj)={ ;7 ji;’
Foriiseven,f(uj)z{ ;’ ‘;i; andf(vj):{ g’ ii;’
[ f(u2)+4, 3<j<i-1
No ) fly)+5 =i
flu) = fluj) +1, =i+l
| fuj—g) + 4, 1+2< 7 <n,
f(Uj_2)+4> 3<j<i—1
v ) fluim) 5 j=i
f(vy) = 5 floj.1)+3, j=i+1
f(’l}j72)+47 Z+2<]<n7

F(ul) = flus) — 4 and £(f) = Fu) = 3.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
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Case 2. e = uqv; (or u,vy,).

Let its duplication be ¢’ = u}v]. Assume that n > 4.

Define f : V(G) — {0,1,2,...,2n + 1} as follows:

21, 4 <1< nandiiseven

flun) =1, fluz) =2, f(us) =9, F(8) =3 94 1 5<i<nandiisodd,

fo1) =0, f(v2) =5, f(uz) =4, f(va) =17,

Fv;) = 21, 5 <4< nand7isodd

! 2i+1, 6 <i<mnandiiseven,

F(uh) = 3and f(}) = 6.

From this vertex labeling, the required induced edge labeling for GG will be attained.

Thus f is an odd sum labeling of G.

When n = 3, the number of edges in G is 7. By assigning the label O (or 1, 2, 3) to the vertex
vy, the labels 6 and 7 will be assigned to the end vertices of any one of the edges u,v;, usvs and
uj v} in order to get the edge label 13. If so, then 11 will not be an edge label. By assigning the
label 4 (or 5, 6, 7) to the vertex v, the labels 0 and 1 will be assigned to the end vertices of any
one of the edges u;vy, uzvs and w)jv] in order to get the edge label 1. If so, then 3 will not be an
edge label. So an odd sum labeling is not possible in G when n = 3.

When n = 2, an odd sum labeling is shown in Figure 2.4.

Figure 2.4. An odd sum labeling of G when n =2 and i = 1.

Case3. e = w;u;;1 forsomes,2 <i<n-—2.
Let its duplication be e’ = wju; ;.
Define f : V(G) — {0,1,2,...,2n + 4} as follows:

For i is odd, f(u;) = { g’ i i; and f(v;) = {
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For i is even, f(u;) = { ;’ i i; and f(v;) = { g’ ‘; - ;’
( f(uj;z)-i-él, 3<]<Z
Vo) flu2)+8, =it
JO) =9 ) 410, j=i+2
L f(uj—2) +4, 1+3<j<n
(floo)+4, 3<j<i
N (S FE R R
T =\ )6 G=i+3
| f(vj—2) +4, 1+4<j5<n,
)

fg) = fui) +4and f(u,) = f(ui) —2.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.

0 3 4 11 14 15 18 1 2 5 6 13 16 17 20

NJATTTTNIAT

13 16 17 o 3 4 15 18 19

8 9 10 11

Figure 2.5. An odd sum labeling of G when n =7, i =3 and n =8,i = 4.

Cased. e = ujuy (O Up_1Uy).
Let its duplication be ¢’ = uju.
Forn > 3, we define f : V(G) — {0, 1,2,...,2n + 3} as follows:

0, j=1
)3 j=2
ﬂ%)_<lﬂw4)+& =34
fluj—2) +4, 5<j<n,
(1, j=1
o2 j =9
f(vj) = f(Ujfz) + 8, j = 3,4
f(Ujfz) + 4, 5 < ] < n,

f(uh) = 6 and f(up) = 7.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
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0381_11;15}

JIATT

9 10 13 14

6 7

Figure 2.6. An odd sum labeling of G when n =6 and i = 1.

]

Proposition 2.3. Let G be the graph obtained by duplicating an edge of a cycle C,,,n = 4. Then,
G is an odd sum graph if and only if n is even.

Proof. Let vy, vy, ..., v, be the vertices on the cycle C,,. Let GG be the graph obtained by duplicat-
ing an edge of C,,. By Theorem 1.1 an odd sum labeling of GG does not exist when n is odd. So
assume that n is even.
Casel. n=2(mod4)andn > 14.

Let ¢/ = vjv; be the duplicating edge of e = vyv3 in G.

Define f : V(G) — {0,1,2,...,n + 3} as follows:

i—1, 1<i<andiisodd

i+1,  ™M8<i< 2 andiisodd
flwi)=1 i+3, §<i<n-—1landiisodd

i+1, 2<i<™Zandiiseven

1+ 3, %10<i<nandiiseven,
F(uh) = 1 amd f(ef) = 22

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
When n = 6 and 10, the odd sum labeling of G is given in Figure 2.7.

Figure 2.7. An odd sum labeling of G when n = 6 and 10.

Case2. n=0(mod4)andn > 16.
Let ' = vjv; be the duplicating edge of e = vyv3 in G.
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Define f : V(G) — {0,1,2,...,n + 3} as follows:

(i—1, i=1,3
1+ 1, 5 <4< 7§ andiisodd
) i+ 3, "TH<i<n—1andiisodd
Fi) =4 i—1, 2 <i< Fandiiseven
i+1, " <i<™?andiiseven
| i+ 3, §<i<nandz’iseven,

p n+ 2

Flog) = "= and f(uh) = 4.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.

When n = 4, 8 and 12, the odd sum labeling of G is given in Figure 2.8.

Figure 2.8. An odd sum labeling of G when n = 4,8 and 12.

]

Proposition 24. Let G be a graph obtained by duplicating an edge of
C, o Ky,n = 4. Then, GG is an odd sum graph if and only if n is even.

Proof. Let vy, v, ...,v, be the vertices on the cycle C), and u;, 1 < i < n be the pendant vertex
attached at v;, 1 <7 < nin (), 0 K;. Let GG be a graph obtained by duplicating an edge e in C,, 0 K;.
By Theorem 1.1, an odd sum labeling of GG does not exist when 7 is odd. So assume that n is even.
Case 1. Letw] v/, , be the duplicating edge of u,, v, 1 in G.

Subcase (i). n = 0(mod 4)andn > 8.
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Define f : V(G) — {0,1,2,...,2n + 3} as follows:

(2 —2, 1<i<n-—1landiisodd
Fvs) = 4 26 — 1, 2 <4< gandiiseven
! 2+ 1, 5+2<i<n-—2andiiseven
| 2i+3, i=n,
(2i—1, 1<i<%+1landiisodd
Flus) = 3 21+ 1, 5+3<i<n-—Tlandiisodd
! 21 — 2, 2<i<n-—2andiiseven
2% +2, i=n,

\

f(u,_y) =2n+1and f(v,_;) = 2n.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
An odd sum labeling of G when n = 4 is given in Figure 2.9.

2

[
(=]

1

Figure 2.9. An odd sum labeling of G when n = 4.

Subcase (ii). n = 2(mod 4) and n > 10.
Define f : V(G) — {0,1,2,...,2n + 3} as follows:

(202, 1<i<Z%andiisodd
21, 5+2<i<n-—3andiisodd
flv;) =< 2i—2, 1=n—1
20— 1, 2<i<n-—2andziseven
[ 2t + 3, 1=n,
(2i—1, 1<i<n-—1landiisodd
20 — 2, 2<i< 5+ landiiseven
flu;) =<1 24, 5+3<i<n-—4andiiseven
21 + 4, i1=n—2
[ 21— 2, 1=n,
f(u, ) =2n+Tland f(v), ;) =2n+2.
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From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
When n = 6, an odd sum labeling of G is given in Figure 2.10.

13

Figure 2.10. An odd sum labeling of & when n = 6.

Case 2. Let ¢’ be the duplicating edge of an edge e on the cycle C,, in G.
Subcase (i). n = 0(mod 4)andn > 4.

Let ¢’ = v} v] be the duplicating edge of v,v; in G.

Define f : V(G) — {0,1,2,...,2n + 5} as follows:

(0, i=1
21, 3<i<§—1landiisodd
flvi)) =<1 204+4, S4+1<i<n-—landiisodd
2t + 1, 2<1<n-—2andiiseven
2 +5,  i=n,
(1, i=1
Flus) = 4 2t + 1, 3<i1<n-—1andiisodd
! 21, 2<i<35andiiseven
[ 2¢+4, 5t2<i<nand:iseven

2i, i=1
andf(“;):{ 2i+1, i=n

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
Subcase (ii). 7 = 2(mod 4) and n = 10.

Let ¢’ = vjv} be the duplicating edge of vov3 in G.
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Define [ : V(G) — {0,1,2,...,2n + 5} as follows:

0, 1=1
21+ 2, 3<i< % —2andiisodd
flvi) =13 2i+4, §<i<n-—landiisodd
3, =2
[ 2+ 5, 4 <7 < nandiiseven,
1, 1=1
21+ 3, 1=
Flus) = 4 21 + 5, 5<i<n-—1andiisodd
! 2, 1=2
21 + 2, 4<i< 5 —1landiiseven
2t + 4, 5+1l<i<nandiiseven

\

f(vy) =Tand f(v) = 6.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.
When n = 6, an odd sum labeling of G is given in Figure 2.11.

/
‘J

AN )

11

Figure 2.11. An odd sum labeling of G when n = 6.
0

Proposition 2.5. Let G be the graph obtained by duplicating an edge e of the ladder L,,,n > 2.
Then, G is not an odd sum graph only when n = 3 and e is the edge between the pendant vertices
of the paths of lengthn — 1 in L,.

Proof. Letuy,us,...,u, and vy, vs,...,v, be the vertices on the paths of length n—1 in the ladder
L, . Let GG be the graph obtained by duplicating any one of the edge e of L,,.
Case 1. ¢ is the duplicating edge of an pendant edge e of the paths of length n — 1.

Let ¢ = u}u), be the duplicating edge of e = ujuy. Assume that n > 4.
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Define f : V(G) — {0,1,2,...,3n + 2} as follows:

1, 1=1
flu;)) =< 3i+4, 2<i<n—1
31+ 2, 1=n,

0, i =
fwﬁz{smq, 2<i<n

and f(u;) =i+ 2,i=1,2.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an

odd sum labeling of G.
When n = 2 and 3, an odd sum labeling of G is given in Figure 2.12.

56 3 2
1 /2 1 /10 \1
0o 7 0 7 8

Figure 2.12. An odd sum labeling of G when n = 2 and 3.

Case 2. ¢ is the duplicating edge of an edge ¢ = u;u; 1(or v;v;,1), forsome 7,2 <7 < n — 2.
Let ¢ = uju] , be the duplicating edge of the edge e = w;u;1 for some ¢,2 < i < n — 2.
Assume that n = 5.
Define f : V(G) — {0,1,2,...,3(n + 1)} as follows:

3j—2, 1<j<i

) 342, =i+l

J) =9 5j4a, joito
37 + 2, 1+3<j<n,

3j—3, 1<j<i
floj))=< 3j+1, j=i+1,i+2
37 + 3, 1+3<j<n

N ) 3i+2, =t

andjwuﬁ)"{ 35, j=i+1.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an

odd sum labeling of G.
When n = 4, an odd sum labeling of G is given in Figure 2.13.
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0 3 10 13

Figure 2.13. An odd sum labeling of G when n =4 and i = 2.

Case 3. Let ¢ = u)v] be the duplicating edge of the edge ¢ = wu;v;.
Subcase (i). n = 0(mod 2)and n > 4.
Define f : V(G) — {0,1,2,...,3n + 1} as follows:

0, j=1
3, J=2
fluj)=<% 3j+3, 3<j<n-—1landj=3(mod4)

37 +1, 4 <j<nandj=0(mod4)
37 —1, b<j<nandj=1,2(mod4),

1, j=1
8, J=2
fvj) =13 33, 3<j<nandj=23(mod4)

3j—2, 4<j<nandj=0(mod4)
37 +4, b<j<n-—1landj=1(mod4),

f(uy) =2 and f(vy) = 5.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an

odd sum labeling of G.
For n = 2, the graph G is isomorphic to the graph on Figure 2.14.

Figure 2.14. An odd sum labeling of G when n = 2.

Subcase (ii). n = 1(mod 2) and n > 5.
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Define f : V(G) — {0,1,2,...,3n + 1} as follows:

(0, j=1

3, =2

fluj)=<% 35+3, j=3,4<j<n-—1landj=0(mod4)
37+ 1, 5<j<nandj=1(mod4)

3j—1, 6<j<nand;j=2 3(mod4),

(1, J=1
8, J=2
fv;) =< 34, j=3,7<j<nandj=0,3(mod4)

3j—2, j=4,5<j<nandj=1(mod4)
| 37 +4, 6<j<n-—1landj=2(mod4),

f(uy) = 2and f(v}) = 5.

From this vertex labeling, the required induced edge labeling for G will be attained. Thus f is an
odd sum labeling of G.

When n = 3, it is observed that there does not exist an odd sum labeling of G
Cased. Let e = ujv] be the duplicating edge of the edge ¢ = uv;,2 < i < 231
Subcase (i). n —i=1(mod2)andn —1i > 3.

Define f : V(G) — {0,1,2,...,3(n + 1)} as follows:

3j—2, 1<j<i-1
3j—4, j=i
3i4+4, j=i+1

ﬂw>:<:ﬁ+2, i+2<j<nandj—i=1,2(mod4)
37, i+2<j<nandj—i=3(mod4)
3j+6, i+2<j<nandj—i=0(mod4),

(3j—-3, 1<j<i-—1

3j—1, j=4di+1

fluj)) =< 3j+5, i+2<j<nandj—i=2(mod4)
3j + 3, i+2<j<nandj—i=3(mod4)
3j+1, i+2<j<nandj—i=0,1(mod4),

f(ul) =3i+4and f(v)) = 3i + 3.

From this vertex labeling, the required induced edge labeling for G will be attained.
Thus f is an odd sum labeling of G.
Subcase (ii). n —i = 0(mod 2) andn —i > 4.
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Define f : V(G) — {0,1,2,...,3(n + 1)} as follows:

(3j—2, 1<j<i—1

34, =i

344, j=i+l

3j4+2 j—it?2

j j=i+3

37, i+4<j<nandj—i=0(mod4)
3j+6, i+4<j<nandj—i=1(mod4)
3j+2, i+4<j<nandj—i=2 3(mod4),
(3j-3, 1<j<i-1

351, j=idi+l

345  j=i+2i+3

3j+3, i+4<j<nandj—i=0(mod4)
3j+1, i+4<j<nandj—i=1,2(mod4)
3j+5, i+4<j<nandj—i=3(mod4),
f(u}) =3i+4and f(v)) = 3i + 3.

f(v) =1

From this vertex labeling, the required induced edge labeling for GG will be attained. Thus f is an
odd sum labeling of G.

An odd sum labelings of the graphs in Case 4 which do not fall on subcase (1) and (ii) are given
in Figure 2.15.

0N | 1L712 0 1 16715 18

Figure 2.15. An odd sum labeling of G when n =3,7i =2 and n=5,i = 3.
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