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Abstract

A distance vertex irregular total k-labeling of a simple undirected graph G = G(V, E), is a function
f:V(G)UE(G) — {1,2,...,k} such that for every pair vertices u,v € V(G) and u # v, the
weights of v and v are distinct. The weight of vertex v € V (G) is defined to be the sum of the label
of vertices in neighborhood of v and the label of all incident edges to v. The total distance vertex
irregularity strength of G (denoted by tdis(G)) is the minimum of % for which G has a distance
vertex irregular total k-labeling. In this paper, we present several results of the total distance vertex
irregularity strength of some corona product graphs.
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1. Introduction

All graphs considered in this paper are finite, undirected simple graphs. Let V(G) for the
vertex set and E(G) for the edge set of a graph G = G(V, E). A labeling of graph G is defined
as a mapping from the set of elements in graph to a set of non negative integers [9]. Gallian [5]
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summarizes the complete survey about graph labelings. Miller et al. [6], for example, introduced
a distance vertex magic labeling or known as 1-vertex-magic labeling. Here, the weight of every
vertex v € V(@) is defined as the sum of all labels of vertices of distance 1 from v, which is the
sum of all labels of vertices in the neighborhood of v. In [4], Chartrand et al. introduced a concept
of irregular labeling, by assign positive integer labels to the edges of (7, a simple connected graph
of order at least 3 in such a way that GG becomes irregular, i.e., the weights (incident edges label
sums) at each vertex of GG are distinct. The problem is to find the minimum value of the largest
label over all such irregular assignments. This value is known as the irregularity strength of G' and
denoted by s(G). Inspired by the concept of irregularity strength and total labeling, Baca et al. [2]
define a new type of irregular labeling called total irregular labeling. For graph G(V, E'), a labeling
[ V(G)UE(G) — {1,2,...,k} is a total vertex irregular labeling when the weight of pair
vertices v,w € V(G),v # w under f are distinct. The weight of vertex v € V(G) under f is
defined as
wp(v) = flo)+ > fluw).
weE(G)

The set of open neighbors of v is denoted by N (v), where N (v) = {u € V(G) : wv € E(G)}.

From these definitions of a distance magic labeling and an irregular labeling, Slamin [8] in-
troduces a new concept of irregular vertex labeling and defines a distance vertex irregular labeling
of graph G as a mapping f : V(G) U E(G) — {1,2,..., k} such that the weight of all vertices
in V(@) are distinct. The distance vertex irregularity strength of G is denoted by dis(G) and the
weight of every vertex v € V(G) under f is defined as

wp(v) = > [flu),
u€EN (v)

where N (v) is a set of open neighbors of v [8]. Bong et al. [3] continue the research by completing
the distance vertex irregularity strength of cycles and wheels while Baca et al. [1] investigate an
inclusive distance vertex irregular labelings. Inspired by the distance irregular vertex labeling and
the vertex irregular total labeling, Wijayanti et al. [10], introduce the distance vertex irregular total
k-labeling as a new concept of total labeling based on both vertex irregular total k-labeling and
distance vertex irregular labeling. Wijayanti et al. [10] suggest that a graph G has a distance vertex
irregular total k-labeling if there is a function f : V(G) U E(G) — {1,2,...,k} such that for
every pair vertices u,v € V(G) and u # v, the weight of u is not equal to the weight of v. The
following definition is for further perusal.

Definition 1.1. Ler G = G(V, E) be a simple finite graph with vertex set V (G) and edge set E(G).
A distance vertex irregular total k-labeling is a function f : V(G) U E(G) — {1,2,...,k} such
that the weight of all vertices of G are distinct. The weight of v € V(G) under the labeling f is
defined as

wi(w) = > flw)+ D fluw), (1)

u€eN (v) ueN (v)

where N (v) is a set of open neighbors of v. The total distance vertex irregularity strength of G,
denoted by tdis(G), is defined as the smallest value of k for which G has a distance vertex irregular
total k-labeling.
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The distance vertex irregular total k-labeling defined in Definition 1.1, uses the concept of
the neighboring vertex of distance {1}. For every pair vertices u,v € V(G), denotes d(u,v)
as a distance from u to v, diam(G) = maz{d(u,v) : Yu,v € V(G)} is diameter of G and
D C{1,2,...,diam(G)}. The set of D-distance neighbors vertex of v is Np(v) = {u € V(G) :
d(u,v) € D}. For every u € Np(v), defined P,(V,, E,) as the shortest path from u € Np(v) to
vand I(v) = U,enp () Eu(Pu). In Definition 1.2, Wijayanti et al. [12] generalize distance {1} to
distance D.

Definition 1.2. Ler G = G(V, E) be a simple finite graph with vertex set V (G), edge set E(G) and
diameter diam(G). Let D C {0,1,...,diam(G)} and k, a positive integer. Define f : VU E —
{1,...,k}, a total labeling function. The weight of every vertex v € V(G defined as,

= > [+ ) fle). )

u€ENp (v) ecl(v)

Iffor every v € V(QG), wy(v) are distinct, then we named the total labeling function as D-distance
vertex irregular total k-labeling. Furthermore, the total D-distance vertex irregularity strength is
denoted by tdisp(G).

Afterward, the total distance vertex irregularity strengths for path P, and cycle C), are deter-
mined. Likewise, some necessary and sufficient conditions for the existence of a D-distance vertex
irregular total k-labeling are defined. For D # {1}, Observation 1.1, can be used to determine the
existence of a D-distance vertex irregular total k—labeling on graph G

Observation 1.1. Let G(V, E) be a simple finite graph, u,v € V(G) and v # v. For D # {1},
if Np(u) = Np(v) and I(u) = I(v) then G does not have the D-distance vertex irregular total
k-labeling.

Proof. Let G(V, F) be a graph with a D-distance vertex irregular total k-labeling. Since Np(u) =
Np(v) and I(u) = I(v), by the Definition 1.2, we obtain

> f Z fley="%_ fla)+ > fle) 3)
zENp(u) ecl(u z€Np(v) ecl(v)
The weights of u and v are the same, a contradiction. O]

Figure 1. presents an example of some graphs that do not have the D-distance vertex irregular
total k—labeling, as intended in Observation 1.1.

1, 2 1, 3 . 2

)——0)  (——)—®

6 6 15 15 15
D=1{0,1} D ={0,1,2}

Figure 1. Some graphs without D-distance vertex irregular total k-labeling
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In Figure 1, regardless of the given label value, for D = {0, 1}, the weight of all vertices in P,
are same, and for D = {0, 1, 2}, all vertices of graph P; also have the same weight. Therefore, for
D ={0,1} and D = {0, 1,2}, P, and P5 do not have D-distance vertex irregular total k-labeling,
respectively.

Observation 1.2. Let G(V, E) be a graph with a D-distance vertex irregular total k-labeling. For
every u,v € V(G), if d(u,v) € D, Np(u) —v = Np(v) —uand I(u) = I(v) then the labels of u
and v are ought to be distinct.

Proof. Let G(V, E) be a graph with a D-distance vertex irregular total k-labeling and f is any
D-distance vertex irregular total k-labeling of G(V, E). Since d(u,v) € D, Np(u) — {v} =
Np(v) —{u} and I(u) = I(v), we obtain w¢(u) — f(v) = we(v) — f(u). If f(v) = f(u) then
wy(u) = wy(v), a contradiction. O

The example of some graphs in Observation 1.2 can be seen in Figure 2.

1 1 2 1 1 3 1 2
G——0)
3 2 7 5 6

D = {1} D=1{1,2}

Figure 2. Some graphs with the distinct label of vertices

In Figure 2, for D = {1}, the label of vy, v, € V(F) ought to be distinct, so that wy 1}(v1) #
wy 13 (v2) and for D = {1,2}, the label of vy, v,,v3 € V(P3) ought to be distinct, so that the
weight of each vertex of P; can be different.

Wijayanti et al. [11], in their study of the total distance vertex irregularity strength of fan and
wheel graphs for D = {1}, propose two theorems and one lemma,

Theorem 1.1. [11] Let F,, be a fan graph and n > 1. If F}, has the distance vertex irregular total
k-labeling then

(”T”L for n > 2,

tis(Fn) = { 2, for n =1,2,3. “)

Theorem 1.2. [11] Let W,, be a wheel graph and n > 3. If W,, has the distance vertex irregular
total k-labeling then
tdis(W,) = [**], for n > 2. (5)
Overall, the lemma for determining the lower bound of total distance vertex irregularity strength
for a graph G is provided as follows,

Lemma 1.1. Let G(V, E) be a simple finite graph with maximum degree /A and minimum degree
d. The lower bound of tdis(G) is

tdis(G) > | MY ©6)
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Proof. Let G = (V| F) be a simple finite graph with maximum degree A and minimum degree 6.
The smallest weight of vertices in V(G) is 20 (when we put label 1 to all neighbors of a vertex
with degree ¢ and all incident edges of its vertex). Since the weight of every vertex ought to be
distinct and G has |V (G)] vertices, the minimum value of largest weight is 26 + |V (G)| — 1 (when
the values of all vertices weight in G construct an arithmetic progression). This weight is obtained
from the sum of at most 2A integers. Thus, the largest label contributing to this weight must be at

[V(G)|—1426
least {TW . ]

Hence, we used the theorems above to prove some theorems in the next section.

2. Main Result

Let H and J be two graphs ordered m and n, consecutively. The corona product of graph
H with graph J denoted by H ® J is a graph resulting from making m copies of J, namely J;:
i = 1,...,m, and connecting every vertex in V'(.J;) with the i-th vertex of H. In this section,
we define the distance vertex irregular total k-labeling and determine the total distance vertex
irregularity strength of some corona product graphs namely K,®oK, C,®K,and P, ® K;.

2.1. Total distance vertex irregularity strength of K,, ® K,

Let f(m_ be the complement of the complete graph K,,. |V (K, ® K,)| = m(n + 1) and
|E(Km © Ky)| = mn, with mn vertices of degree 1 and m vertices of degree n. Figure 3 shows a
distance vertex irregular total labeling of K3 ® K.

4 5 6 7
1 2 2 3
() ;
11 13

Figure 3. A distance vertex irregular total labeling of K5 ® K>

2 3
1 2

Theorem 2.1 discusses the exact value of total distance vertex irregularity strength of K,, ® K,,.

Theorem 2.1. Let m, n be two positive integer. If K,, ® K,, has a distance vertex irregular total
k-labeling, then,

B B n, for m=1, n> 2,
tdis(K,, © K,,) = m+1, form>1, n=1, 7

[%ﬂw, for m>2, n>2.
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Proof. Graph K,, ® K,, has m(n + 1) vertices and mn edges, m vertices of degree n = A
and mn vertices of degree 1 = J. Without compromising generality, name the vertices of de-

gree n as v; and the vertices of degree 1 as v;;, ¢ = 1,...,mand j = 1,...,n. We ob-
tain, V(K,, © K,) = {v1,.  ,Umy U1y s Vlny e o3 Umds ooy Umn )y and  E(K, © K,)=
{v1v11, . V1V, - UVt - - - s UmUmon b The smallest weight is 2 (if we give label 1 to neigh-

bor vertex and the incident edge of a vertex with degree 1). The minimum £ of which K,, © K, h_as
a distance vertex irregular total k-labeling can be obtained if the weight of the vertices K, ® K,

construct an arithmetic progression 2,2+ 1,...,2+mn — 1,24+ mn,...,2+mn+m — 1.
Form = 1,n > 2, vy is a neighbor of every vertex of degree 1. Hence, for the weight of each
vertex v;; to be different, the label of viv;, 7 = 1,...,n must be distinct, and since the lower

bound of maximum weight of v, ; is n + 1, this resulted in the maximum label of v;v; ought to be
equal to or greater than n. Moreover, since the weights of v; must be greater than or equal to n + 2,
results tdis(K,, ® K,,) > maaj{(”;ﬂ ,n} =n. Form > 1,n = 1, max{w(v;),ws(v;1)} =
maz{2,4,...,2m,3,5,...,2m + 1} = 2m + 1. This resulting in, tdis(K,, ©® K,) > [2%] =
m + 1. Form > 2,n > 2, the maximum weights of v; and v; ; are mn + 1 and mn + m + 1,
respectively, resulting in tdis(K,, © K,) > maxz {[22t] | [moimtl]] — [metl]

Furthermore, we prove the equation by showing the existence of a distance vertex irregular
total k—labeling of K, ® K,,, where k = nform = 1,n > 2,k =m + 1form > 1,n =1 and
k= [™2L] for m > 2, n > 2. We proceed by considering three cases.

Case 1. For m = 1, n > 2, define f, the total labeling function of K,, ® K, as follows.

f(vl) = 17
flona) =1,
f(nv;) =7, for j=1,...,n.

The labeling function f generates a weight function w, which is,

wy(vy) = "ot

we(vyj) =7+1, for j=1,....,n.
Hence, {w¢(vy ), forj =1,... ,n} = {wr(vi1),ws(v12),...,wr(v1,)} ={2,3,4,5,...,n+1},
constructing an arithmetic progression, with the maximum vertex weight w f(v1n) = n+ 1. The
maximum labels of vertices and edges of K,,, ©® K, is k = n. B B
Case 2. For m > 2,n = 1, define f, the total labeling function of K,, ® K; as follows,

flv;) =1, fori=1,...,m,
flvin)=i+1, for i=1,...,m,
f(UiUi71):i, for z:l,,m

The labeling function f generates a weight function w, which is,

we(vi1) = 24, fori=1,...,m,
we(v;)) =2i+1, for i=1,...,m.
Thus, fori = 1,...,m and j = 1 we find that the set of the weight of the vertices of graph K,,, ®

K, is {wy(vig), wp(vr), wp(var), wp(va), ..., wr(vma), wr(vm)} =1{2,3,4,5,...,2m,2m + 1},
constructing an arithmetic progression, with the maximum vertex weight w(v,,,) = 2m+ 1. Since
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all the vertices in V(l_(m ® f(n), m > 2,n = 1, have degree 1, the maximum label of the vertices
and edges is k = [ 22t ] =m + 1.

Case 3. Form > 2, n > 2, we define f as follows.

. 1, fori=1, 8)
V; — ;
Png‘l—‘ , for 1 =2,...,m.
j fori=1, j=1,..n,

o | ©)
f(viw;) { (i=n+j—[25], for i=2,..m, j=1...n
e [mal] 1, for i =1, j=1,2,. (10)
(¥

! ’VT;—’_I—I? for 2227---m7 j:]"Q""’n

We obtain w;, the function of the weight of the vertices of K,,, ® K,, generated by f, as follows.

we(vij) =0 —n+14yj, fori=1,...,m, j=1....n
wy(vy) =252 4 ([252] 1)
wi(v;) =220 4 ([2] —p+ 1+ [221]) | for i =2,...m.

Thus, the sets of {wy(v;;): i=1,...,m, j=1,....,n}and {ws(v;): i=1,...,m} are

{wr(vi1), .., wr(vr,), wp(ven), ..., wr(van), .o, Wr(Um1), - Wi (V) }
={2,....,n+1,n+2,...2n+1,....,(m—1)n+2,...,mn+ 1},

and

{wy(vr), we(ve), we(vs), ..., ws(Vm—1), wr(vm)} { S [t ] — 1),
] v ) o 4] 1 o)
s |y (i) 1y o] et (fan] g1 [ma]))

The sequence of w(v; ;) forms an arithmetic progression, with the maximum weight of the vertex

is w¢ (V) = mn + 1 and the sequence of w(v;) forms an arithmetic progression with the maxi-
(n=1)

mum weight of the vertex is wy(v,,) = =5~ +n ((%-‘ —n+1+ (%HD The maximum

label of v; and v; ; is k = [22EL]. It is clear that, n(nﬂ) +n ([24+] — 1) always bigger than
mn + 1, for all integer value of m and n. Every welght of the vertex of K,,, ® K, is distinct and
tdis(K,, © K,) = [™2H]. O
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2.2. Total distance vertex irregularity strength of C,, ® K

The graph C,, ® K is known as sun graph. The total distance vertex irregularity strength of
C, ® K, is determined in the following theorems.

Theorem 2.2. Let n be a positive integer, n > 3. If C,, © K1 has the distance vertex irregular total
k-labeling then

tdis(C, © Ky) > [%]. (11)

Proof. Let n be a positive integer, n > 3 and C,, ©® K; be a corona product graph. Define f as
a distance vertex irregular total k-labeling on C), ® K;. Since (), ® K; a corona product graph,
it has n vertices of degree one and n vertices of degree three. For: = 1,2,...,n, we denote the
vertex of degree one as v; and the vertex of degree three as u;, whichis V(C,, © K1) = {u; : i =
L2,...,n}U{v;: i=1,2,...,n}and E(C,, © K1) ={uv; - i=1,....,n}U{wup: 1=
1,...,n— 1} U{uyus}. The smallest weight is obtained from a vertex of degree one, if we label
1’ to its neighborhood vertex and incident edge. Meanwhile, the highest weight is obtained from
a vertex of degree three. The set of the optimal weight of the vertices in V(C,, ©® K7) under f is
{we(vy)): i=1,....,nfU{ws(u) : i=1,...,n} ={2,3,....,n+1}U{n+2,...,2n+ 1}.
We obtain

tdis(C, © K1) =k > maz {[%F], [252]} =[] (12)

The weight of all vertices of C,, ® K7, under f are distinct and tdis(C,, ©® K;) > (nTHW . O

The next theorem presents the exact value of the total distance vertex irregularity strength of
C, ® K.

Theorem 2.3. Let n be a positive integer, n > 3 and C,, ® K be a corona product graph. If
C,, ® Ky has a distance vertex irregular total k-labeling, then

tdis(C, ® K;) =[] (13)

Proof. Let n be a positive integer, n > 3 and C,, ©® K be a corona product graph, where V (C,, ®
Ky) ={{u : i =12....n}U{v; : i = 1,2,...,n} and E(C,, © K;) = {uv; : i =
1,...,n}U{wuir: i =1,...,n—1}U{u,us }. The number of vertices and edges of C,, ® K;
are |V(C, ® Ky)| = 2n and |E(C,, ® K})| = 2n. The minimum degree of C,, ® K; is § = 1 and
maximum degree of C;, ® K; is A = 3. Using Theorem 2.2, we have the lower bound of total
distance vertex irregularity strength of sun graphs is tdis(C, ® K;) > [2£4].

Hence, proving the equation of tdis(C,, ® K1) is sufficient, provided that a distance vertex irregular
total k-labeling with k = (”T“W exists. To do so, consider the following three cases.

Case 1. Forn = 3.
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Figure 4. A distance vertex irregular total k-labeling of C,, ® K; forn = 3

Hence, the weight of every vertex of C,, ©® K7 is distinct. For n = 3, tdis(C,, ® K;) = PLTHW .

Case 2. Forn = 1,2 (mod 4), n > 4. Define f, a total labeling function of C,, ® K as
follows.

i, for i=1,...,[%], 14
flw) = n—i-+2, fori:[%—‘—l—l,...,n.
1, for i =1,
fluw) = < i—1, for i =2,. ..,(g}ﬂ (15)
n—1+2, for z—[W—I—Q,

fluuy) = ["T_?’W —1, fori=1,...,.n—1,j=i+1,andi=mn,j = 1. (16)
Subcase 2.1. If n = 1 (mod 4), n > 4, the label of v; is

[

3
+

1}—1, for i =1,

3
+M

nil 42 fori=2,...,[2] —1,

Flu) = {2 1 t or i (2—‘ (17
5 for i = 3], [3] + L
i—{%w—l—l, fori:(gw—l-Q,...,n.

Subcase 2.2. If n =2 (mod 4), n > 4, the label of v; is

[t —1, for i =1,
ntll 42 for i=2,...,[2],

Flu) = {2 1 Ltz OIZ. M (18)
4, for 1 = [%W + 1,

—[2]+1, fori=[2]+2,....,n

It is shown that the labels of every vertex and edge are not greater than [24].
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Case 3. Forn = 0,3 (mod 4), n > 4. Define f, a total labeling function of C,, ® K as
follows,

F(u) 1, forizl,...,(gw, (19
= n—1+2, fori:(ﬂ—l—l,...,n.
1, for i =1,
fluw) = i—1, for i =2,...,[%] +1, (20)

n—i+2, fori=|[2]4+2,...,n

fluwy) = [22], fori=1,....,n—1, j=i+1, and i=n, j=1 (21)
Subcase 3.1. If n = 0 (mod 4), n > 4, the label of v; is

(2] — 2, for i =1,
[ — i 41, for i=2,...,[%],

= 22
fw) 3, forz:(W—i-l, (22)

i—(%}—i—l, foriz(%}—i—l...,n

|3

Subcase 3.2. If n = 3 (mod 4), n > 4, the label of v; is

|25 -2, fori=1,

("T“W—z—l—l for 1 =2,.. (
2 for i = (%1,(%}4—1,
i—[2]+1, fori=[%[+2...,n

flui) = (23)

It shows that the labels of every vertex and edge are not greater than VTHW .
As a result of this, the set of the weight of the vertices of C,, ® Ky is {2,3,4,...,n+2,n+

3,...,2n + 1} where the labels of every vertex and edge are not greater than (”T“W . [

2.3. Total distance vertex irregularity strength of P, © K;

In this section, we determine the total distance vertex irregularity strength of P, © K3, which
is known as comb graphs. The lower bound of tdis(P, ® K) is given as follows,

Theorem 2.4. Let n be a positive integer. If P, ©® Ky has the distance vertex irregular total
k-labeling then

tdis(P, © Ky) > [2H]. (24)

Proof. Letn be a positive integer, define f as a distance vertex irregular total k-labeling on P,,® K.
Since P,, ©® K is a corona product graph, it has n vertices of degree one, two vertices of degree two
and n — 2 vertices of degree three. For: = 1,2,... n, we denote the vertex of degree one as v; and
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the vertex of degree two and three as u;. Therefore V(P, ® K1) = {w; : i =1,2,...,n} U{v; :
i=12....,n}and E(P, ® K1) = {uw; : i =1,....n} U{uuyy : i =1,....,n— 1}
The smallest weight is obtained if we put 1 as a label to neighborhood vertex and incident edge of
vertex with degree one. Thus the maximum weight ought to be on vertex with degree three. The set
of the optimal weight of all vertices in V (P, ® K7) under fis {ws(v;) : i =1,...,n}U{ws(w;) :
i=1,....,n}=4{2,3,....n+1}U{n+2,...,2n+ 1}. We obtain,

tdis(P, ® K1) = k > max { |2, [228]} = [2H] . (25)

As a result, the weight of all vertices of P, ® K7, under f are distinct and tdis(P, ® K;) >
(n_ﬂw ]
> |-

The exact value of total distance vertex irregularity strength of P, ® K, is presented in the
following theorem.

Theorem 2.5. Let n be a positive integer and P, © K, be a corona product graph. If P, ® K has
the distance vertex irregular total k-labeling, then

. ’—"THW , for n > 2,
tdis(P, ® K1) = (26)
2, for n=1.

Proof. Let n be a positive integer and P,, ® K; be a corona product graph. V (P, ® K;) = {u; :
i=1,2,...,n}U{v; : i=1,2,...,n}and E(KP,) = {wwv; : i=1,....,n} U{uu :
i =1,...,n — 1}. The number of vertices and edges of P, ® K; are |V (P, ® K;)| = 2n and
|E(P,®K1)| = 2n—1. The minimum degree of P, ® K is § = 1 and maximum degree of P, ® K
is A = 3. Using Theorem 2.4, the lower bound of tdis(P, ® K7) is (”T“W Therefore, proving
the equation of tdis(P, ® K1), when a distance vertex irregular total k-labeling with & = ["THW is
evidence. It is done by considering the following two cases.

Case 1. Forn < 7and n # 6. For n = 1,2, 3, we label the vertices and edges of P, ® K as

in Figure 5.

Figure 5. A distance vertex irregular total k-labeling of P, ® K; forn =1,2,3

For n = 4, 5, the label of vertices and edges of P, ® K is shown in Figure 6.
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2 4
V2
2 1
1 2
1 2
u —( )
)
6 8 9 7 7 10 12 11 8
n==4 n=>5

Figure 6. A distance vertex irregular total k-labeling of P, © K; forn =4,5

For n = 7, the label of vertices and edges of F,, © K is shown in Figure 7.

9 11 13 15 14 12 10

Figure 7. A distance vertex irregular total k-labeling of P,, ® K; forn =7

The weight of every vertex of P, ® K is distinct. For n = 1, we obtain tdis(P, ® K;) = 2
and forn = 2,3,4,5,7, tdis(P, ® K;) = [“].
Case 2. Forn > 6,n # 7.

; i, for i=1,...,[%], .
(w) = n—1+1, fori:(ngrl,...,n. 7

Fluso) 7, fori=1,..., (%L 28)
w = n—1i+2, fori:[%W—i—l,...,n.

Subcase 2.1. If n = 0,2,4 (mod 6), n > 6 and n # 7 the labels of v;, i = 1,

...,n and
UjUir1, 2 =1,...,m —1are
(HTHL for 1 =1,n,
) 2, for 1 =2,n —1, 29)
(5 =
i—1, fori=3,...,[2],

n—1, for i:[%-‘—i—l,...,n—Q.
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(([2] —i—1, fori=1,

(2] -1, for i=2,...,[%] -1,

fluwir) = 1 for i = [2], (30)
i—[%],  fori=[%]+1,...,n-2,

2
L i—[%}—l, for i =n—1.

Subcase 2.2. If n = 1,3,5 (mod 6), n > 7, the labels of v;, i« = 1,...,n and w;u;;1,
1=1,...,n—1are

([2],  for i=1,n,
i for i=2,...,[%] -2,
flv) = i—1, for i = [2] -1, (%], (31)
n—1, fori:(ﬂ—i—l,
(n—i+1, for i=[2]+2,...,n—1
2l —i—1, fori=1,...,[%] -2,
f(uiu’H—l) = 17 for 1 = ’7%—‘ - 17 ’V%—‘ ) (32)
i—[%], fori=[%]+1,....n—1
It is shown that the labels of every vertex and edge are not greater than WLTHW . 0

3. Conclusion

In the previous sections, we determine the lower bound of the total distance vertex irregularity
strength and establish the exact value of the total distance vertex irregularity strength for K, ® K,,,
C, ® Ky and P, ® K, graphs. For m > 2, n > 2, the total distance vertex irregularity strength
of K,, ® K, is {%ﬂw Form > 1,n = 1, tdis(K,, ® K1) = m + 1 and form = 1,n >
2,tdis(K; ® K,,) = n. For sun graphs with n > 3, tdis(C,, ® K;) = [%1]. For comb graphs
with n > 2, tdis(P, © K;) = [%*] and for n = 1, tdis(P, ® K;) = 2. Hence, we conclude this
paper with an open problem as follows.

Problem. Investigate the total distance vertex irregularity strength for corona product of arbi-
trary graph with zero graphs.
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