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Abstract

Let F, G and H be simple graphs. The notation F' — (G, H) means that for any red-blue coloring
on the edges of graph F', there exists either a red copy of GG or a blue copy of H. A graph F
is called a Ramsey (G, H)-minimal graph if it satisfies two conditions: (i) F' — (G, H) and (ii)
F —e —» (G, H) for any edge e of F. In this paper, we give some finite and infinite classes of
Ramsey (Cy, K7 ,,)-minimal graphs for any n > 3.
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1. Introduction

All graphs in this paper are simple. For any three graphs F, G and H, the notation of F' —
(G, H) to mean that for any red-blue coloring on the edges of F, there exists a red copy of G or a
blue copy of H.
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Definition 1.1. A graph F' is called a Ramsey graph for a pair of graphs (G, H) if I satisfies that
F— (G, H).

Definition 1.2. A graph F is called a Ramsey (G, H)-minimal if F satisfies the following condi-
tions:

(i) F — (G,H), and
(ii)) FF—e-» (G, H), forany e € E(F).

The set of all Ramsey (G, H)-minimal graphs will be denoted by R(G, H).

The pair (G, H) is called a Ramsey-finite if R(G, H) is finite. Otherwise, the pair (G, H) is
called Ramsey-infinite. The study of Ramsey minimal graphs was initiated by Burr et al. [3]. The
problem of characterizing or determining all Ramsey (G, H )-minimal graphs for a certain pair of
G and H is a challenging problem.

Burr et al. [2] showed that for an arbitrary graph G, the pair (mK>,, G) is Ramsey-finite.
Nesetil and Rodl proved that if both G and H are 3-connected or if G and H are forest and
neither of which is a union of stars, then the pair (G, H) is Ramsey-infinite [7]. Next, Baskoro et
al. [1] determined the graphs in R(K 2, Cy). In 2015, Mushi and Baskoro [6] gave necessary and
sufficient conditions for all members of R(3K>, K3 ,,) for each n > 3. Furthermore, for3 <n <7
they were able to list all Ramsey (3K, K ,,)-minimal graphs of order at most 10 vertices. In the
same year, Wijaya et al. [5] determined all non-isomorphic Ramsey (2K, K4)-minimal graphs of
order at least 9. Furthermore, they also gave a general class graph which belong to R(2K5, K,,),
for n > 3. Nisa et al. [9] gave some graphs in R(Cs, K12). In 2021, Nabila and Baskoro [8]
gave some Ramsey (C,,, K 2)-minimal graphs for n € {5,6,8}. In the same year, Hadiputra and
Silaban [4] studied an infinite family of graphs that belongs to R(/K; 2, Cy). In 2022, Nabila et
al. [10] gave some Ramsey (C,,, K1 2)-minimal graphs for any n € [7, 10] and construct Ramsey
(Cy, K1 2)-graphs from the well-known Harary graph, for any integer n > 6.

In this paper, we construct some new finite and infinite classes of graphs that belong to the set
R(Cy, K1) for any n > 3.

2. Main Results

Our main results will be divided into two sections. In the first section, we present some fi-
nite classes of Ramsey (Cy, K ,,)-minimal graphs. The second section, we propose some infinite
classes of such Ramsey minimal graphs.

For any vertex x € V and A C V/, let us denote by (z, A) the set of all edges connecting z
and all vertices of A. This set can also be denoted by (A, z). Throughout the paper, we define
la,b] = {x € Nja < z < b}, except in the proof Theorem 2.2, we use the notation for a different
thing, but the context is clear.

2.1. Some finite classes of graph in R(Cy, K1 ,,)

In this section, we give some finite class of graphs which belongs to R(C}, K ,,) for any integer
n > 3.
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Definition 2.1. For any positive integer n > 3, H(n) is a graph with the vertex-set and edge-set:

V = {Ci,Uj‘iE[l,S], ]6[1,271—1]} and
E = {cvi,cou,c3v|i€[1,2n—1],5 € [1,n+ 2]}.

In the following we show that the graph H (n) is a Ramsey (Cj, K ,,)-minimal graph for any
n > 3.

Theorem 2.1. For any integer n > 3, H(n) € R(Cy, K1)

Proof. Let « be any red-blue coloring of the edges of H(n) with no blue K ,. Let W = {v €
V | vey,ves € E}. Let A= {v € V | vey,vee,ves € E} and B = W\ A. Since d(¢;) = 2n — 1,
then there are at most n — 1 blue edges incident to ¢;. Let S = {v € W | cjvisred} and
T ={v e W |cwisblue}. Then |S| > nand |T| <n— 1.

Now, consider the edges incident to c,. Since there is no blue K ,,, there are at most n — 1 blue
edges connecting ¢, and vertices of WW. If there are at most n — 2 blue edges connecting c; to S
then it creates a red Cy. Thus, there are exactly n — 1 blue edges connecting ¢, with the vertices of
S and no blue edges connecting 7" with c,.

Next, consider the edges incident to c3. Clearly, there are at most n — 1 blue edges and at least
3 red edges connecting between A and c3. If there are two red edges connecting 7'M A and c3 then
a red copy of C, occurs (involving ¢y, c3 and T'). Similarly, if there are two red edges connecting
SN A and c3 then a red copy of Cy occurs (involving ¢y, ¢; and S). Therefore, H(n) — (Cy, K1 ,).

To show the minimality, consider G = H(n) — e for any edge e € H(n). Up to isomorphism,
we consider three cases:

(i) Let e = cyv; € (c1, A). Then, consider a red-blue coloring on G with all edges in the set
(c1, A\{v2, v3}) U (c2, B\{van—_1}) U (c2, {va, v3,v4})U (3, A\{v1, v2, v3}) are blue and the
remaining edges are red.

(ii) Let e = cov9,_1 € (c2, B). Then, consider a red-blue coloring on GG with all edges in the set

{(c1, A\{v1,v9,v3}) U (c2, B\{von_1)} U (co, {va,v3,v4}) U (c3, A\{v3,v4,v5})} are blue
and the remaining edges are red.
(iii) Let e = c3v; € (c3, A). Then, consider a red-blue coloring on G with all edges in the set

{(Cl, A\{Ul, Vo, Ug}) U (02, B\{’Ugn_l)} U (CQ, {Ul, Vo, U4}) U (03, A\{’Ug, U4})} are blue and
the remaining edges are red.

Therefore, in such a coloring, there is neither red copy of C4 nor blue copy of K ,. Thus, G =
(C4, K1 ,,). As a consequence, H (n) is a Ramsey (Cy, K7 ,,)-minimal graph. O

Let ¢ be any natural number, define a theta-path graph G[ay, ..., a;] with a; > 3 for i € [1,¢] as
follows.

Definition 2.2. The theta-path graph of length t, denoted by G[ay, as, ..., a;], is the graph with the
vertex set and the edge set:

vV = {Cl,CQ,...,Ct+1}UA1U...UAt with |Az| = a; and Ai:{uiyl,...,ui,ai}
fori € [1,1]
E = {(a A), (A, cipa)| i € [1, 1]}
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Note that if ¢ = 1, then G[a;] = Ky,

Let o be any red-blue coloring on the edges of the theta-path graph Glay,as, ..., a;]. For
any i € [1,t], let b; be the number of blue edges in (¢;, A;) under . For any i € [2,¢ + 1]
let b; be the number of blue edges in (A;_1,c;) under o. We use the notation [b], by |by, by |
o b, b7 b, by | for the coloring « if there are exactly b blue edges in (c;, A;) and b; blue
edges in (A;_1,¢;) for any 7 in a. Additionally, if the number of vertices of A; incident to blue
edges is b; + b;,, for every i € [1,], then the coloring « is called maximal.

For example, Figure 1 represents a red blue coloring [4, 2|3, 0] (left) and a maximal red blue
coloring [5,2|4, 1] (right) in G[7,5]. Note that, in general, the colorings with the notation [b] , b, |
by, by | ... |bS 1, by |b, by, ] may not be unique.

[4,213,0] [5.2]4,1]

Figure 1. Some red-blue colorings in the theta-path graph G|[7, 5].

2.1.1. The theta-path graph of length 1.
In this section, we present the theta-path graph of length one which is in R(Cy, K7 ,,).

Theorem 2.2. For any integer n > 3, the theta-path graph G[2n| € R(Cy, K1 ,,).

Proof. Let G = G|2n] for any fixed integer n > 3. First, we will show that G — (Cy, K1 ,,).
Consider any red-blue coloring o on the edges of G with containing no blue K ,,. We will show
that there is a red C, in G. Let « be a coloring [b;, b, | for some integers b] and b, . The number
of vertices in A; incident to blue edges is denoted by n;. Since there is no blue K, in G then
bf <n—1,b; <n—1,and b + b, = n; < 2n — 2. Thus, there exists a red C; in G composed
by two vertices in A; together with ¢; and cs.

Next, we will show the minimality, thatis, G —e - (Cy, K, ,,) for any edge e. Let e € (c1, A;)
or (Ay, c2), then consider the maximal red-blue coloring a; = [n — 1, — 1] on G such that a4 (e)
is red. By considering the restriction of the coloring a; on G — e, we obtain that there is neither
blue copy of K, nor red copy of Cy in G — e. Thus, G — e - (C4, K;,,). Therefore, G is a
Ramsey (Cy, K7 ,,)-minimal graph. O

2.1.2. The theta-path graph of length two.
In this section, we construct the theta-path graph of length two which is in R(Cy, K ,,).

Theorem 2.3. Let n and k be integers, withn > 3and 1 < k < |(n — 1)/2|. Then, the theta-path
graph Glay, as] in R(Cy, Ky ,,), where a; = 2n — k and ay = n + k.
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Proof. Let G = G[2n — k,n + k| for any fixed integers n > 3 and k € [1, [(n — 1)/2]]. First,
we will show that G — (C4y, K;,,). Consider any red-blue coloring a on the edges of G with
containing no blue K7 ,. We will show there is a red Cyy in G. Let « be a coloring [b7, b5 b3, by |
for some integers b}, b, , by and b; .

For : = 1,2, denote by n; the number of vertices in A; incident to blue edges. Since there
isno blue Ky, in Gthendf < n—1,b; +by <n—1,b; <n-—1n < 2n—k, and
ny < n + k. However, n; > 2n — k — 1 since otherwise there exists a red C; in G composed by
two vertices in A; together with ¢; and ¢y, or two vertices in A, together with ¢, and c3. Thus,
n—k—1<n; <2n-—k.

Since 2n — k —1 < mn; < 2n—k,thenb, > 2n—k —1) — (n—1) = n — k. Since
by +by <n—1thenbf <(n—1)—(n—k)=k—1. But,sinceby <k—1landb; <n—1
then ny < (n —1) + (k — 1) = n + k — 2. Therefore, there is a red Cy in G.

Next, we will show the minimality, that is, G — e - (Cy, K ,,) for any edge e € G. If
e € (¢, Ay) or (Aq, c2) then consider the maximal red-blue coloring oy = [n—1,n—k—1|k,n—1]
on G such that o (e) is red. By considering the restriction of the coloring «r; on G — e, we obtain
that there is neither blue copy of K ,, nor red copy of Cy in G — e.

If e € (g, Ay) or (As, c3) then consider the maximal red-blue coloring iy = [n — 1,n — k|k —
1,n— 1] on G such that no two blue edges incident to the same vertex of A;, fori = 1,2, and as(e)
is red. By restricting o, on G — e, we obtain that there is neither blue K ,, nor red Cy in G — e.
Thus, G — e - (Cy, K1 ,,). Therefore, G is a Ramsey (Cy, K ,,)-minimal graph. O

2.1.3. The theta-path graph of length 3.
In this section, we give the theta-path graph of length 3 which is in R(Cy, K1 ,,).

Theorem 2.4. Let n and k be integers, withn > 3and2 < k < |(n — 1)/2|. Then, the theta-path
graphs Gin+k—1,2n—k,n+1],G2n—k,n+k—1,n+1],and G2n — k,n+1,n+ k — 1]
are in R(Cy, K1 ).

Proof. Let G = G[n+(k—1),2n—k,n+1] for any fixed integersn > 3and2 < k < |(n —1)/2].
First, we will show that G — (Cjy, K;,,). Consider any red-blue coloring « on the edges of
with containing no blue K, ,. We will show that there is a red C, in G. Let a be a coloring
b7, b5 b3, b5 b5, by | for some integers b;", b, ; where i € [1,3]. For ¢ € [1,3], denote by n; the
number of vertices in A; incident to blue edges. Since there is no blue K ,, in G then bf <n-—1,
by —l—bz+ <n-—1,by —l—b; <n-—1,and b; <n—1. However,n; > n+ (k—1)— 1 since otherwise
there exists a red Cy in G composed by two vertices in A; together with ¢; and ¢y, or two vertices
in A, together with ¢ and ¢3. Thus,n+ (k—1) — 1 <ny <n+ (k—1).

Sincen+ (k—1)—1<n; <n+(k—1)thenby, > (n+k—2)—(n—1) =k — 1. Since
by +by <n—1thenby < (n—1)—(k—1)=n— k. However, ny > 2n — k — 1 since otherwise
there exists a red Cy in G composed by two vertices in A, together with ¢, and c3, or two vertices
in Ajz together with c3 and ¢4. Thus, 2n —k—1 <ny < 2n—k. Since2n—k—1 < ny < 2n—k,
thenby > (2n—k—1)—(n—k) =n—1. Since by +b; <n—1thenbd < (n—1)—(n—1)=0.
But, since b < 0andb; <0+ (n—1) =n — 1, then ng < n — 1. Therefore, there is a red C in
G composed by two vertices in Az with c¢3 and c¢y.
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Next, we will show the minimality, that is, G — e - (C4, Ky,) for any edge e € G. If
e € (c1, A1) or (Ay, c2) then consider the maximal red-blue coloring oy = [n — 1,k — 2|n — k +
1,n—2|1,n—1] on G such that o (e¢) is red. If e € (cq, A) or (A, c3) then consider the maximal
red-blue coloring avy = [n—1, k—1|n—k,n—2|1,n—1] on G such that ay(e) isred. If e € (c3, A3)
or (As, c¢4) then consider the maximal red-blue coloring a3 = [n — 1,k — 1|n — k,n — 1|0, n — 1]
on G such that a3 (e) is red. By considering the restriction of the coloring «a, s, and a3 on G — e.
Thus, G — e - (Cy, K1 ,,). Therefore, G is a Ramsey (C'y, K ,,)-minimal graph.

IfG=G2n—kn+k—1,n+1orG = G[2n — k,n+ 1,n+ k — 1] then the proofs are
similar. ]

Theorem 2.5. Let n and k be integers, withn > 3and 1 < k < |(n — 1)/2]. Then, the theta-path
graph G2n — k,n,n + k] in R(Cy, K1 ).

Proof. Let G = G[2n — k,n,n + k| for any fixed integers n > 3and 1 < k < |[(n—1)/2].
First, we will show that G — (Cy, K;,). Consider any red-blue coloring o on the edges of
G with containing no blue K;,. We will show there is a red C, in G. Let a be a coloring
(b, b5 b5, b3 |b3, by | for some integers by, b, where i € [1, 3].

Since there is no blue K, in G then bj <n —1,b; + b <n—1fori =2,3,b; <n-—1,
ny < 2n —k,ny <n,and n3 < n+ k. However, n; > 2n — k — 1 since otherwise there exists a
red Cy in G composed by two vertices in A; together with ¢; and ¢, or two vertices in A, together
with ¢ and ¢3. Thus, 2n — k — 1 <n; < 2n — k.

Since 2n—k—1<n; < 2n—kthenb, > (2n—k—1)—(n—1) = n—k. Since b, +b < n—1
then by < (n—1) — (n — k) = k — 1. However, ny > n — 1 since otherwise there exists a red C,
in G composed by two vertices in A, together with ¢, and c3, or two vertices in A3 together with
czand ¢y. Thus,n — 1 <mny <m.Sincen — 1 <ny <n,thenb;y > (n—1)—(k—1)=n—k.
Since by +bf <n—1thenb; < (n—1)—(n—k)=k—1.But,sinceb < k—1landb; <n-—1
then ng < (kK — 1) + (n — 1) = n + k — 2. Therefore, there is a red C, in G composed by two
vertices in A3 with ¢3 and c4.

Next, we will show the minimality, that is, G — e - (Cy, K ,) for any edge e € G. If
e € (¢, Ay) or (A, ¢o) then consider the maximal red-blue coloring oy = [n—1,n—k— 1|k, n—
k—1|k,n—1] on G such that a; (e) isred. If e € (cq, A2) or (As, c3) then consider the maximal red-
blue coloring vy = [n—1,n—kl|k—1,n—k—1|k,n—1] on G such that ay(e) isred. If e € (c3, A3)
or (As, c4) then consider the maximal red-blue coloring a3 = [n—1,n—k|k—1,n—k|k—1,n—1]
on G such that a3(e) is red. By considering the restriction of the coloring «v, e, and a3 on G — e.
Thus, G — e - (Cy, K1 ,,). Therefore, G is a Ramsey (Cy, K ,,)-minimal graph. O

2.1.4. The theta-path graph with a longer length.
In this section, we present the theta-path graph of length & which is R(Cy, K7 ,,), with4 < k <
n+ 1.

Theorem 2.6. Let n and k be integers, withn > 3 and 3 < k < n. Then, the theta-path graph
Glay, ag, ..., ap1] in R(Cy, Ky ), with ay = 2n — kand a; = n+ 1 fori € 2,k + 1].

Proof. Let G = G[2n — k, ay, ..., ax,1] for any fixed integers n > 3,2 < k < n, where a; =n+1
for i € [2,k + 1]. First, we will show that G — (Cy, K;,,). Consider any red-blue coloring o
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on the edges of G with containing no blue K ,. We will show there is a red Cy in G. Let a be
a coloring [bf , by b3, b5 |...|b)", by, 1 [bi 1, bj,] for some integers b, b;,, with i € [1, k + 1]. For
i € [1,k + 1], denote by n; the number of vertices in A; incident to blue edges. Since there is no
blue K, in G thenb <n—1,b; +bf <n—1forie[2,k+1],b,, <n—1,n <2n—F,
andn; <n+1fori € [2,k+ 1|. However, ny > 2n — k — 1 since otherwise there exists a red C
in G composed by two vertices in A; together with ¢; and ¢y, or two vertices in A, together with
csand ¢c3. Thus, 2n —k —1<n; <2n — k.

Since 2n—k—1 < n; < 2n—k,thenb, > (2n—k—1)—(n—1) = n—k. Since b, +b5 < n—1
then b < (n —1) — (n — k) = k — 1. However, n, > n since otherwise there exists a red C; in
G composed by two vertices in A, together with ¢y and c¢3, or two vertices in Az together with c3
and c4. Thus, n < ny <n+ 1. Sincen < ny <n+1,thenb; >n—(k—1)=n—k+ 1. Since
by +bs <n—1thenbi <(n—1)—(n—k+1)=k—2,

Since Ay, ..., A4 1 have the same number of vertices, then we obtain b < k — (i — 1) and
by >n—(k—(i—1))for2 <i < k+ 1. However, for i € [2, k] n; > n since otherwise there
exists a red Cy in G composed by two vertices in A; together with ¢; and ¢; 1, or two vertices in
A;q together with ¢; 1 and ¢; 5. Thus, n < n; < n + 1. Since b',:ﬂ <0and b, , <n—1,then
bi1 + 0o = niks1 < (0) 4+ (n — 1) = n — 1. Therefore, there is a red Cy in G composed by two
vertices in Ay together with c; 1 and cx .

Next, we will show the minimality, that is, G — e - (C4, K;,,) for any edge e € G. De-
fine ay = [by, by |63, b5 |... |0 by [bi 1, bio) Where b = n — 1,b; =n—k+ (i —2),bf
k—(i—1)withi € [2,k + 1], and b, = n — 1. Next, for j € [2,k + 1] define a;
[di dy |d3 , ds |...|d}0, dicy |diy, dyy 5] where

[ral

o+l 2<i<y, g Ju -1 2<i<y,
L) by, JH1<i<k+2 7 b, jH+1<i<k+1lori=1.

Let e € (¢;, Ai) or (A, cip1) for some ¢ € [1,k + 1], then consider the maximal red-blue
coloring «; on G such that «;(e) is red. By considering the restriction of the coloring «; for
i€[l,k+1lonG —e. Thus, G — e » (C4, Ky ,,). Therefore, G is a Ramsey (C'y, K ,,)-minimal
graph. [

2.2. Some infinite classes of graphs in R(Cy, K1 ,,)

In this section, we are going to construct some infinite classes of graphs which belong to R(Cly, K )
for any integer n > 3.

The first class is the theta-path graph G[2n—k, as, ..., a,1, n+k] of length z+2 for any z > 2.
The second class is the theta-path graph G[n+(k—1), ag, ... ,a,11,2n—k, a., 13, ..., Qsizyr2, N+
1] of length z; + 25 + 3 for any z1, 25 > 1.

To illustrate these theta-path graphs, we give G[2n — k, as, ..., a,11,n + k] withn =4, k = 1,
and z = 4 in Figure 2.

Theorem 2.7. Let n, k and z be integers, withn > 3,2 < k < |(n —1)/2| and z > 2. Then, the
theta-path graph G[2n — k, ay, ..., a,+1,n + k| in R(Cy, Ky ,,), with a; = n fori € [2,z + 1].
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Figure 2. Graph G[7,4,4,4,4,5].

Proof. Let G = G[2n — k,aq,...,a,11,n + k| for any fixed integers n > 3, 2 > 1 and k €
[1,[(n —1)/2]]. First, we will show that G — (C4, K;,,). Consider any red-blue coloring on
the edges of G with containing no blue K ,,. We will show that there is a red C, in G. Let «
be a coloring [by, b5 |b3, b3 |...|bF, b2y 1|01, 1, b2 0|bl s, b, 5], Fori € [1, 2 + 2], denote by n; the
number of vertices in A; incident to blue edges.

Since there is no blue K1, in G then by <n—1,b; +b5 <n—1,b,,; <n—1,b; +b; <n—1
fori € [2,2+2],ny <2n—k,n; <nfori € [2,2+1],andn, o < n+k. However,n; > 2n—k—1
since otherwise there exists a red C; in G composed by two vertices in A; together with ¢; and cs,
or two vertices in As together with ¢ and ¢3. Thus, 2n — k — 1 < n; <2n — k.

Since 2n—k—1<n; < 2n—kthenby, > (2n—k—1)—(n—1) = n—k. Since b, +b5 <n—1
then by < (n—1) — (n — k) = k — 1. However, ny > n — 1 since otherwise there exists a red C,
in G composed by two vertices in A, together with ¢, and c¢3, or two vertices in A3 together with
czand ¢y. Thus,n —1 <my <m.Sincen —1 <ny <n,thenb; > (n—1)—(k—1)=n—k.
Since b; +by <n—1thenby <(n—1)—(n—k)=k— 1.

Since As, ..., A.,1 have the same number of vertices, then we obtain bj <k-1landb,_, >
n —k for 2 < i < z+ 1. However, for j € [2,2 + 1] n;, > n — 1 since otherwise there exists
ared Cy in G composed by two vertices in A; together with ¢; and ¢4, or two vertices in A4
together with ¢, and ¢;4o. Thus, n — 1 < n; < n. Since bj+2 <k-1landb, 3 <n —1then
blo+b 5 =n.40 < (k—1)+ (n—1) = n+ k — 2. Therefore, there is a red C, in G composed
by two vertices in A, 5 together with ¢, and ¢, 3.

Next, we will show the minimality, that is, G — e - (Cy, K1,,) for any edge ¢ € G. Now,
define the labeling o as follows:

oy = [b?,b;lb;,bg’...‘b;_l, z_+2‘b:+27 z_+3]>

where b = n—1,b; = n—k—1,bf = kwithi € [2,2+ 2], and b5 = n — 1. For
7 =2,3,---,2+ 2, define

Qj = [d—li_7d2_|d3_7dg|""d:+1’dz_+2’d:+2>dz_+3]?

n <7< + _ <<
Whered;:{bz—i_l’ 2sisy, d+:{bz 1, 2<i<j+1,

by, jH1<i<z+3, 7 b, j+2<i<z+2ori=1.

Let e € (¢;, A;) or (A, ¢iy1) for some i € [1,z + 2|, then consider the maximal red-blue
coloring «; on G such that «;(e) is red. By considering the restriction of the coloring «; for
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i€[l,z+2]onG —e. Thus, G — e - (C4, K1 ,,). Therefore, G is a Ramsey (Cy, K ,,)-minimal
graph. [

Theorem 2.8. Let n, k, z; and zy be integers, withn > 3,2 < k < [”T_lj and z1,zy > 1. Then,
the theta-path graph G[n+ (k—1),as, ..., az 41,20 —k, Gz 13, .oy Qzptny+2, N+ 1] in R(Cy, Ky 1),
with a; =nfori € (2,2, + 1] U [z1 + 3,29 + 21 + 2.

Proof. LetG = G[n+(k—1),az,...,a,11,2n—k, @z, 13, ..., Asyyz +2, n+ 1] for any fixed integers
n > 3 and 21, 2 > 1. First, we will show that G — (Cy, K ,,). Consider any red-blue coloring on
the edges of GG with containing no blue K ,,. We will show that there is ared Cy in G. Let a be a
coloring [y, by |03, b5 |...[01, 41, 02, 4olb2, 120 b2 sl D so, D3 lO s, D a] Where m = 21 + 2.
Fori € [1,m + 3], denote by n, the number of vertices in A; incident to blue edges.

Since there is no blue K7, in G then b < n—1,b;+b3 <n—1,b,, ., <n—1,b; +b; <n-—1
fori € [2,m+3|,n <n+k—1,n; <nforie [2 21+ 1] U [z + 3, m+2],n21+2 <2n —k,
and n,,,.3 < n+ 1. However, n; > n + k — 2 since otherwise there exists a red C in G composed
by two vertices in A; together with ¢; and ¢y, or two vertices in A, together with ¢, and c3. Thus,
n+k—-2<n<n+k-1.

Sincen+k—2 <n; < n+k—1,thenb, > (n+k—2)—(n—1) = k—1. Since b, +b5 <n—1
then by < (n —1) — (k — 1) = n — k. However, ny > n — 1 since otherwise there exists a red C
in G composed by two vertices in A, together with ¢; and c3, or two vertices in A3z together with
czand ¢s. Thus,n — 1 <mg <m.Sincen —1 <ny <n,thenby > (n—1)—(k—1)=n—k.
Since b; +by <n—1thenbf <(n—1)—(n—k)=k— 1.

Since A,, ..., A,, 11 have the same number of vertices, then we obtain bj <n-—kandb,, >
k—1fori € |2,z + 1] and j = i. However, for j € [2, 21 + 1], n; > n — 1 since otherwise there
exists a red Cy in G composed by two vertices in A; together with ¢; and c¢;., or two vertices in
A together with ¢ and ¢j49. Thus,n — 1 < n; < n.

Since b_ ., > k—1,then b} , < (n—1)—(k—1) = n—k. However, n., 1o > 2n—k—1since
otherwise there exists a red C; in G composed by two vertices in A,, ;o together with c,, 2 and
C.,+3, OF two vertices in A, ;3 together with c,, ;3 and ¢, 14. Thus, 2n —k —1 < n, o < 2n—k.

Since 2n — k — 1 < m .9 < 2n—k,thenb;1+3 <(@2n—-k—1)—(n—k) =n— 1. Since
bo . 3+bi g <n—1thend! 4 < (n—1)—(n—1) = 0. However, n., 43 > n— 1 since otherwise
there exists a red C'y in G composed by two vertices in A,, ;3 together with c,, ;3 and c,, 4, or two
vertices in A,, ;4 together with c,, 4 and ¢, ;5. Thus,n — 1 < n,, 13 < n.

Since A, 43, ..., Ao have the same number of vertices, then we obtain b;” < 0 and b, >
n — 1fori € [z + 3, m + 2]. However, for j € [z; + 3, m + 2|, n; > n — 1 since otherwise there
exists a red (4 in G composed by two vertices in A; together with ¢; and c¢;.;, or two vertices in
Ay together with ¢4 and ¢j;9. Thus,n — 1 < n; <n.

Since b, s <k—1landb, , <n—1thenb! s +0b, ., =np3<(0)+(n—-1)=n-1
Therefore, there is a red C; in G composed by two vertices in A, 3 together with ¢,, .3 and ¢, 4.

Next, we will show the minimality, that is, G — e - (Cy, K1,,) for any edge e € G. Now,
define the labeling o as follows:

aq = [bf,b;lb;—, 3_’ |bzl+1’ 21+2|bzl+2’ 21+3| |bm+2’ +3‘bm+37 m+4]
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where
kE—2, 2<i<z+2, n—1, 1=1,
by =¢ n—=2, z1+3<i<m+3, b:r: n—k+1, 2<i<z +2,
n—1, 1=m-+4. 1, z1+3<:1<m+3.
For j € [2, m + 3], define
aj%[df,dﬂd; 5l ‘dzﬁ—l’ z1+2‘dz1+27 43l ’d;+27d;1+3‘d:;+37d;n+4]7
where
P by +1, 2<i<y, I - bi—1, 2<i<j+1,
N jH1<i<m+4, 7 bJr jH+2<i<m+3ori=1.

Let e € (¢;, A;) or (A;,c¢i1) for some @ € [1,m + 3], then consider the maximal red-blue
coloring «; on G such that «;(e) is red. By considering the restriction of the coloring «; for
i€[l,m+3]onG—e. Thus, G —e - (Cy, K1 ,,). Therefore, G is a Ramsey (C4, K ,,)-minimal
graph. 0
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