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Abstract

A function f is defined as an even harmonious labeling on a graph G with g edges if f : V(G) —
{0,1,...,2q} is an injection and the induced function f* : E(G) — {0,2,...,2(q — 1)} defined
by f*(uwv) = f(u) + f(v) (mod 2q) is bijective. A properly even harmonious labeling is an even
harmonious labeling in which the codomain of f is {0,1,...,2¢ — 1}, and a strongly harmonious
labeling is an even harmonious labeling that also satisfies the additional condition that for any two
adjacent vertices with labels v and v, 0 < u 4+ v < 2q. In [3], Gallian and Schoenhard proved that
Sny U Sp, U---US, is strongly even harmonious for ny > ny > --- > nyand ¢ < 4 + 2. In this
paper, we begin with the related question “When is the graph of k n-star components, G = kS,
properly even harmonious?” We conclude that k£S5, is properly even harmonious if and only if % is
evenor kis odd, £ > 1, and n > 2. We also conclude that S,,, U S,, U---UJS,, is properly even
harmonious when k& > 2, n; > 2 for all 7 and give some additional results on combinations of star
and banana graphs.
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1. Introduction

A harmonious graph labeling was first defined by Graham and Sloane [5]. A function f is a
harmonious labeling of a graph G with ¢ edges if f : V(G) — {0, 1,...,q — 1} is an injection and
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the induced function f* : E(G) — {0,1,...,q — 1} defined by f*(uwv) = f(u) + f(v) mod ¢
is bijective, and when G is a tree, exactly one vertex label may be used on two vertices. An even
harmonious labeling is a variation of harmonious labeling first defined by Sarasija and Binthiya [6]
such that a graph with p vertices and ¢ edges is even harmonious if it is possible to label the vertices
with distinct integers from the set {0, 1, ..., 2¢} in such a way that the set of induced edge labels is
a bijection with the set of even integers (modulo 2¢). In these labelings, the label of a given edge
xy is the sum of the labels of the end vertices = and y, f(x) and f(y). In our paper, we determine
when some unions of stars and banana trees are properly even harmonious.

2. Preliminaries
We start by presenting a formal definition of an even harmonious labeling.

Definition 2.1. A function f is an even harmonious labeling of a graph G with ¢ edges if f :
V(G) — {0,1,...,2q} is an injection and the induced function f* : E(G) — {0,2,...,2(¢—1)}
defined by f*(uv) = f(u)+ f(v) mod 2q is bijective.

Now, we define two variations of an even harmonious labeling with added restrictions.

Definition 2.2. A function f is a properly even harmonious labeling of a graph GG with q edges if f :
V(G) — {0,1,...,2¢— 1} is an injection and the induced function f* : F(G) — {0,2,...,2(¢—
1)} defined by f*(uv) = f(u) 4+ f(v) mod 2q is bijective.

Notice the only difference between Definition 2.1 from Definition 2.2 is that for f to be a
properly even harmonious labeling, it cannot use the vertex label 2q.

Definition 2.3. A strongly even harmonious labeling is an even harmonious labeling that also
satisfies the additional condition that for any two adjacent vertices with labels « and v, we have
0<u+v<2.

The following result by Gallian and Schoenhard was the main motivation for our original re-
search. We asked the question “If we relax the condition of strongly even harmonious to properly
even harmonious, when does the graph £.5,, have a properly even harmonious labeling?”

Theorem 2.1. (Gallian and Schoenhard [3]) .S,,, U Sy, U---U.S,, is strongly even harmonious for
ny>ng > >npand k< G4 2.

Additionally, we reference the following theorems to complete some remaining cases in our
results. Notice that P; = S5, P, = 51, and .S, is a tree, so Theorems 2.2, 2.3, and 2.4 apply to
unions of stars.

Theorem 2.2. (Gallian and Stewart [4]) P,,, U .S,,, U S, U---U.S,, is properly even harmonious
when m > 2 and at least one n; is greater than 1.

Theorem 2.3. (Gallian and Schoenhard [3]) kP; is properly even harmonious if and only if k is
even.

Theorem 2.4. (Gallian and Schoenhard [3]) A tree cannot have a properly even harmonious la-
beling.
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3. Results

We begin by showing that S,,, U S, U---U.S,, is properly even harmonious when n; > 2.
Lemma 3.1 reduces this situation to two additional cases. Then, after slightly altering the labeling
method, we’re able to produce the desired result (Theorem 3.1).

Lemma 3.1. S, US,,, U---UJS,, is properly even harmonious when n; > 2 for all i, k > 2, and
niy,ng > 3.

Proof. Consider G = 5,,, U Sy, U---U.S,,, the union of k£ n;-stars where n; > 2. Then, there
are ¢ = Zle n; edges in G and the labeling is done modulo 2¢q. Because all edge labels are even,
all vertex labels in a given star must have the same even/odd parity. Throughout the construction,
we will use a to determine which parity the vertex labels of the stars have. We define a for the
remainder of the construction as follows:

e if keven,leta = g

* if kodd, leta = 51,

Without loss of generality, we can assume n; > ny > --- > ng. Now, label GG in the following
way. For 1 < i < k, let v; o be the center vertex of S,,,, v; ; be the leaf vertices of S, (1 < j < n;),
and e¢; ; = v; ov; ;. When no confusion may arise, we will identify a vertex/edge with its associated
vertex/edge label; instead of saying “vertex v; ; with label f(v; ;) = ¢”, we will say v; ; = c. Then,
label the vertices and edges of S,,,, ..., S, as follows (see Figures 1 and 3) (all computations are
assumed to be modulo 2¢):

1. Recursively label all edges withe;; =0,¢,1 = €1, +2,and e; ; = ¢€; j_1 + 2

2. When 1 < i < q, recursively label the center vertices with v, g = ¢ —1and v; o = v;_1 9 — 2.
Then label the leaf vertices (j # 0) recursively with v1; = ¢+ 1, v;; = v; ;-1 + 2, and
Vi1 = Vi—1,n;_1 + 4.

Particularly, the closed form for these labels are

vio=q¢—1-2(-1)=q+1-2i
i—1

vijg = q+ 20> ng)+2i+2j — 3forj #£0
/=1

i—1
eij =20) ) +2j 2
/=1

Now, the labels of S,,,,,, ..., S,, will depend on e, 1, the first edge in S, ,. Let¢' = > ,_, ny

be the total number of edges in the first a stars and label S, , ..., .S,, as follows:

Case 1. if ¢ — 1 and ¢’ have the same even/odd parity:
When a + 1 < i < k, recursively label the center vertices with v,.10 =¢ — 1 and v; o =
v;—1,0 — 2. Then label the leaf vertices recursively with v, 11 = ¢ + 1, v;; = v; j_1 + 2,
and v;; = Vi1, , +4.
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Particularly, the closed form for these labels are

vio=¢ —-1-2(—a—-1)=¢+1-2(—a)
i1

vij=2()_ m)+q +1+2(—a—1)+2(j—1)forj#0

l=a+1
1—1 i—1
ej =20 +2( ) n)+2( — 1) =20) ne) +2j -2
{=a+1 /=1

Claim. This labeling is properly even harmonious when k is even.

Proof. Considering each parity of vertex labels separately:
(a) Since all edges are of the form e; ; = v; gv; j, show f*(e; ;) = f(vio) + f(vij).
For S, ..., Sn,,1 <i<aand1l < j <n,; Then, f*(e;;) = f(vio) + f(vi;)
2q since:

fr(eij) = f(vig) + f(viy)

i—1 i—1

200 n)+2j—2=q+20> n)+2i+2j —3+q+1-2i
(=1 /=1
i—1 i—1

20> ne) +2j —2=20+20> ny) +2j -2

/=1 /=1

which are equivalent modulo 2g.
For Sna7 cee Snk9 a+1 < ) < kand 1 < ] < n;. Then, f*(ei,j) = f(ULQ) -+ f(Ui,j>
mod 2q since:

fr(eiz) = f(vio) + f(vij)

i—1 i—1

20 +2( ) m)+2—2=2() nm)+q +1+20[i—-a—1)+2(j—1)

{=a+1 {=a+1
+¢ -1-20—-a—1)
1—1 1—1
20 +2(>  m)+2—2=2¢ +2( ) ny)+2j -2
l=a+1 l=a+1

which are equal (and hence equivalent modulo 2¢q). Additionally,

is a bijection since all desired edge labels are used exactly once.

(b) Now, in order for f to be injective, we need to make sure no vertex label is dupli-
cated. Since we labeled the centers in decreasing order and the leaves in increasing
order, we need to compare the smallest center label with the largest leaf label of

4
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each parity of labels. Specifically, since our computations are modulo 2¢ and the
center labels are smaller than the leaf labels (without the modulus), we need to show
Vane — 29 < Vg0 and vy, — 2q < V.

For Sy, ... Sh,,
Ua,na - 2(] < Ua,O
a—1
g+20) n)+20+2n,-3-2¢<q+1-2a
=1

a—1

20> “n) +4a+2n, —4 <2

(=1
a—1 k
Z(ng) +2a+n, —2< an
/=1 =1
k
2a — 2 < Z Ty
{=a+1

and since n, > 2 for all / and
i. if k even, a = g, sothe sumhas k — (a + 1) + 1 = a terms.
ii. if kodd, a = &2, sothe sumhas k — (a+ 1) + 1 = a + 1 terms.

we get that
k

20 — 2 < 2a < Z Ny
l=a
Hence, no vertex label used in .S, , . . ., S,,, is duplicated.
For Sy, 1, S

Uk — 29 < Uk

k—1
20 m)+qd+14+20k—a—1)+2(n—1)—2¢<q +1—2(k—a)
{=a+1
k—1
2( Z ne) + 4k — 4a + 2np — 4 < 2q
{=a+1
k—1 k
Z (ne) +2k —2a+np —2 < an
t=a+1 =1

2k —2a+mnp —2< (D ng) + g
/=1

2k—2a—2§inz

(=1

and since nq,ny > 3, ny > 2 for all £, and

5



Properly even harmonious labeling of a union of stars |  Zachary M. Henderson

i. if £k even, a = g,
2%k —20—-2<) my
=1

k—2<2a+1§§:m
=1

k—2<k+1g§:m

(=1

where we have a lower bound of 2a + 1 since if a = 1, ny, wouldn’t be in the
sum.

ii. if k odd, a = 55,

2k—2a—2<za:ng

/=1

k—l<2a+1§§2m
=1

k—1<k§§:m
/=1

where we again have a lower bound of 2a + 1 since if a = 1, ny wouldn’t be in

the sum.
Hence, no vertex label used in S, ,, ..., Sy, is duplicated. Furthermore, since the
vertex labels used in S, , ..., S,, and S, ,, ..., Sy, are of different parities, there

are no duplicate vertex labels. Hence f is injective, f* is bijective, and f*(e; ;) =
f(vig) + f(vi;), so the given labeling is properly even harmonious.
0

eme”e
o B

Sn1 Sn2 Sn3 Sn4

Figure 1: A properly even harmonious labeling for S5 U Sy U S5 U Ss. ¢ — 1 = 13 and ¢’ = 9 have the same parity



Properly even harmonious labeling of a union of stars |  Zachary M. Henderson

Case 2. if ¢ — 1 and ¢’ have different even/odd parities:
When a + 1 < i < k, recursively label the center vertices with v; .41 = ¢’ — 2 and v; o =
v;—1,0 — 2. Then label the leaf vertices recursively with v,111 = ¢ + 2, v;j = v; j_1 + 2,
and v;1 = Vi_1p, , +4.
Particularly, the closed form for these labels are:

vio=¢ —2-2(—a—-1)=¢ —2(i—a)
i1

vij =20 m)+q +2+2(—a—1)+2(j—1)forj #0

{=a+1
i—1 i—1
e; =20 +2( ) n)+2(—1)=20) ne)+2j -2
{=a+1 /=1

Claim. This labeling is properly even harmonious.

Proof. The proof for S, ,...S,, is the same as the previous proof since the cases didn’t
affect this labeling. So, consider S,, ., ...Sy,.

(@) Fora+1<1i<k, f*(e;;) = f(vio) + f(v;,) since

f(eij) = f(vip) + f(vij)

i—1 i—1

20 +2( ) m)+2j—2=2() nm)+q +2+2(—a—1)+2(j—1)

l=a+1 {=a+1
+q¢ —2(i —a)
i—1 i—1
2 +2( ) ng)+2i—2=2¢+2( > ng)+2j -2
{=a+1 {=a+1

which are equal (and hence equivalent mod 2¢). Additionally,
i E(G) = {0,2,..,2(g — 1)}

is a bijection since all desired edge labels are used exactly once.
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(b) Now, in the same way as the previous proof, we must check that vy, ,,, — 2g < vy .

Vkony, — 29 < U

k—1
20) m)+d +2+20k—a—1)+2(m—1) —2¢ < ¢ —2(k —a)
l=a+1
k—1
20 my) +4k —da+2m —2< 2
{=a+1
k—1 k
(Z ng)+2k—2a+nk—1§2ng
{=a+1 (=1

2k —2a+n, —1< (Z7Lg)+n;c
=1

2k—2a—1§2ne
/=1

Then, since ny,ny > 3 and ny, > 2,

k

i. if keven,a = 5,

2k—2a—1<inz

(=1

l{:—1<2a—|—1§2ng
=1

k:—1<k+1§zm

/=1

where we have a lower bound of 2a + 1 since if @ = 1, ny wouldn’t be in the

sum.
ii. if k odd, a = &1,
if a > 2, we have

2k—2a—1<2n4
/(=1

k<2a+2gzm
/=1

k<k+1§an
/=1

and if a = 1, then k£ = 3 and we have 3 possibilities:

8
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A . IfG = S3US3U S, theng =8s0q— 1= 7and ¢ = 3 have the same
parity so GG doesn’t belong to this case.

B. If G = S3 U S3 U Ss, this labeling method doesn’t work. However, with a
slight adjustment, we get that GG is properly even harmonious (Figure 2):

6 12
10 8 16 14
Sn2 Sn3

Figure 2: A properly even harmonious labeling for 355.
C. Otherwise, ny > 4,s02a + 2 < 2?21 ny as above, so we get

a
E<k+1< Z Ny
=1
Hence, no vertex label used in S, ,,. .., Sy, is duplicated. Furthermore, since the vertex
labels usedin S,,,, ..., S,, and S, ..., Sy, are of different parities, there are no dupli-
cate vertex labels. Hence f is injective, f* is bijective, and f*(e; ;) = f(vio) + f(vi;), s0

the given labeling is properly even harmonious. [
6 12 16 20
10 8 14 18 22
Shi Snz Sn3 Sna Sns

Figure 3: A properly even harmonious labeling for S3 U S3 U S U Sy U S5, ¢ — 1 = 11 and ¢’ = 6 have different
parities.

O
Lemma 3.2. S3U Sy U---USs is properly even harmonious when there are an odd number of Ss.

Proof. Let k be the number of stars in G = S3 U Sy U --- U Ss. Since there are an odd number
of Sy, k is even. Let ¢ = 2k + 1 be the number of edges in G, so calculations are done modulo
2q = 4k + 2.
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@@@@@@ (%)

2k+4 4k-8 k-4
2k-2 2k+2 2k+6 4k-6 4k-2

OO 0 O @@@

Figure 4: A properly even harmonious labeling for S35 U So U - - - U S5 for an odd number of .S,

Label the vertices of the first % copies of S, as given in Figure 4:

1. Label the centers with 2k + 2 — 2i for 1 <i < £.
2. Label the top vertices with 2k — 4 + 6: for 1 <1 < g
3. Label the bottom vertices with 2k — 2 + 67 for 1 <7 < %

Since the labels k42, k+4, ..., k—4, k—6 are in ascending order and k—6 < k+2, all even vertex
labels are distinct modulo 2¢. Additionally, label the edges of these stars with {0,2,...,2k — 2}
as in Figure 4.

Now, consider the remaining g — 1 2-stars and 3 star. Label the vertices of the g — 1 2-stars as
given in Figure 4:

1. Label the centers with k +1 — 27 for1 < < % — 1.
2. Label the top vertices with k — 5 + 6i for 1 <4 < £ — 1.
3. Label the bottom vertices with k — 3 + 6ifor 1 <1 < ?2 — 1.

and the 3-star as given in Figure 4:

1. Label the center with 1.
2. Label the vertices with 4k — 5,4k — 3,4k — 1.

Since the labels 1,3, ...,4k — 3,4k — 1 are in ascending order and 4k — 1 < 2q = 4k + 2, all odd
vertex labels are distinct modulo 2¢. Additionally, label the edges with the set {2k, 2k +2, ..., 4k}
as in Figure 4.

Now, since all vertex labels are distinct, f : V(G) — {0,1,...,2¢q — 1} is injective. Further-
more, [*: E(G) — {0,2,...,2(¢ — 1)} is bijective and, by construction, f*(uv) = f(u) + f(v)
for edge uv between vertices v and v. Hence, this labeling is properly even harmonious. [

Lemma 3.3. S5US;U---US, is properly even harmonious when there are an even number of Ss.

Proof. Let k be the number of stars in G = S3U S5 U - - - U S5. Since there are an even number of
Sy, kis odd and k£ = 2a + 1 for some integer a. Let ¢ = 2k + 1 = 4a + 3 be the number of edges
in GG, so calculations are done modulo 2g = 4k + 2 = 8a + 6.

10
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@@@ @@

da+4 4a+8
4a+2 4a+6 da+1l 8a-2

Figure 5: A properly even harmonious labeling for S35 U So U - - - U Sy for an even number of Sy

Label the vertices of the first a + 1 copies of S5 as given in Figure 5:

1. Label the centers with 4a +4 — 2¢ for 1 < i < a + 1.
2. Label the top vertices with 4a — 2 4 67 for 1 <17 < a + 1.
3. Label the bottom vertices with 4a + 67 for 1 < ¢ < a + 1.

Since the labels 2a+-2, 2a+4, . . ., 2a—4 are in ascending order and 2a—4 < 2a+-2, all even vertex
labels are distinct modulo 2¢. Additionally, label the edges of these stars with {0,2,...,4a — 2}
as in Figure 5.

Now, consider the remaining a — 1 2-stars and 3-star. Label the vertices of the a — 1 2-stars as
given in Figure 5:

1. Label the centers with 2a +3 — 2¢for1 <i <a — 1.
2. Label the top vertices with 2a — 3+ 6ifor 1 <i <a — 1.
3. Label the bottom vertices with 2a — 1 + 67 for 1 < < g — 1.

and the 3-star as given in Figure 5:

1. Label the center with 3.
2. Label the vertices with 8a — 3,8a — 1,8a + 1.

Since the labels 3,5, ..., 8a + 4 are in ascending order and 8a + 4 < 2q = 8a + 6, all odd vertex
labels are distinct modulo 2¢. Additionally, label the edges with the set {4a+4,4a+6,...,8a+4}
as in Figure 5.

Now, since all vertex labels are distinct, f : V(G) — {0,1,...,2¢ — 1} = {0,1,...,8a + 5}
is injective. Furthermore, f* : E(G) — {0,2,...,2(¢— 1)} ={0,2,...,8a + 4} is bijective and,
by construction, f*(uv) = f(u) + f(v) for edge uv between vertices u and v. Hence, this labeling
is properly even harmonious. [

Lemma 3.4. kS, is properly even harmonious.

Proof. This was proved by Gallian and Stewart in [4] as Theorem 3.4: “the graph P,,US;, U- - -US},
is properly even harmonious for n > 2 and at least one ¢; is greater than 1.” Here, we use the fact
that P; = S5 and let ¢; = 2 for all 7 to get the result. O

11
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Theorem 3.1. S,,, US,, U---UJS,, is properly even harmonious when n; > 2 for all i and k > 2.
Proof. The result follows from Lemmas 3.1, 3.2, 3.3, and 3.4. O]

Now, if we consider £S,, = S,, U S, U---U S, we can completely determine which graphs
of this type are properly even harmonious. Using Theorem 3.1, we need only look at k£.S; and the
graph of a single star .S,,.

Lemma 3.5. S, is not properly even harmonious.

Proof. This was proved by Gallian and Schoenhard in [3] as a case of Theorem 3.1: “A tree cannot
have a properly even harmonious labeling.” Since S, is a tree, we get the result. [

Lemma 3.6. kS, is properly even harmonious if and only if k is even.

Proof. This was proved by Gallian and Schoenhard in [3] as Theorem 4.1: “n P, is properly even
harmonious if and only if n is even.” Here, we use the fact that P, = S; to get the result. [l

Now, by collecting the results from above, we can prove the following theorem. Theorem 3.2
gives necessary and sufficient condition for the values of n and £ that make G = kS,, properly
even harmonious, which is the solution to our original research question.

Theorem 3.2. k.S, is properly even harmonious if and only if:

1. kisevenandn > 1, or
2. kisodd, k > 1, andn > 2.

Proof. This follows from Theorem 3.1, Lemma 3.5, and Lemma 3.6. O]

Now, we can make an interesting observation from Theorem 3.2. In [1], Barrientos and Youssef
cite Youssef’s previous result in [7] that if G is harmonious, then nG is also harmonious given that
n > 0 1s odd. This same relationship is also applicable to the properly even harmoniousness of
G = kS, as given in the following observation.

Observation 3.1. If G = kS, is properly even harmonious, then k'G is also properly even harmo-
nious for any k' > 0.

Proof. Using the fact that £'G = k' (kS,,) = (K'k)S,,

Case 1. if k is even, then £’k is even and (k'k).S,, is properly even harmonious.

Case 2. if k is odd, k' is even, then £’k is even and (k'k)S,, is properly even harmonious.

Case 3. if £ is odd, £’ is odd, then since k.S, is properly even harmonious, £ > 1 and n > 2. Thus,
k'kis odd and £’k > k > 1 and n > 2, so (k'k)S,, is also properly even harmonious.

]

Additionally, we give a properly even harmonious labeling for B; , U By, where B, ;. is an
(n, k)—banana tree. Combining the labeling method from Theorem 3.3 with the method from
Theorem 3.1, we’re able to produce a properly even harmonious labeling in Theorems 3.4 and 3.5.

12
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Theorem 3.3. B, U By, is properly even harmonious.

Proof. Since we have two disconnected components, we label the first banana tree, Bi » With even
vertex labels and the second banana tree, BS, » With odd vertex labels as given in Figure 6.

1
BZ,k

Figure 6: A properly even harmonious labeling for G = By ; U By i,

Let ¢ = 4k+4 be the number of edges in (G, so calculations are done modulo 2q = 8k+8. Consider
Bj .- Label the vertices of a path of length 7 in Bj ,, with the sequence 4, 2¢ — 4,6, 2¢ — 2,8, 0, 10,
the remaining leaf vertices of the second star with 12,14, ...,10 + 2(k — 2) = 2k + 6, and the
remaining leaf vertices of the first star with 2k + 12,2k + 14, ...,4k + 6. Since the leaf vertices
are labeled in increasing order, the largest leaf label is 4k + 6 < 8k 4+ 4 = 2q — 4 (the “smallest”
label of Bé’k if considered as —4) for all £ > 1, so all even vertex labels are distinct modulo 2q.
Additionally, label the edges of Bj , with the set {0,2,...,4k 4 2} as given in Figure 6.

Now, consider Bj . Label the vertices of a path of length 7 in B3, with the sequence 2k +
5,2k—1,2k+7,2k+1,2k+9, 2k + 3, 2k + 11, the additional leaf vertices of the second star with
2k + 13,2k + 15, ...,4k + 7, and the additional leaf vertices of the first star with 4k + 13, 4k +
15,...,6k + 7. Since the leaf vertices are labeled in increasing order, the largest leaf label is
6k + 7 < 8k + 8 = 2q and the smallest label is 2k — 1 > 0, so all odd vertex labels are distinct
modulo 2¢. Additionally, label the edges of B3 , with the set {4k +4,4k +6,...,8k +6} as given
in Figure 6.

Now, since all vertex labels are distinct, f : V(G) — {0,1,...,2¢ — 1} is injective. Further-
more, f*: E(G) — {0,2,...,2(q — 1)} is bijective and, by construction, f*(uv) = f(u) + f(v)
for edge uv between vertices u and v. Hence, this labeling is properly even harmonious. [

Theorem 3.4. B, ;, U Sy, is properly even harmonious if ko > 2.

Proof. Since we have two disconnected components, label B, ;,, with even labels and S}, with odd
vertex labels as given in Figure 7.

13



Properly even harmonious labeling of a union of stars |  Zachary M. Henderson

2k1+10
N/

Sk

2
Figure 7: A properly even harmonious labeling for G = By, U S,

Let ¢ = 2ky + ko + 2 be the number of edges in (G, so calculations are done modulo 2q = 4k, +
2ko+4. Label the vertices of a path of length 7 in By j, with the sequence 3,2¢—3,5,2¢—1,7,1,9,
the remaining leaf vertices of the second star with 11,13,...,2k; + 5, and the remaining leaf
vertices of the first star with 2k, + 11,2k, + 13,...,4k; + 5. Since the leaf vertices are labeled
in increasing order, the largest leaf label is 4k + 5 < 2¢ — 3 (the “smallest” label of By, if
considered as -3), so all odd vertex labels are distinct modulo 2¢. This comes from the inequality

4ky +5 < 29— 3
4k’1—|—5<2(2k’1+k’2+2)—3
2 < ko

since ko > 2. Additionally, label the edges of Ba, with {0,2,...4k; + 2} as given in Figure 7.

Now, consider Sy,. Label the center vertex with 2%k, which is even and the leaf vertices with
2k1 + 2 + 2i for 1 < ¢ < ks, as in Figure 7. Since the leaves are labeled in increasing order and
2ky + 2ky 4 2 < 2q, all of the even vertex labels are distinct. Additionally, label the edges of S,
with {4k; + 4,4k, + 6, ...,4k; + 2ky + 2} as in Figure 7.

Now, since all vertex labels are distinct, f : V(G) — {0,1,...,2¢ — 1} is injective. Further-
more, f*: E(G) — {0,2,...,2(q — 1)} is bijective and, by construction, f*(uv) = f(u) + f(v)
for edge uv between vertices u and v. Hence, this labeling is properly even harmonious. [

Theorem 3.5. B;,, U Sk, U Sk, is properly even harmonious if ko > 1.

Proof. Label B, ), with odd vertex labels and label Sj,, Sk, with even vertex labels as given in
Figure 8

14
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N\
2k1+2ka+2
4ki+2ka+2

4k4+10

2k1+10

2K1+2ka+6

4k1+2ka+4
2k1+2ka+8

2k1+11
oo/ P
2k1+2ka+2ks+4

AK1+2ka+2ks+2 Ak1+2ka+6

4k1+2ka+10

Aki42K+8
B
2k, 2Ki+2k 412  2Ki+2kz+10
g N

Sk

3

Figure 8: A properly even harmonious labeling for G = Bs ,, U S, U Sk,

Let ¢ = 2k; + ky + k3 + 2 be the number of edges in G, so calculations are done modulo
2q = 4k, + 2ky + 2k3 + 4. Label the vertices of a path of length 7 in B, ), with the sequence
3,29 — 3,5,2¢q — 1,7,1,9, the remaining leaf vertices of the second star with 11,13, ..., 2k + 5,
and the remaining leaf vertices of the first star with 2k; + 11, 2k, + 13, ..., 4k, 4+ 5. Since the leaf
vertices are labeled in increasing order, the largest leaf label is 4k; + 5 < 2¢ — 3 (the “smallest”
label of B;, if considered as -3), so all odd vertex labels are distinct modulo 2¢. This comes from
the inequality

Ak +5 < 2¢—3
4]€1+5<2(2]{71+l€2+k3+2)—3
2 < ko4 ks

since k2 > 1. Additionally, label the edges of Bs, with {0,2,...4k; + 2} as given in Figure 8.
Now, consider Sy, and Si,. Label the center vertex of Sy, with 2k, and the center vertex
of Sk, with 2k; — 2, which are both even. Label the leaf vertices of Sy, with 2k; + 2 + 27 for
1 <7 < ko and the leaf vertices of Sy, with 2k; + 2ky +4 + 23 for 1 < ¢ < k3 as in Figure
8. Since the leaves are labeled in increasing order, the largest leaf is 2k + 2ky + 2k + 4 <
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2q, and the smallest center is 2k; — 2 > 0, so all of the even labels are distinct. Additionally,
label the edges of Sy, with {4k; + 4,4k; + 6,...,4k; + 2ky + 2} and the edges of Sy, with
{4ky + 2ko + 4,4k1 + 2ky + 6, . .., 4ky + 2ky + 2k3 + 2} as in Figure 8.

Now, since all vertex labels are distinct, f : V(G) — {0,1,...,2¢q — 1} is injective. Further-
more, f*: E(G) — {0,2,...,2(q — 1)} is bijective and, by construction, f*(uv) = f(u) + f(v)
for edge uv between vertices u and v. Hence, this labeling is properly even harmonious. 0
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