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Abstract

Suppose G = (V, E) be a simple graph with p vertices and ¢ edges. An edge-magic total labeling
of G is abijection f : VUFE — {1,2,...,p + q} where there exists a constant r for every edge
xy in G such that f(x) + f(y) + f(zy) = r. An edge-magic total labeling f is called a super
edge-magic total labeling if for every vertex v € V(G), f(v) < p. The super edge-magic total
graph is a graph which admits a super edge-magic total labeling. In this paper, we consider some
families of super edge-magic total graph G. We construct several graphs from G by adding some
vertices and edges such that the new graphs are also super edge-magic total graphs.
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1. Introduction

We assume that all graphs in this paper are simple and finite. Let G = (V, E) be a graph with p
vertices and ¢ edges. Let f be a bijection function defined as f : VUE — {1,2,...,p+¢q}. Ringel
and Llado [16] provided the definition that the function f is called an edge-magic total labeling if
there exists a constant r for every edge xy in G such that the weight of the edge f(z) + f(y) +
f(zy) = r. We can say the constant r as a magic constant of f. Wallis [18] then called a graph G
admitting an edge-magic labeling as an edge-magic total graph.
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The edge-magic total concept was introduced by Kotzig and Rosa [10, 11]. They proved that
complete bipartite graphs K,,,, (m,n > 1) and cycles C,, (n > 3) are edge-magic total graphs.
They also proved that a complete graph K, is edge-magic total graph if and only if n = 1,2,3,4,5
or 6; and the disjoint union of n copies of % has an edge-magic total labeling if and only if n
is odd. Interested readers are referred to a number of relevant literature that are mentioned in the
bibliography section, including [1, 8, 14, 16, 17].

In this paper, we consider an edge-magic total labeling of G where the p smallest labels are
given to V' (G). Enomoto et al. [3] defined this version of edge-magic total labeling as a super
edge-magic total labeling. If there exists a super edge-magic total labeling in a graph G, then G is
called as a super edge-magic total graph.

Enomoto et al. [3] proved that caterpillars are super edge-magic total. They also determined
that a complete graph K, is super edge-magic total if and only if n = 1,2, or 3; and a complete
bipartite graph K,, ,, is super edge-magic total if and only if m = 1 or n = 1. Enomoto et al. also
proved that odd cycles are super edge-magic total. Some other results on super edge-magic total
graph can be seen in [4, 5, 6, 7, 8, 9, 15].

The following properties are useful to show whether a graph G is super edge-magic total or not.
A graph G = (V, F) is super edge-magic total graph if there exists a vertex labeling that causes a
consecutive labeling.

Lemma 1.1. /2, 6] A graph G is super edge-magic total if and only if there is a vertex labeling f
such that f(V(Q)) and { f(u) + f(v) | uv € E(G)} are both consecutive.

In this case, in order to show that graph G'is super edge-magic total graph, it is simply indicated
by taking a bijection of vertex labeling f : V' — {1,2,...,p} where {f(u) + f(v) | uv € E(G)}
is consecutive. The vertex labeling f can be extended to be a total labeling by defining f(uv) =
p+q+min{f(u) + f(v) | uww € E(G)} — f(u) — f(v) for every edge uv € E(G). So that, the
total labeling f is a super edge-magic total labeling of G.

In this paper, we will construct some families of super edge-magic total graph which obtained
from a known super edge-magic total graph. We obtain four results. First theorem is related to a
path P,. Lee and Lee [12] have provided a construction on a path P, such that a new graph is super
edge-magic total. In this paper, we generalized such construction on a path Py, (n > 1).

The second result is related to disjoint union graph and joint product graphs. For graphs G
and H, a disjoint union graph G U H is a graph with vertex set V(G) U V(H) and an edge set
E(G)UE(H). A joint product graph of G and H, denoted by G+ H, is a graph with V(G+ H) =
V(G)UV(H)and E(G+ H) = E(G)UE(H)U{w | uw € V(G), v € V(H)}. For any super
edge-magic total graphs GG, we construct a new graph from G by using disjoint union and joint
product with some graphs, such that a new graph is also super edge-magic total.

For the third result, we define graph G(+)P,,(+) H where m > 2 as a graph obtained by taking
one copy of the graphs GG and H and a path P,,, then connect an end point of £, to all vertices of
G and the other end point of P, to all vertices of H. For any super edge-magic total graphs G, we
provide some graphs H such that G(+)P,,(+)H is also super edge-magic total. The last result is a
construction of a super edge-magic total graph from a super edge-magic total graph by considering
a super edge-magic labeling of the origin graph.
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2. Main Results

In this section, we provide some constructions to obtain a new super edge-magic total graph
which obtained from a super edge-magic total graph.

First, we consider a path P, (n > 2). Lopez et al. [13] have proved that paths are super edge-
magic total. Now, we define a graph (P, U hK7)(+)2K; (h > 1), which is a graph obtained by
taking one copy of a path P,, h copies of K, and two isolated vertices (2K), then connect all
end points of P, and all vertices of h copies of K to both two vertices of 2K;. We can say that
V((P,URK:)(+)2K,) = V(P,)UV (hK;)UV(2K;) and E((P,UhK;)(+)2K;) = E(P,)U{uv |
u € V(hK;) or u is an end point of P,; v € V(2K7;)}. In [12], Lee and Lee have proved that
(P, UhK;)(+)2K; (h > 1) are super edge-magic total. In the following theorem, we generalize
Lee and Lee construction on a path P, (n > 1).

Theorem 2.1. For integers h,n > 1, graphs (Ps, U hK,)(+)2K, are super edge-magic total.

Y2

Zn I

n

Figure 1. Graph (Ps,, U hK1)(+)2K;.

Proof of Theorem 2.1. Let V(hK;) = {z; | 1 <1 < h}, V(2K1) = {1, 12}, V(P) = {2 | 1 <
i <2n}, and E(Pyy,) = {ziziy1 | 1 <i < 2n — 1}. Itis easy to verify that (P, U hK7)(+)2K,
has 2n + h + 2 vertices and 2n + 2h + 3 edges.

Now, we define a vertex labeling f : V ((Pan, URK:)(+)2K;1) — {1,2,...,2n+ h+ 2} where
forv € V((Py, UhKy)(+)2K,),

L ifv:yla
2n+ h + 2, if v=yso,

flv)=4¢ 144, if v =29 withl <7 <n,
n+14+h+i, ifv=zy_1withl <7 <n,
n—+1+41, ifv=ua,withl <7 <h.

By the labeling above, we obtain that for uv € E((Py, U hK7)(+)2K):

e If u = y, since v is an end point of Py, or an element of V' (hK;) then {f(u) + f(v)} =
{1+fw)}={n+2,n+3,...,n+h+3}.
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o Ifu,v € V(P2), then {f(u)+f(v)} = {f(22i-1)+f(22:) | 1 <4 < npU{f(22:)+ [ (22i41) |
1 <i<n—1} ={n+h+4,n+h+6,...,3n+h+2}U{n+h+5n+h+7,...,3n+h+1} =
{n+h+4,n+h+5,...,3n+h+2}.

e If u = gy, since v is an end point of Py, or an element of V' (hK;) then {f(u) + f(v)} =
2n+h+2+ f(0)}={83n+h+3,3n+h+4,...,3n+2h +4}.

Therefore, {f(u) + f(v) | uv € E((Pa, UhK;)(+)2K)} is a consecutive sequence. By Lemma
1.1, the graph (P», U hK7)(+)2K] is a super edge-magic total graph. O

Before we continue to the next constructions, we need to show the following property of a
super edge-magic total labeling.

Lemma 2.1. Let G be a connected graph with m > 2 vertices. Let f be a super edge-magic total
labeling of G. Then max{f(u) + f(v) |ww € E(G)} > m + 1.

Proof. Suppose that max{f(u) + f(v) | wv € E(G)} < m. Since G is connected, a vertex u
with f(u) = m will be adjacent to another vertex v. So, f(u) + f(v) =m+ f(v) >m+1,a
contradiction. [l

In the following theorem, we give a construction of a super edge-magic total graph obtained
from any super edge-magic total graphs by applying disjoint union and joint product to an origin
graph.

Theorem 2.2. Let G, be a connected graph with m > 3 vertices. Let f be a super edge-magic
total labeling of G,,. If k = max{f(u) + f(v) | uwv € E(G,)}, then (G, U(k—m —1)K;)+ K3

is a super edge-magic total graph.
Y

(a) (b)

Figure 2. Graph (G,, U (k —m — 1)K;) + K; where: (@) k =m + 1; (b) k > m + 2.

Proof. Let H = (G,,U(k—m—1)K;)+ K. By considering Lemma 2.1, we obtain k—m—1 > 0.
Incase k —m —1 =0, we have H = (G,, U (k —m — 1)K;) + K; = G, + K;. We define
V(k—m—-1)K;) = {x; | 1 <i < k—m— 1}. Note that (k —m — 1)K, is a graph
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without edges. Thus, we can say that V(H) = V(G,,) UV ((k — m — 1)K;) U {y}. Meanwhile,
E(H) = E(Gp)U{uy | ue V(G, U (k—m —1)K;)}. Ttis easy to see that |V (H)| = k and
(B(H)| = [B(Go)| + & — 1.

Let f be a super edge-magic labeling of G,,, where k = max{f(u) + f(v) | uv € E(G,,)}.
Note that for v € V(G,,), f(v) € {1,2,...,m}. Now, we define a vertex labeling g : V(H) —
{1,2,...,k} where forv € V(H),

fv), ifveV(G),
glv) =< Kk, ifv=uy,
m+i1, ifv=x;withl <:<k—m—1.

By the labeling above, we obtain that for uv € E(H):

o If u,v € V(G,,), since f is a super edge-magic labeling of G,,, then {g(u) + g(v)} =
{f(u) + f(v)} is a consecutive sequence, whose greatest element is k.

o ifucV(G,,)andv =y, then {g(u) + g(v)} ={g(u) +k}={k+1,k+2,... .k +m}.

o ifucV((k—m-—1)K;)andv =y, then {g(u)+g(v)} ={g9(u)+k} ={k+m+1,k+
m42,...,2k—1}.

Therefore, {g(u) + g(v) | uv € E(H)} is a consecutive sequence. By Lemma 1.1, the graph H is
a super edge-magic total graph. 0

Now, let us consider the graph G(+)P,,(+)H where m > Let v and v be two end
points of the path P,,. Then we can write V(G (+)P,,(+)H) = )UV(P,) UV(H) and
E(G(+)Pn(+)H) = E(G)U E(P,) U E(H) U {uz,vy | x € V(G);y € V(H)}. Thus,
V(G(+) P (+) H)| = [V(G)[+V (P [+|V (H) | and |[E(G(+) P (+) H)| = |E(G) |+ E(Pn)[+
|E(H)[+ V(G + [V (H)].

2.
V(G
v

Theorem 2.3. Let GG, be a connected graph with m > 3 vertices. Let [ be a super edge-magic
total labeling of G, and m + k = max{f(u) + f(v) | ww € E(G,,)}. Then fork > 2andn > 1,
the graph G, (+)Par_o(+)n K7 is a super edge-magic total graph.

G?Jl

Figure 3. Graph Gy, (+) Pog—2(+)n K.
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Proof of Theorem 2.3. Let H = G, (+) Pap—o(+)nK; where n > 1. Itis easy to see that |V (H)| =
m-+n+2k—2and |E(H)| = |E(Gy,)|+m+n+2k—3. Wedefine V(nk;) = {z; | 1 <i<n}.
Note that n/; is a graph without edges. Let V (Py;_2) = {2; | 1 < i < 2k — 2} and F(Py_o) =
{ziziz1 | 1 < i <2k — 3}. We assume that z; and 29,5 is adjacent to all vertices of G,,, and n K7,
respectively.

Let f be a super edge-magic labeling of GG,,,. By considering Lemma 2.1, we have max{ f(u)+
f() | wv € E(Gy)} > m + 1. Now, we assume that max{f(u) + f(v) | wv € E(G,,)} =
m + k > m + 2. Note that for v € V(G,,,), f(v) € {1,2,...,m}. Define a vertex labeling
g:V(H)—={1,2,...,m+n+ 2k — 2} where forv € V(H),

f(v), ifveV(Gn),
(v) = m + 1, ifv =2y wherel <i<k-—1,
NIT=Y m+k+i4, if v = 29,1 where 0 < i < k — 2,

m+2k—241, ifv=ux;withl <i<n.
By the labeling above, we obtain that for uv € E(H):

o If u,v € V(Gy,), since f is a super edge-magic labeling of G,,, then {g(u) + g(v)} =
{f(u) + f(v)} is a consecutive sequence, whose greatest element is m + k.

o ifu e V(G,,)and v = z, then {g(u) + g(v)} = {g(u) + (m+k)} ={m+k+1,m+k+
2,...,2m + k}.

o if u,v € Py;_o,then {g(u) +g(v)} = 2m+k+1,2m+k+2,....2m + 3k — 3}.

o ifu e V(nK;)andv = 29,9, then {g(u) + g(v)} ={g(u) +(m+k—1)} ={2m+ 3k —
2,2m+2k —1,...,2m+ 3k — 3+ n}.

Therefore, {g(u) + g(v) | uv € E(H)} is a consecutive sequence. By Lemma 1.1, the graph H is
a super edge-magic total graph. [

In the last theorem below, we will construct a super edge-magic total graph from a super edge-
magic total graph by considering a super edge-magic labeling of the origin graph.

Theorem 2.4. Let G, be a connected graph with m > 3 vertices. Let f be a super edge-magic
total labeling of G,,. Let F = {f(u) + f(v) | wv € E(G,,)}. Forab € E(Gy,), let f(a)+ f(b) =
min(F') where f(a) < f(b), max(F) =m + k, and for c € V(G,,), f(c) = k.

1. For f(a) =1, let G, be a graph obtained by taking one copies of G,,, and nIKKy where n > 1,
then connect all vertices of nK to b. Then G, is a super edge-magic total graph.

2. Let G be a graph obtained by taking one copies of G, and nKK; where n > 1, then connect
all vertices of nK; to c. Then G is a super edge-magic total graph.

Proof. Let f be a super edge-magic labeling of G,,,. Let F' = {f(u) + f(v) | wv € E(Gn)}.
For ab € E(G,,), let f(a) + f(b) = min(F') where f(a) < f(b). By considering Lemma 2.1, let
max(F') =m + k and for c € V(G,,), f(c) = k.
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We define V(nK;) = {x; | 1 < ¢ < n}. Note that nK; is a graph without edges. Let
H e {G;,,G}. So, V(H) = V(Gy) UV (nK)). Itis easy to see that |V (H)| = m + n. In the
other hand, F(G?,) = E(G.,)U{bu | u € V(nK;)}and E(G:) = E(G,,)U{cu | u € V(nK)}.
Thus, we can verify that |E(H)| = |E(G,)| + n. We distinguish two cases.

Casel. H =G,

So, f(a) = 1. Now, we define a vertex labeling g : V(H) — {1,2,...,m + n} where for

veV(H),

(v) = 1, ifv = a3,
g = f)+mn, ifveV(G,).
By the labeling above, we obtain that for uv € E(H):

o If u € V(nk,) and v = 0, then {g(u) + g(v)} = {g(u) + (f(b) +n)} = {f(b) +n+
Lfb)+n+2,...,f(b)+2n}.

o If u,v € V(G,,), since f is a super edge-magic labeling of G,,, then {g(u) + g(v)} =
{(f(w) +n)+ (f(v) +n)} = {f(u) + f(v) + 2n} is a consecutive sequence, whose least
element is f(b) + 2n + 1.

Therefore, {g(u) + g(v) | uv € E(H)} is a consecutive sequence. By Lemma 1.1, the graph H is
a super edge-magic total graph.
Case2. H =G}

Now, we define a vertex labeling h : V(H) — {1,2,...,m + n} where forv € V(H),

h(v):{f(v)’ ifveV(Gn),

m—+1, ifv=ux.
By the labeling above, we obtain that for uv € E(H):

o If u,v € V(Gy,), since f is a super edge-magic labeling of G,,, then {g(u) + g(v)} =
{f(u) + f(v)} is a consecutive sequence, whose greatest element is m + k.

o Ifu € V(nk;)and v = ¢, then {g(u) + g(v)} = {g(u) + k} = {m+k+1m+k+
2,...,m+k+n}.

Therefore, {g(u) + g(v) | uv € E(H)} is a consecutive sequence. By Lemma 1.1, the graph H is
a super edge-magic total graph. [

An illustration of graphs G, and G of a super edge-magic total graph G,, with m > 3
vertices can seen in Figure 4 below. Let GG,, be a super edge-magic total graph with m > 3
vertices where V(G,,) = {z; | 1 < ¢ < m} and f be a super edge-magic labeling of G,,. Let
F={f(u)+ f(v) | w € E(Gy,)}. In figure below, we assume that f(z,) + f(z,) = min(F')
where f(z,) < f(z,). Thus, itis clear that a = z, and b = z,. Let max(F') = m+kand f(z,) = k.
Therefore, we have ¢ = z,. Note that it is possible to have either vertex ¢ = a or ¢ = b, where
k=1ork = f(z,), respectively.
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Figure 4. Graphs G, (left) and G3¥ (right).
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