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Abstract

We solve the open problem posed in Modular irregularity strength of graphs, Electron. J. Graph
Theory and Appl. 8 (2020), 435-433, asking about the modular irregularity strength of the com-
plete graph K, for all n > 3. Furthermore, we establish also the exact values of the modular
irregularity strength of complete bipartite graphs K, ,, for any positive integer n and ¢t = 0, 1, 2.
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1. Introduction

Let GG be a finite simple undirected graph. A mapping from a set of elements of G to a set of
numbers is called a labeling for the graph GG. The numbers (usually non-negative integers) which
are in the range of the mapping are called labels. The name of labelings depend mainly on the
domains of the mapping. In this paper we focus on edge labelings, labelings that have edge-set as
their domain. Some specific type of edge labelings were introduced by Chartrand, Jacobson, Lehel,
Oellerman, Ruiz and Saba in [6], where the label of every edge is a positive integer such that the
sum of all edge labels incident to a vertex is different for all vertices. Such labelings are called
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irregular assignments. The irregularity strength of a graph GG, denoted by s(G), is the minimum
k for which a graph admits an irregular assignment using the number £ as the largest edge label.
There are a lot of results regarding with irregularity strength of graphs. Among them can be seen
in[l,2,5,7,8,9, 10, 11].

Irregularity strength of graphs inspired Bac¢a, Muthugurupackiam, Kathiresan, Ramya in [4] to
introduce a new graph parameter, so called modular irregularity strength which is explained in the
following way.

Consider a graph G(V, E) of order n having no component of order 2. An edge labeling
T: E(G) — {1,2,...,k}, for some positive integer k, is called k-labeling of the graph G. Let Z,,
be the set of integers modulo n and the function o : V(G) — Z,, be defined by

o(u) = 7(uw),

over all vertices v adjacent to u. The value of o(u) is called the modular weight of the vertex u. If
o is a bijective function, then the function 7 is called modular irregular k-labeling. Furthermore,
the minimum £ for which the graph G admits a modular irregular k-labeling is named the modular
irregularity strength and is denoted by ms(G). It is defined as ms(G) = oo in the case when there
is no modular irregular labeling of GG. As it is noted in [4], we can easily observe that irregularity
strength of graph is defined only for graphs containing at most one isolated vertex and no connected
component of order 2. Modular irregularity strength of some classes of graph has been established
(seee.g. [3,4, 12]).

For positive integers n and d, n > d, let us denote by Z* := Z,, — {0} and let (n, d) be the
greatest common divisor of n and d. From basic number theory we can immediately see that if
(n,d) =1, then {d,2d,3d, ..., (n—1)d} = Z*, where s stands for the least residue of s modulo
n. By using this equality, it is easy to see the following theorem.

Theorem 1.1. Let G = (V, E) be a graph of order n with s(G) = k. Assume that there exists
an irregular assignment of G with edge values at most k, where weights of vertices form the set
{a,a+d,a+2d,...,a+ (n — 1)d} for some positive integers a and d < n. If (n,d) = 1, then
s(G) = ms(G) = k.

If d = 1 in the above theorem, we obtain the following corollary which was proposed as
Lemma 2.2 in [4].

Corollary 1.1. Let G = (V, E) be a graph with no component of order < 2 and let s(G) = k.
If there exists an irregular assignment of G with edge values at most k, where weights of vertices
constitute a set of consecutive integers, then s(G) = ms(G) = k.

The modular irregularity strength of some graphs was recently established in [4]. There we can
find the following results: For a path P, of n > 3 vertices, ms(P,) = [§] if n # 2 (mod 4) and
ms(P,) = oo otherwise; For a star K, of order n + 1 with n > 2, ms(K;,) = nifn = 0,2
(mod 4), ms(K;,) =n+ 1if n = 3 (mod 4), and ms(K ,,) = oo if n = 1 (mod 4); For a cycle
C, of order n > 3, ms(C,) = [5] if n = 1 (mod 4), ms(C,,) = [5] + 1if n = 0,3 (mod 4),

2
and ms(C,,) = oo if n = 2 (mod 4); For a gear graph G,, of order 2n with n > 3, ms(G,,) = 32
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if n = 0 (mod 2), and ms(G,,) = oo if n = 1 (mod 2); and for a triangular graph 7,, of order
2n — 1 with n > 2, ms(7},) = 2 if n = 0 (mod 2) and ms(7},) = 2 if n = 1 (mod 2). For
n > 3 the gear graph GG, is constructed from the cycle C,, by replacing each edge of the cycle with
a triangle C'3. Whereas, the triangular graph T},, n > 2, is constructed from the path on n vertices
by replacing each edge of the path with a triangle C.
At the closing discussion in [4], an open research problem is proposed which is about the modular
irregularity strength of complete graph K,,,n > 3. In this paper we solve this problem. Besides,
we also derive the modular irregularity strength of three families of complete bipartite graphs:
Ky Ky py1 and K, 0.

Before continuing to the discussion of our main results, we recall the following two theorems
proved in [4]. The first of them gives a lower bound of the modular irregularity strength and the
second of them gives a condition when no modular irregular labeling of a graph exists.

Theorem 1.2. [4] Let G be a graph with no component of order < 2. Then

s(G) < ms(G).

Theorem 1.3. [4] If G is a graph of order n, n = 2(mod 4), then G has no modular irregular
labeling i.e., ms(G) = oc.

2. Main Results
A graph G(V, E) is called dense, if £ < D(G) < 1, with

2|E]

PO =T

ey
and it is called sparse graph if 0 < D(G) < 1.

For the complete graph K,,, n > 2, it is well known that | E(K,)| = (}). Therefore, we have
D(K,,) = 1, and hence the graph K, is dense.

Now, we observe the density of complete bipartite graphs. Let K, ,,;+ be the complete bipartite
graph of 2n + ¢ vertices, 0 < t < n. Itis clear that | E(K,, ,+¢)| = n(n + t). Then, we have

_ ()
D(Knn+t) = GrpaiiD

o n(2n+t) + nt

— @n+t)(@nti—1) (Qtn+t)(2n+t—1)

T (2n+t-1) + (2n+t)(2n+t—1)
n + nt

2n+t (2n+t)(2n+t—1)

_ 2n242nt—n

T (2n+t)(2n+t—1)

2n242nt—n

4n2+4nt—2n—t

2n?42nt—n __ 1

4n2+4ant—2n ~ 2"

V

v

From the last inequality we conclude that the complete bipartite graph K, 1+, with0 < ¢ < n,
is a dense graph.
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Assume that K, ,, { is the complete bipartite graph of 2n-+¢ vertices, 0 < ¢ < n, with maximum
degree A(K,, 1) = n + t and ¢ is an irregular assignments. Let s(K,, ,4++) = k. Consider the
weights of vertices in K, ,,++. The smallest among these weights is at least n. The largest weight
must be at least n + |V (K, ,44)] —1 = 3n +t — 1 and at most A(K,, ,1.)k = (n + t)k. Thus,
3n+t—1<(n+t)kand

n+t—1
k=s(Kppt) > | ——| -
s( ,+t) { ot -‘

Evidently, s(K, ,4¢) > 3 fort = 0,1, 2.

2.1. The modular irregularity strength of complete graph K,

Next theorem gives the precise value of the modular irregularity strength of complete graph
K,,n > 3, and presents a solution of the Problem 1 in [4].

Theorem 2.1. Let K, be a complete graph on n vertices withn > 3. Then

3, ifn#2 (mod4),
0o, ifn=2 (mod4).

Proof. The exact value of the irregularity strength of complete graphs is determined in [6] and it
is s(K,) = 3, n > 3. According to Theorem 1.2 we have that ms(K,,) > 3 for n > 3.

Name the vertices of the complete graph K, with vy, vs,...,v,. Consider an edge labeling
¢ : E(K,) — {1,2,3}. Moreover, let matrix A = [a;;] be the (n x n)-matrix whose entry
a;; = ¢(v;v;), and A; be the ith row of the matrix A. Let us consider the following four cases,
according to the order of the graph K,,.

Case 1. n = 0 (mod 4). In this case, we set a function ¢ as follows.

) :07 ifi:1,2,...,n7
) =1, ifi+j<n+1i+#j
¢(’Uﬂ)n) = ¢(’Unvi) =3, ifi= nTJ'_Q
) =3, ifnTHSién—Q;ieven,nz&
) =2, otherwise.

Using the mapping ¢ we can see the following properties of the matrix A:
(i) Foreveryi,1 <i < %, A; contains no integer 3, ¢ — 1 integers 2, and n — ¢ integers 1. This
implies that the weight of vertex v;, w(v;), is equal to
w(v;) =30)+2—1)+1(n—i)=n+i—2.

(i) Foreachi, 3 +1<i<mn, A; contains exactly one integer 3, i — 3 integers 2, and n — i + 1
integers 1. Therefore the weight of vertex v;, w(v;), is equal to

w(v) =31)+2i—-3)+1(n—i+1)=n+i—2.
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From (i) and (i1) it follows that the weights of vertices v;, = = 1,2,...,n, constitute the set of
consecutive integers W = {n — 1,n,n+1,...,% — 2.3 1 2p—2}.

Case 2. n = 1 (mod 4). Now, we define a function ¢ in the following way.

o(viv;)) =0, ifi=1,2,...,n,
d(vv;) =1, ifi+j<n+1i#j,
B(viwn) = Blunv) =3, ifi = 25,
gb(?)ﬂ)i_ﬂ) = ¢(Ui+1vz‘) = 3, if RT% S 1 S n — 2,2 Odd, n Z 9,
¢(viv;) =2, otherwise.

Observe that under the previous labeling ¢ from the matrix A follows:

(1) Foreveryi,1 <14 < — 1, A; has no integer 3, has ¢ — 1 integers 2 and n — ¢ integers 1.
Based on this condition, we obtain that the weight of vertex v;, w(v;), is equal to

n+3
2

w(v;) =30)+20—-1)+1(n—i)=n+i—2.

(i1) For each i, < < n, A; consists of exactly one integer 3, i — 3 integers 2, and n — ¢ + 1
integers 1. Hence, the weight of vertex v;, w(v;), is equal to

n+3
2

w(v) =31)+20—-3)+1n—i+1)=n+7—2.

Again, from (i) and (ii), we can conclude that the set of weights of vertices of K,, namely

W={n-1nmn+1,.. 3= —13=1" " 2n— 2} contains n consecutive integers.

Case 3. n = 3 (mod 4). We construct a function ¢ such that

¢(Uivi) :07 le: 1,2,...,”,
P(vv;) =1, ifi+j<n,i#j

$(viv;) = plvju;) =3, if 2 <j < 3=l 30D
¢(viv;) =2, otherwise.

In this case we describe weights of the vertices v; as follows:

(i) For every 7,1 <1 <

”T“ — 1, A; has no integer 3. But it has ¢ integers 2 and n — i — 1

integers 1. This implies that for 7,1 < i < ™ — 1, the weight of vertex v;, w(v;), is equal
to
w(v)=20@)+1n—i—1)=n+i—1
(i) For all 7 in the set ”T“, "T”L?’, R 3"4_ 1}, row A; consists of exactly one integer 3, i — 2

integers 2 and n — 7 integers 1. Therefore the weight of vertex v; is equal to

w(v;) =3(1) +2(t —=2)+1(n—i) =n+i—1.

(iii) If ¢ runs over the set {%, %, ...,n},row A; consists only of n — i integers 1 and 7 — 1

integers 2. This leads to the weight of vertex v; as

w(v) =20 —1)+1n—i)=n+i—2.
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. . _ 3(n+1 . . _a . 1 .
(iv) Fori = 32 + 1 = (”: ) A, contains n — i = 223 integers 1, “> integers 2, and "4t

integers 3. This gives the following weight of vertex v;

n-+1 n—1 n—3

1 )+ 2( 5 )+ 1( 1 )=2n—1.

w(v;) = 3(
By combining the weight sets expressed in (i) - (iv), we get the set of weights of vertices of K,

3n—1) 3n—1 ™m—5 Tn—1
2 72 77 47 4

W=A{n,..., ,2n —2,2n — 1},

which contains consecutive integers.
In any of the previous three cases we get a set of consecutive integers as the set of vertex
weights of K, and by Corollary 1.1 it proves that s(K,,) = ms(K,,) = 3 forn # 2 (mod 4).

Case 4. n = 2 (mod 4). The result follows immediately from Theorem 1.3. ]

2.2. The modular Irregularity strength of K,, ,,

In this section we derive the modular irregularity strength of K, ,, for every positive integer
n > 2.

Theorem 2.2. Let K, ,, be a complete bipartite graph on 2n vertices with n > 2. Then

3, ifniseven,

o0, ifnis odd.

Proof. Let U and V' be the partitions of vertices of K, ,, say U = {uy,ug,...,u,} and V =
{v1,v9,...,v,}. We discuss the following three cases.

Case 1. Let n be odd, n > 3. It is clear that in this case |V (K, )| = 2 (mod 4) and according to
Theorem 1.3 the modular irregularity strength of K, ,, is infinity.

Case 2. Let n = 2. For j = 1,2 define a function 7 : E(K»5) — {1, 2,3} as follows.
T(uv;) = 1 and 7(ugv;) = j + 1.

The weights of the vertices u;, ug, v; and v, of the complete bipartite graph K5 » under the labeling
7 admit the values
uy)) =T

S

g
—~

UQ) =T

g

(
(
v1) = T(uivy
w(vy) = 7(

We can see that all edge labels are at most 3 and the vertex weights are consecutive.

110



Modular irregularity strength of dense graphs | I Nengah Suparta, et al.

Case 3. Letn be even, n > 4. For 1 < 4,5 < n, we set an edge labeling 7 : E(K,,) — {1,2,3}
as follows.

T(ugvy,) = 2,
7—(unflvl) - 27
T(uw;) =2, ifi+j=n+1li=5+1,5+2,...,n
T(wv;) =3, ifi+j>n+1,i=3,4,...,n
T(uv;) =1, otherwise.

We split the vertex set of K, ,, into four mutually disjoint subsets

A= {Ub U27711,’02},

B={u:i=34,...,5}U{v;:j=3,4,...,5},
C={vj:j=5+1L5+2,....n =2 U{u:i=5+1,5+2,...,n—2},
D = {vn_1,Vp, Up_1, Uy}

Clearly, AUBUCUD =V(K,,).

Observe that under the edge labeling 7 the weights of the vertices

(i) from the set A are equal to
wlw) =30 () =30, 1=n,
w(ug) = 3070 T(ugvy) + T(ugv) = 37 142 =n+1,
w(v) =02 (uon) + S0 ) =S IS 2=n+ 2,

w(vy) = Z?:_f T(wv2) + T(Up—1v2) + T(Uupve) = Z?:_f I1+2+3=n+3,

and they create the corresponding set of weights W4 = {n,n + 1,n + 2,n + 3}.
(i1) from the set B admit the integers

n—i+1 n n—i+1 n .
wlw) = Z:j=1+ T(uiv)) + 2o j o ipe T(Uiv)) = 2j:1+ L+ 23 =n+2i—2,
w(vy) =200 T(wvs) + T(Un—jr1vy) + 300, T(uiy)

:Z?;ljl+2+2?:nfj+23:n+2j_17

and they form the common set of consecutive integers Wp = {n + 4,n + 5, n + 6,n +
7,...,2n—4,2n —3,2n —2,2n — 1}.
(ii1) from the set C' receive the integers

wlvy) =S (uvg) + 0, T(wivy)
=y T I Y 3=t 2i -2,

w(u;) = Z?:_i T(“z‘“j) + T(UVp—it1) + Z;L:n_i+2 T(Uﬂ)j)
=324 a3 =n+2i— 1,
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and they are consecutive elements of the set W = {2n,2n + 1,2n+ 2,2n 4+ 3,...,3n —
8,3n—7,3n—6,3n — 5}.
(iv) from the set D obtain the integers

w(vp-1) = Z?:l T(UiVp—1) + Zf?::a T(Uivp-1) = Z?:l 1+ Z?:s 3=3n—4,
w(v,) = T(wv,) + 7(u2vy,) + Y i s T(wivy) =142+ " .3 =3n—3,
w(ttn-1) =Yy T(tn-10) + 0y T(Unv;) = Y7 24+ 3133 =3n—2,

W) = T(upvr) + 300 T(ugvy) = 24377 13 =3(n—1)+2=3n—1,

and they create the associated set of weights Wp = {3n — 4,3n — 3,3n — 2,3n — 1}.

Evidently, all edge labels are at most 3 and the weights of the vertices form the resulting set
W =W, UWgUWesU W) of consecutive integers. Thus the function 7 is the desired modular
irregular 3-labeling.

O
2.3. The modular irregularity strength of K,, 11
We partition the vertex set of K, ,,+1 into U = {uy, ug, ..., up,}and V = {vy, va, ..., vy, Vppi1 }-
Here we have E(K,, 1) = {uv; : 1 <i<n,1 <j<n+1}.
It is clear that for all positive integers n > 1 there is |V (K, ,4+1)| = 2n + 1 # 2 (mod 4).
Theorem 2.3. Let K,, ,,+1 be a complete bipartite graph on 2n + 1 vertices with n > 1. Then
2, ifn=1,
ms(Kn,n-H) = .
3, ifn>2.
Proof. Ttis evident that ms(K; ) = 2.
For n > 2 define a mapping f : E(K,, ,+1) — {1,2, 3} as follows.
f(uivj) (vjuz) ifi+j=n+2,
f(uv;) = f(vju;)) =3 otherwise.
Since
n—i+1 n+1 n—i+1 n+1
w(u;) = Z f(wv;) + f(uivp_iy2) + Z fluv;) = Z 1+2+ Z 3=n+2i,
J=1 J=n—i+3 j=n—i+3

for 1 <1 < n, so the vertex weights form the arithmetic sequence of difference 2 with the initial
weight n + 2 and the last weight 3n.
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For the weight of the vertex v; we get

n

w(vy) = Zf(uﬂh) = Zl =n

=1

and for weights of the vertices v;, j = 2,3,...,n + 1, we have
n—j+1 n n—j+1 n
wvy) = D fluwy) + flun—jov) + Y fluw) = > 142+ Y 3=n+2j-3.
i=1 i=n—j+3 i=1 i=n—j+3

We can see that these vertex weights create the arithmetic sequence of difference 2 with the initial
weight n 4 1 and the last weight 3n — 1.

By combining both arithmetic sequences of vertex weights of difference 2 with w(v;) = n we
obtain the resulting set of consecutive integers from n to 3n and according to Corollary 1.1 the
function f is a suitable modular irregular 3-labeling and ms (X, ,,4+1) = 3 forn > 2.

]

2.4. The modular irregularity strength of K, ,, 1o

Here, we partition the vertex set of K, ;2 into U = {uy, ug, ..., u,} and V = {vy, v, ...,
Un, Un+1, Unt2 - Then for the edge set we have E (K, ,412) = {uv;: 1 <i<n,1 <j<n+2}

Theorem 2.4. Let K, .12 be a complete bipartite graph on 2n + 2 vertices with n > 1. Then

4, ifn=1,
ms(K,ni0) =43, ifn>3isodd,

o0, ifnis even.

Proof. In [4] 1s stated that for the graph K 5 as a star on 4 vertices and with edge labels 1,2,3,
the irregularity strength is 3. But this irregular 3-labeling is not modular. The modular irregularity
strength of K 3 is 4 with edge values 1,2 and 4.

On can see that for even positive integer n, |V (K, ,12)| = 2 (mod 4) and according to Theo-
rem 1.3 the modular irregularity strength of K, ,, 1o is infinity.

For n odd, n > 3, we define a function g : E(K,, ,12) — {1,2,3} in the following way

1 ifi+j5<n+1,

1 ifit+j5=n+21<n-—3, and i even,
)=2 ifn+2<i+75<n+4, andi odd,
2 if j = 3,4,

g(w;v;) = g(vju;) =3 otherwise.

Let us split the vertex set of K, 1 into five mutually disjoint subsets

A - {ulaun—17vlvv27v3av47Uﬂ+2}’
B=A{u;:i=3,5,7,....,n—4,n—2,n},
C={u;:1=2,4,6,...,n—5n— 3},
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D={v;:j=579,....,n—4,n—2n},
E={v;:7=6,810,...,n—3,n—1,n+1}.

Clearly, AUBUCUDUE =V (K, i2).

Observe that under the edge labeling g the weights of the vertices

(i) from the set A are equal to
w(uy) = Z?:l g(u1v;) + Z?:EH g(urvj) = n+4,

w(tn-1) = 25:1 9(Un—1v5) + Z?::g 9(Un-_1v5) + 2?252 g(un—1v5)
=1-(2)+2-(2)+3:-(n—2)=3n,

won) = Sy gl = 1- (1) = n,
w(vy) = S0 g(uvg) + glupvg) =1-(n—1) +2=n+1,
wlvs) =30 g(uws) + 30 g(uws) =1+ (n—2) +2-(2) =n+2,
w(vy) =307 gluvg) + 30 o g(uvs) =1+ (n—3)+2-(3) =n+3,

W(Vnt2) = g(uitnt2) + Dy 9(Uitpi2) =243+ (n—1) =3n — 1,

and they create the corresponding set of weights W4 = {n,n+ 1,n+2,n+3,n+4,3n —

1,3n}.
(i1) from the set B admit the integers

n—i+1 n—i+4 n+2
wlu) =350 gluwivg) + 30000 g(uy) + 3000 g(uivy)
=1-n—i+1)+2-3)+3-(1—2)=n+20+1,

and they form the set of members of arithmetic sequence of difference 4, W = {n+7,n +

11,n+15,...,3n —7,3n — 3,3n + 1}.
(iii) from the set C' receive the integers

w(u;) = Z}jﬂ 9(uiv;) + g(uivn—it2) + Z?j_i% 9(uv;)

=1-n—i+1)+1+3-i=n+2i+2,

and they create the associated set of members of arithmetic sequence of difference 4, Wy =

{n+6,n+10,n+14,...,3n —12,3n — 8,3n — 4}.
(iv) from the set D obtain the integers

n—j+1 n
wv;) =20 g(uivg) + g(unj2v;) + 9(n-jisv;) + Y0, iy 9(uiv;)
—1-(n—j+ 1) +1+2+3-(j—3)=n+2j—5

and they form the set of members of arithmetic sequence of difference 4, Wp = {n+5,n+

9,n+13,...,3n—13,3n — 9,3n — 5}.
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(v) from the set I receive the integers
w(v;) = Z;:ljﬂ 9(uivy) + g(Un—jr20;) + g(tn—j13v5) + g(Un—jrav;) + Z?:n_j+5 g(uvy)
=1-n—j+1)4+2+3+2+3-(j—4) =n+2j—4,

and they create the associated set of members of arithmetic sequence of difference 4, Wg =
{n+8n+12,n+16,...,3n—10,3n — 6,3n — 2}.

Indeed, all edge labels are at most 3 and combining the previous sets of weights we obtain the
resulting set W = W, U WU WU Wp U Wpg of consecutive integers. Thus the function g is the
desired modular irregular 3-labeling and we are done.

]

3. Discussion

We solved a very small portion of the modular irregularity strength of complete bipartite graphs.
The rest is still unsolved therefore for further investigation we propose the following problem.

Problem 1. For the complete bipartite graphs K, ,1, n > 1, 3 < t < n, determine the exact
value of the modular irregularity strength.

It seems to be interesting to investigate the modular irregularity strength of the complete tripar-
tite graphs K, ,, s for m,n, s > 1. We conclude the paper with the following open problem.

Problem 2. For the complete tripartite graphs K., , s, m,n,s > 1, determine the exact value of
the modular irregularity strength.
Acknowledgement

We express our gratitude to anonymous referees who have contributed to the final version of
this paper. The first author thanks to Universitas Pendidikan Ganesha for the DIPA grant provided
to conduct this research, and the last author thanks to Slovak Research and Development Agency
for the grant No. VEGA 1/0243/23.

References

[1] M. Aigner and E. Triesch, Irregular assignments of trees and forests, SIAM J. Discrete Math.
3 (1990), 439-449.

[2] M. Anholcer and C. Palmer, Irregular labellings of circulant graphs, Discrete Math. 312
(2012), 3461-3466.

[3] M. Baca, Z. Kimékova, M. Lascsdkovd, and A. Semanicovi-Fenovcikova, The irregularity
and modular irregularity strength of fan graphs, Symmetry 13(4) (2021), 605, 13 pages.

[4] M. Baca, K. Muthugurupackiam, K.M. Kathiresan, and S. Ramya, Modular irregularity
strength of graphs, Electron. J. Graph Theory Appl. 8 (2) (2020), 435-433.

115



Modular irregularity strength of dense graphs | I Nengah Suparta, et al.

[5] T. Bohman and D. Kravitz, On the irregularity strength of trees, J. Graph Theory 45 (2004),
241-254.

[6] G. Chartrand, M.S. Jacobson, J. Lehel, O.R. Oellermann, S. Ruiz, and F. Saba, Irregular
networks, Congr. Numer. 64 (1988), 187-192.

[7] A. Frieze, R.J. Gould, M. Karonski, and F. Pfender, On graph irregularity strength, J. Graph
Theory 41 (2002), 120-137.

[8] M. Kalkowski, M. Karonski, and F. Pfender, A new upper bound for the irregularity strength
of graphs, SIAM J. Discrete Math. 25(3) (2011), 1319-1321.

[9] P. Majerski and J. Przybylo, On the irregularity strength of dense graphs, SIAM J. Discrete
Math. 28 (1) (2014), 197-205.

[10] T. Nierhoff, A tight bound on the irregularity strength of graphs, SIAM J. Discrete Math. 13
(2000), 313-323.

[11] J. Przybylo, Irregularity strength of regular graphs, Electron. J. Combin. 15 (2008), R82.

[12] K.A. Sugeng, P. John, M.L. Lawrence, L.FE. Anwar, M. Baca, and A. SemaniCovéa-
Fenovcikova, Modular irregularity strength on some flower graphs, Electron. J. Graph Theory
Appl., 11 (1) (2023), 27-38.

116



