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Abstract

A broadcast on a graph G = (V| E) is a function f : V' — {0, ..., diam(G)} such that f(v) <
eq(v) for every vertex v € V, where diam(G) denotes the diameter of G and e(v) the eccentricity
of v in GG. Such a broadcast f is minimal if there does not exist any broadcast g # f on G such
that g(v) < f(v) for all v € V. The upper broadcast domination number of G is the maximum
value of 3 ¢y f(v) among all minimal broadcasts f on G for which each vertex of G is at distance
at most f(v) from some vertex v with f(v) > 1. In this paper, we study the minimal dominating
broadcasts of caterpillars and give the exact value of the upper broadcast domination number of
caterpillars with no trunks.
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1. Introduction

Let G = (V, E) be a graph of order n = |V| and size m = |E|. The open neighborhood of a
vertex v € V is the set Ng(v) = {u : uv € E} of vertices adjacent to v. Each vertex u € Ng(v)
is a neighbor of v. The closed neighborhood of v is the set Ng[v] = Ng(v) U {v}. The open
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neighborhood of a set S C V of vertices is Ng(S) = U,esNg(v), while the closed neighborhood
of S'is the set N [S] = N¢(S) U S. The degree of a vertex v in GG, denoted deg(v), is the size of
the open neighborhood of v.

A (u,v)-geodesic in a graph G is a shortest path joining u and v. We denote by dg(u, v) the
distance between the vertices u and v in G, that is, the length of a (u, v)-geodesic in G. A vertex
or an edge of G lies between two vertices u and v if that vertex or edge is on some (u, v)-geodesic.
The eccentricity ec(v) of a vertex v in G is the maximum distance from v to any other vertex of G.
The radius rad(G) and the diameter diam(G) of a graph G are the minimum and the maximum
eccentricity among the vertices of G, respectively. A diametrical path is a (u,v)-geodesic of
length diam(G), and a peripheral vertex, is a vertex v such that e (v) = diam(G).

A function f : V — {0,...,diam(G)} is a broadcast of G if f(v) < eq(v) for every vertex
v € V. The value f(v) is called the f-value of v. An f-broadcast vertex (or an f-dominating
vertex) is a vertex v for which f(v) > 0. The set of all f-broadcast vertices is denoted V" (G).
If v € V;7(G) is an f-broadcast vertex, u € V and dg(u,v) < f(v), then the vertex u hears
a broadcast from v and v broadcasts to (or f-dominates) u. Note that, in particular, each vertex
NS Vf+ hears a broadcast from itself and f-dominates itself.

The f-broadcast neighborhood of a vertex v € V;r is the set of vertices that hear v, that is

Ni(w) ={u eV :dg(u,v) < f(v)}
and the f-broadcast neighborhood of f is the set
Nf(Vf+) = Uyev+Ng(v).
The f-broadcast boundary of a vertex v € VfJr is the set
Bi(v) ={u eV :dg(u,v) = f(v)}.
The set of f-broadcast vertices that a vertex u € V' can hear is the set
Hy(u) = {v € V' da(u,v) < f(0)}.
For a vertex v € Vf+, the private f-neighborhood of v is the set of vertices that hear only v, that is
PN;(v) = {u € V : Hy(w) = {v}},

and every vertex u € PNy (v) is a private f-neighbor of v. Moreover, the private f-border of v is
either the set of private f-neighbors of v that are at distance f(v) from v, or the singleton {v} if
f(v) =1and PNy(v) = {v}, that is

{v}, if f(v) = 1and PN¢(v) = {v},
PBj(v) = { {u € PNy(v) : dg(u,v) = f(v)}, otherwise. '

Every vertex in PBy(v) is a bordering private f-neighbor of v. In particular, if f(v) = 1 and
PNy(v) = {v}, then v is its own bordering private f-neighbor.
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The cost of a broadcast f on a graph G is

o(f) = > fv).

vGVf+

A broadcast f on G is a dominating broadcast if every vertex in GG is f-dominated by some ver-
tex in Vf+, and f is a minimal dominating broadcast if there does not exist a dominating broadcast
g # fon G such that g(u) < f(u) forallu € V.

The broadcast domination number of G is

Y(G) = min{o(f) : f is a dominating broadcast on G},
and the upper broadcast domination number of G is
I'y(G) = max{o(f) : f is a minimal dominating broadcast on G'}.

A minimal dominating broadcast f on a graph G such that o(f) = I'y(G) (resp. o(f) = 7(G))
is a ['y-broadcast (resp. ~y,-broadcast). If f is a minimal dominating broadcast on G such that
f(v) = 1foreach v € V7, then V' is a minimal dominating set in G, and the minimum (resp.
maximum) cost of such a broadcast is the domination number (G) (resp. upper domination
number I'(G)) of G.

The function f, : V — {0, ..., diam(G)}, defined by f,(u) = e(u) and f,(v) = 0 for every
v # u, is a minimal dominating broadcast with cost e(u). Such a broadcast f,, is a radius broadcast
if e(u) = rad(G) and f, is a diameter broadcast if e(u) = diam(G). We then immediately have
the chain of inequalities

Observation 1 (Dunbar, Erwin, Haynes, Hedetniemi and Hedetniemi [6]). For any graph G,
(G) < min{v(G),rad(G)} < max{I['(G),diam(G)} < I',(G). (1
A graph G is radial if ~,(G) = rad(G) and is diametrical if [',(G) = diam(G).

Broadcast domination has been discussed first in [7, 8]. Many of these results appeared later
in [6] and since then several works followed (see the references of [S] for details). Regarding the
upper broadcast domination, the exact value of the parameter I', is given for grids graphs [4], paths
and cycles [5] and some very specific classes of trees [12]. In [9], the determination of sufficient
conditions for a tree to be non-diametrical as well as the characterization of diametrical caterpillars
are given. Other studies of upper broadcast domination such as the relationships between I', and
other parameters of broadcast domination can be found in [1, 6, 13]. For a survey of broadcast in
graphs, see the chapter by Henning, MacGillivray and Yang [10].

In this paper, we are interested in the upper broadcast domination number of caterpillars. De-
termining this invariant appears to be a difficult problem in general, and that is why we restrict to
caterpillars with no trunks.

Recall that a caterpillar C'T of length n > 0 is a tree such that removing all leaves gives a path
of length n, called the spine. A non-leaf vertex is called a spine vertex and, more precisely, a stem
if it is adjacent to a leaf and a trunk otherwise. A leaf adjacent to a stem v is a pendent neighbor
of v.
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2. Preliminaries

We now review some results on the upper broadcast domination. The characterization of min-
imal dominating broadcasts was first given by Erwin in [8], and then restated in terms of private
borders' by Mynhardt and Roux in [12].

Proposition 2.1 (Erwin [8], restated in [12]). A dominating broadcast f is a minimal dominating
broadcast if and only if PBy(v) # 0 for each v € V.

Dunbar et al. proved in [6] the following bound on the upper broadcast domination number of
graphs.

Theorem 2.1 (Dunbar et al. [6]). For every graph G with size m, I'y(G) < m. Moreover, I'y(G) =
m if and only if G is a nontrivial star or path.

This upper bound was later improved in [4].

Theorem 2.2 (Bouchemakh and Fergani [4]). If G is a graph of order n with minimum degree
(@), then T'y(G) < n — §(G), and this bound is sharp.

In all what follows, we will denote by P,, = vgv; ...v,, n > 1, the path of length n. Moreover,
we assume that subscripts of vertices of vgv; . .. v, of P, are “ordered from left to right.
Let T be a tree with diameter d and a diametrical path P; = vgu; ...v,. Foreachi € {0,...,d},
let 7; be the subtree of 7" induced by all vertices that are connected to v; by paths that are internally
disjoint from P.

In the following lemmas, Gemmrich and Mynhardt proved that there exist some sufficient
conditions for a tree to be non-diametrical.

Lemma 2.1 (Gemmrich and Mynhardt [9]). Let T' be a tree with diameter d > 3 and diametrical
path Py = vgvy ... vg. If there exists ani € {1,...,d — 2} such that each of v; and v, is adjacent
to a leaf other than v, (if i = 1) or vq (if i + 1 = d — 1), then I'y(T") > diam(T).

Lemma 2.2 (Gemmrich and Mynhardt [9]). If there exists ani € {2,...,d — 2} such that T; has
an independent set of cardinality 3 that dominates but does not contain v;,
or if max{degr(v1), degr(va_1)} = 4, then T, (T) > diam(T).

Lemma 2.3 (Gemmrich and Mynhardt [9]). If there exists ani € {2,...,d — 2} such that T; has
an independent set of cardinality 2 that does not dominate v;, then I'y(T') > diam(T).

Lemma 2.4 (Gemmrich and Mynhardt [9]). If diam(T;) = 4 for some i, or diam(T;) = 3 and v;
is a peripheral vertex of T;, then I'y(T) > diam(T").

'In their paper, Mynhardt and Roux used a slightly different definition of the set PBy(v) when f(v) = 1 and
Ny(v) # {v}, by including the vertex v in PB¢(v). Moreover, they called the set PBy(v) the private f-boundary
of v. We here use the term private f-border to avoid confusion between these two definitions. However, it is easy to
check that the private f-boundary of v is empty if and only if the private f-border of v is empty, so that Proposition 2.1
is still valid in our setting.
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For the particular case of caterpillars, Gemmrich and Mynhardt gave another sufficient condi-
tion for a caterpillar to be non-diametrical. Before stating the result, we recall that a strong stem is
a stem that is adjacent to at least two leaves.

Lemma 2.5 (Gemmrich and Mynhardt [9]). Let T' be a caterpillar with diametrical path P; =
VU1 - - ., Vg. If two vertices v; and v; o) are strong stems, for some 1 > 1 and some integer k such
that i + 2k < d — 1, and v; o, is a stem for eachr € {1,... k — 1}, then I'y(T) > d.

If T is a diametrical caterpillar, then 7' does not satisfy the hypothesis of any of Lemmas 2.1 -
2.5. The converse remains true and the negation of these hypotheses, applied to caterpillars, gives
the characterization of diametrical caterpillars stated in the following theorem

Theorem 2.3 (Gemmrich and Mynhardt [9]). A caterpillar T with diametrical path Py = vgvy . . ., v4
is diametrical if and only if

1. eachv;, i € {1,...,d — 1}, is adjacent to at most two leaves,
2. forany i€ {1,...,d — 2}, min{degr(v;),degr(vit1)} = 2,

3. whenever v; andvj, i < j, are strong stems, there exists a k, i < k < j, such that degr(vi,) =
degr(vgs1) = 2.

Let f be any minimal dominating broadcast on a graph G. In view of Proposition 2.1, eachv € V'
has a bordering private f-neighbor (denoted v”) such that either v? is at distance f(v) from v, or
vP =vif f(v) = 1and PN¢(v) = {v}. Dunbar et al. defined in [6] a function e on V't as follows:
e(v) = {e,}, where ¢, is any edge incident with v, if PB¢(v) = {v}, while €(v) is the set of all
edges that lie between v and v? if v” is at distance f(v) from v.

In the proof of Theorem 2.1, Dunbar et al. showed that the sets ¢(v) are pairwise disjoint.

Lemma 2.6 (Dunbar, Erwin, Haynes, Hedetniemi and Hedetniemi [6], proof of Theorem 5). For
any two f-broadcast vertices u and v, we have e(u) Ne(v) = 0.

Let f be a I',-broadcast on a caterpillar G' with size m. For every f-broadcast vertex v, we
denote by P/, according to presented case, a (v, v?)-geodesic path if v? is at distance f(v) from v
or a path with one edge e, if PBy(v) = {v}. Weset P/ = {P/ : v € V;"(G)}. For brevity, we
also denote by E; and E the sets Uyevy E(P/) and E(G)\E}, respectively. From Theorem 2.1
and Lemma 2.6, we get

Iy(G) = > fv) =|Esl <m.

vEV;r

Since I',(G) = m — |Ey|, it suffices to find a lower bound on | E/;| to get an upper bound on I';(G).
Thereafter, we will frequently use this idea to reach a conclusion.

Let C'T" be a caterpillar. We will always draw caterpillars with the spine on a horizontal line,
so that we can say that a spine vertex z; is to the left (resp. to the right) of a spine vertex x; of
CT, and that a pendent neighbor of z; is to the left (resp. to the right) of a pendent neighbor of z;
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Figure 1: CT(1,0,0,3,2,2,1,0,1).

whenever the spine vertex z; is to the left (resp. to the right) of the spine vertex x;, thatis ¢ < j
(resp. © > J).

Note that a caterpillar of length 0O is a star K ;, for some k£ > 1, and the upper broadcast domi-
nation number of a star is determined by Theorem 2.1. Therefore, in the rest of the paper, we will
only consider caterpillars with positive length.

Let N* = N\ {0}. Following the terminology of [2] and [14], we denote by CT'(¢y, ..., ¢,),
n > 1, with ({y,...,¢,) € N* x N*1 x N*, the caterpillar of length n > 1 with spine path
X ... Z, such that each spine vertex x; has ¢; pendent neighbors. For every ¢ such that /; > 0,
i=0,...,n, wedenote by L(z;) = {yl,...,y"} the set of pendent neighbors of z;. The caterpil-
lar CT(1,0,0,3,2,2,1,0,1) is depicted in Figure 1.

We denote by CT'[7, j], the sub-caterpillar of C'I" induced by vertices x;, . . ., z; and their pen-
dent neighbors if 0 < i < j < n,and CT[i, j] = 0 ifi > j.

We say that a pattern of length p + 1, Il = my...m,, p > 0, m; € Nforevery:,0 < i < p,
occurs in a caterpillar CT = CT'({y, . .., ¢,) if there exists an index ig, 0 < 7y < n — p, such that
CTlig, ig + p| = CT(mo, . .., ™), thatis, £; 4, = m; for every j, 0 < j < p. We will also say that
the caterpillar C'T" contains the pattern II and that the sub-caterpillar CT'(;,, . . ., {;y4p) of CT is
an occurrence of the pattern I1.

We can extend the notation for patterns by setting 7;" to mean a spine vertex having at least ;
pendent neighbors.

We first prove a property of optimal dominating broadcasts of caterpillars.

Lemma 2.7. For any caterpillar C'T, there exists a I'y,-broadcast such that each broadcast vertex
is either a leaf or a trunk.

Proof. Let f be a I',-broadcast of C'I. Assume that there exists an f-broadcast vertex x; €
V"1 e {1,...,n} such that z; is a stem. If f(z;) > 1, then the minimality of the dominating
broadcast f implies that x; has a bordering private f-neighbor s such that d(z;,s) = f(z;) and
f(y}) = 0 for every j, j = 1,...,¢; Consider the mapping g obtained from f by replacing
the f-values of z; and y! by g(z;) = 0 and g(y}) = f(x;) + 1. The mapping g is a minimal
dominating broadcast with cost o(g) = o(f) + 1 > I',(CT), contradicting the optimality of f.
Hence, f(z;) = 1. Moreover, PBy(x;) contains no trunk, for otherwise the mapping h obtained

224



Upper broadcast domination number of caterpillars with no trunks | S. Bouchouika et al.

from f by replacing the f-values of z; and y; by h(z;) = 0 and h(y;}) = 2 would be a minimal
dominating broadcast with cost o(g) = o(f) + 1 > I',(CT) + 1, contradicting the optimality
of f. Now, the mapping % obtained from f by replacing the f-values of z; and vy}, ... Ly by
k(z;) = 0 and k(y]) = 1 for every j, 7 = 1,...,{;, is a minimal dominating broadcast with cost
o(k) = o(f) + ¢; — 1. The optimality of f then implies ¢; = 1, so that we have (k) = o(f).

We can repeat the previous transformation on f until we get a I',-broadcast where each broadcast
vertex is not a stem vertex. This completes the proof. U

3. Caterpillars with no trunks

Let CT = CT({,...,¢,) be a caterpillar of length n > 1. For any minimal dominating
broadcast f on C'T, we assume that f(y!) > --- > f(y') forevery i = 0,...,n.

We say that C'T" is with no trunks if {; > 1 forevery i,7 =0,...,n.

In what follows, the unitary dominating broadcast is the dominating broadcast p defined by
p(u) = 1if wis aleaf and p(u) = 0 otherwise. Since each stem is u-dominated by one leaf and
PB,(v) # () for each v € V", then y is a minimal dominating broadcast of cost o(u) = i, £.

In order to simplify the reading of this paper, the proofs of the lemmas which are quite technical
are given in the appendix.

Lemma 3.1. If C'T is a caterpillar with no trunks, of lengthn > 1 and f is a I'y,-broadcast on C'T,
then, every f-broadcast vertex v is a leaf and the private f-neighbor of v is also a leaf if f(v) > 2.

Proof. By the proof of Lemma 2.7, we already know that every f-broadcast vertex is a leaf. As-
sume to the contrary that there exists some stem x; which is a private f-neighbor of some f-
broadcast vertex v. Since f(v) > 2, then we necessarily have, v # yzj , and more than that,
yf ¢ Vf+ for every j = 1,...,¢;, so that yf cannot be f-dominated, a contradiction. This com-
pletes the proof. [

We first determine the upper broadcast domination number of all caterpillars with no trunks of
length at most 2.

Lemma 3.2. If C'T is a caterpillar with no trunks, of length n < 2 and size m, then

m, ifn=1and m = 3,
Iy(CT)=¢ m—1, ifn=1landm >4, orn=2andly =10, =1,
m — 2, otherwise.

Lemma 3.3. If CT be a caterpillar with no trunks, of length n > 1, then I',(CT') > {%J

Corollary 3.1. IfCT = CT({y, ..., ¢,) is a caterpillar with no trunks, of length n > 1, then CT
is diametrical if and only if one of the following conditions is satisfied :

1. n=1, Eo—f—gl & {2,3}

2.n=2/lg="0l=1andt; € {1,2}.

225



Upper broadcast domination number of caterpillars with no trunks | S. Bouchouika et al.

Proof. Let CT = CT({y,...,{,) be a caterpillar with no trunks of length n > 1, and size m.
We know by Lemma 3.3 that I',(CT) > L@J Since diam(CT") = n + 2, we deduce that
[y(CT) > {%J > diam(C'T"), whenever n > 3.

If n = 1, then diam(C'T") = 3. From Lemma 3.2, we have I',(C'T) = m if m = 3, and I',(CT) =
m — 1if m > 4. Tt follows, I',(CT) = diam(CT) if and only if, (4o, ¢1) € {(1,1),(1,2),(2,1)}.
If n = 2, then diam(C7T) = 4, and from the same lemma, we also have I',(CT) = m — 1, if
by = 0, = 1 (or {y = ly = 1, by symmetry), and [',(CT) = m — 2 otherwise. Hence, we
get ['y(CT) = diam(CT) if and only if (¢, ¢1,02) € {(1,1,1),(1,2,1)}. This completes the
proof. [

Thanks to Corollary 3.1, we can only consider in the rest of the paper caterpillars C'T" with
length n > 3. Hence, each such caterpillar C'T" is not diametrical and each I';,-broadcast f on C'T’
satisfies [V > 2.

Proposition 3.1. If C'T is a caterpillar of length n > 3, with {; > 2 for everyi = 0,...,n, then
Fb(CT) — ?:0 E’L

Proof. Since the cost of the (minimal) unitary dominating broadcast is >} ¢;, we get I',(CT') >

o ;. Conversely, let f be a I',-broadcast on C'T', such that each f-broadcast vertex is a leaf
(such a broadcast exists by Lemma 2.7). We first prove that [E;| > n. For that, consider any
edge x;x;11, 1 € {0,...,n — 1}, of the spine P, = zozy...x,. If ;2,41 is an edge of some
PJ € P’, then by Lemma 3.1, v? is also a leaf non-adjacent to x;. Thus, the set Ff contains
¢; > 2or{l; —1 > 1 edges incidents to x; depending on whether x;_;x; is an edge of Pvf , Or not.
If none of the paths of Pf has x;T;y1 as an edge, then x;x; 1 € Ff It follows, |Ff| > n, and thus
IW(CT) = |E(CT)| — |Ef| < |E(CT)| —n = 31 ¢;. This completes the proof. O

Lemma 3.4. If CT is a caterpillar of length n > 3, with {; = 1 foreveryi =10,...,n, and f is a
[y-broadcast on C'T, then f(u) # 2 for every f-broadcast vertex u.

Proof. Let f be a I',-broadcast on C'T. Assume, to the contrary, that f(u) = 2 for some u € V.
By Lemma 3.1, u and its private neighbor u? are leaves. Since f(u) = 2, then u and u” are adjacent
to the same stem, a contradiction with the type of caterpillar, where ¢; = 1 forevery ¢ = 0, ..., n.
This completes the proof. 0

Theorem 3.1. If C'T is a caterpillar of length n > 3, with {; = 1 for every i = 0,...,n, then
Ly (CT) = 2]

2
broadcast on C'T’, such that each f-broadcast vertex is a leaf with an f-value different from 2.

Thanks to Lemma 2.7 and Lemma 3.4, such a broadcast exists. Let VfJr = {v1,...,vs} be the set

Proof. By Lemma 3.3, we already have I',(CT) > {MJ For the converse, let f be a ['-

of f-broadcast vertices, ordered so that, for every 7,7 = 0,...,n — 1, the stem adjacent to v;, in
the spine P, = x¢x; ... Ty, lies left to the stem adjacent to v; whenever ¢« < j, and let v, € Vf+,
k=1,...,s. Since vy is a leaf, we have v, = y; for some i € {0,...,n}. In what follows, we

denote by e; the pendent edge y;xj,j € {0,...,n}.
To prove the statement, we consider two cases.
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By Lemma 3.1, we know that the private neighbor vj, is a leaf. Hence, the (v, v} )-geodesic
P, is the path vxZ; ;11 . . . Tit (o) —2V) OF VpZiZio1 - - . Tie f(ug)+2Vh-

Therefore, {€;11, .-, €itf)-3} C Eyor{ei—1,...,€i_jw+3} C Ey. In the case where
0<k<s, Ff contains another edge, which is either ;. ¢, )22+ f(v,)—1 OF 23241, depend-
ing on whether vy, is to the left or to the right of v}. It follows, |Ef| > f(vx) — 3 if k = s,
and |Ey| > f(vy) — 2 otherwise.

Since, P,, = y}x; (recall that v, = y;), we infer that z;2;11 € F, and thus |E;| > 1, if
0<k<s.
Note that if an edge ;x;41, 7 = 0,...,n—1, of the spine P,, appears in F, then z; is adjacent

to the last pendent vertex, namely yjl-, of some path of P/, and since the paths of P/ are pairwise
disjoint by Lemma 2.6, we can say that

Bl= ¥ (oo -2+ ¥ { T 70 i 23

k=1 k=1 if f(vs)
Flog)>3 Fop)=1
Hence,
[El=1{ > (flu) —2) [ + Z 1-1
[Tomie rlm
It follows,

|Ef| = To(CT) = 2/{vg : f(uv) = 3} — L.
Since I',(CT) = |E(CT)| — | E¢| and the size of the caterpillar CT is 2n + 1, we infer

2I(CT) < |E(CT)| + 2[{vk : f(vr) >3} +1=(2n+2) +2|{vg : f(uvx) > 3},

which leads to

Ty(CT) <n+ 1+ [{vg : f(uvx) > 3}.
It is not difficult to see that, in each sub-caterpillar CT[i,i + 3|,7 = 0,...,n — 3, the number of
f-broadcast vertices v with an f-value f(v) > 3 cannot exceed 2. Then |{vy : f(vy) > 3} <
and I',(CT) < "“) . This completes the proof. N

Lemma 3.5. If C'T is a caterpillar C'T" with no trunks, of length n > 3, then C'T'" admits a T'y-
broadcast f with f(u) # 2 for every u € V.

Proof. Let g be a I'y-broadcast on the caterpillar C'T" and let u € V+, with g(u) = 2. By
Lemma 3.1, u and its private neighbor u” are leaves. Since g(u) = 2 then u = y] for some
i €{l,...,n}, and uf are adjacent to the same stem x;. Consider the mapping f obtained from
g by replacmg the g-values of 3y}, j = 1,...,4;, by f(yz) =1,5 = ., ¢;. The mapping f is a
minimal dominating broadcast on C'T' with costo(f)=o(g)+4;— 2. The optimality of g implies
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¢; = 2, so that we have o(f) = o(g). We then repeat this transformation on each g-broadcast ver-
tex with a value equal to 2 until we obtain a mapping with the required condition. This completes
the proof. [

Lemma 3.6. If C'T is a caterpillar with no trunks, of length n > 3, then C'T" admits a I',-broadcast
fwith f(u) <3 for everyu € V.

Lemma 3.7. If C'T is a caterpillar with no trunks, of length n > 3, then C'T" admits a T'y,-broadcast
f, such that

1. Ifby+ 0y > 3, then f(1) # 3foreveryj, j =1,... 4o (05, if oy + Ly > 3, then f(yl) # 3
foreveryj, 5 =1,...,0,).

2. If y; is a f-broadcast vertex for some i = 1,...,n, with f(y;) = 3, then PBy(y}) is equal
to either L(x;_1) or L(x;y1) (in that case, 1} is said to have only one private side).

3. Ifthere exists a pendent vertex f-dominated by two f-broadcast vertices u et v, then d(u,u’) =

3.

Let C'T¢ be a caterpillar with no trunks of length 3, and having five pendent edges. Then C'T;
must be one of the caterpillars C7'(2,1,1,1), CT(1,2,1,1), CT(1,1,2,1),or CT(1,1,1,2). We
say that a caterpillar C'T is C'T¢-free if C'T' contains none of the patterns 2111, 1211, 1121 or 1112.
Further, in the following, we say that a mapping ¢ on a caterpillar C'T" is a good I'y,-broadcast if g
is a [',-broadcast satistfying the conditions of Lemmas 3.1, 3.5, 3.6 and 3.7.

Lemma 3.8. If CT is a caterpillar with no trunks, of lengthn > 3, then C'I' admits a I'y-broadcast
f such that f(y!) = 1 for every j = 1,...,4; whenever {; > 3, or {; = 2 if CT is a CTg-free
caterpillar.

Let C'T' be a caterpillar with no trunks, of order n > 3, and let f be aI'y-broadcast on C'T. For
any stem 3,7 = 0,...,n, with {; = 2, we denote by F) = CT[i —j+1,i—j+4],j=1,...,4,a
caterpillar of type C'Ty'. On F}, we consider a mapping 67, defined by 67 (y; _;,5) = 6](y}_;3) =3
and 6/ (v) = 0 otherwise ( see Figure 2).

Lemma 3.9. If C'T" is a caterpillar of length n > 3 and x; is a stem with {; = 2 for some
i € {0,...,n}, then CT admits a I'y-broadcast f such that

1. If z; does not appear inany F/, j = 1,...,4, then f(y}) = f(y?) = 1.

2. If x; is a stem of a sub-caterpillar CT' of CT, of type CTy, then either f(y}) = f(y?) = 1,
or f(y}) = 0! (y}) and f(y?) = 0/ (y?) for some j € {1,...,4}, in which case CT' = F?

and the restriction of f on CT' is 0.

Let C'T} and C'T; be two caterpillars of lengths n; and ns respectively. The concatenation of
C'Ty and CT5 is the caterpillar CTy + C'T5, of length ny 4+ no + 1, where

(CTl —+ CTQ)[O, nl] = OTl,
(OTl + C'Tg)[nl -+ 1,711 + ng + 1] = CTQ,
CT1 + @ = CTl, and, @ + CT2 = CTQ
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Z; Z;
00 3 3 0 0 30 3 0
@j=1 ®j=2
x; €
...... i I lf& I i I I ﬁ
0 3 30 0 0 3 3 00
©j=3 (d)j=4

Figure 2: The function 95 , for some value of j.

Using the concatenation operation, we can define some transformations on any caterpillar C'T" of
length n. For an integer 7,7 = 0,...,n — nq, let

o CT[CTy/0,1] be the caterpillar obtained from C'T by removing CTy = CT'[i, i + nq],
CT[n: + 1,n], ifi =0,

CT[CTy/0,i) =< CT[0,n—ny —1], ifi=n—ny,
CT0,i —1]+CTli+mn, +1,n], ifi=1,...,n—ny3 —1,

* CT[D/CTs,1] be the caterpillar obtained from C'T by inserting CT5 between the stems z;_;
and z; of C'T if i # 0, and the concatenation of C'T5 with C'T" otherwise,

CT, + CT, ifi =0,

» CT[CT,/CT,,i] be the caterpillar obtained from C'T" by removing CT} = CT'[i, 1+ n,] and
by inserting C'T, between the stems z;_; and z; of C'T’,

CT2+CT[H1+1,H], leIO,
CT[CT,/CTy,i] =4 CT[0,n —ny — 1]+ CTy, ifi=mn—nq,
CT[0,i —1]+CTy+CTli+ny+1,n], ifi=1,....,n—ny — 1.

Lemma 3.10. Let C'T be a caterpillar with no trunks, of length n > 4, and containing the patterns
Land 2*. If M = CT(1,1,1,1) is a sub-caterpillar of CT, then

[,(CT) = Iy(CT[M/0,4]) + 6.
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For any caterpillar C'T" with no trunks and containing the patterns 1 and 27, if the pattern
IT=1...1,of length p+ 1, p > 3, occurs in C'T, we can iteratively remove all sub-caterpillars
isomorphic to M. The resulting caterpillar, denoted by CT", is called the reduced caterpillar of
CT. We denote by z ...z, the spines vertices of CT" and by L(z;) = {t},...,t;""} the set of
pendent neighbors of z;.

In view of Lemma 3.10, the following result is immediate.

Proposition 3.2. If C'T is a caterpillar with no trunks, of length n > 4, containing the patterns 1
and 2%, and CT" is a caterpillar of length k, then

Fb(CT) = Fb(CTr) + 671]\/[,

n+l1—k
4

where ny; = is the number of steps required to transform C'T into C'T".

Thanks to Proposition 3.1, if the length of C'T™" is k and each spine z; of C'I"" has m; pendent
neighbors, with m; > 2, then

im;>2

so we henceforth assume that C'T" is a caterpillar with a pattern 1 and 27, and the pattern 1. .. 1,
of length p + 1, occurs in C'T" only if 0 < p < 2.

Let H be one of the three sub-caterpillars C7T'(1), CT(1,1) or CT(1,1,1), of CT. In order
to prove the next proposition, we introduce a new definition. A dominating broadcast » on H is
H-pendent restricted if the pendent vertices of C'T’, different from those of H, are not A-dominated
by some h-broadcast vertex of V.

Denote

Fy = {h : h is a minimal H-pendent restricted dominating broadcast on H },
and let 7 be a minimal H -pendent restricted dominating broadcast on /{ with maximum cost
o(hy) = max{o(h) : h € Fy}.
Since hy is a minimal dominating broadcast on H, we get

o(hy) <Ty(H).

Proposition 3.3. Let CT be a caterpillar with no trunks, of length n > 4, and let H = iy, i;] be
one of the three sub-caterpillars CT(1), CT(1,1) or CT(1,1,1), of CT. If f is a I'y-broadcast on
CT, then

(E )= I'y(H), ifxg€ Horx, € H, orp=0andxy,x, ¢ H,
o\H) = p+1, ifp=12andzy,x, ¢ H.

Proof. Let H = [ig,11], with 1 < 43 —i5 + 1 < 3, and let h be a minimal H-pendent restricted
dominating broadcast on /7. We distinguish two cases.
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l.xpe Horx, € H,orp=0and xg,z, ¢ H.
By symmetry, it suffices to consider the case x,, € H or, p = 0 and x¢, z,, ¢ H.
The mapping defined in Lemma 3.3 is a minimal /7-pendent restricted dominating broadcast
on H with cost {%J Then,

E

Since I',(H) = {@J, we get o(hy) = Ty(H) = {3@;1)]

2.p=1,2andxy,z, ¢ H.
If p =1, then ¢; = iy + 1 and only these possibilities can occur:

h(wi,) = h(z;,) = 0and h(y,,) = h(y;,) = 1, or
h(xlo) - h(xll) = 1 and h<yllo) - h(y’}l) = 07 or
h(zi,) = h(y;,) = 0 and h(y;)) = h(z;,) = 1, or
h(wi,) = h(y;,) = 1and h(z;,) = h(y;,) = 0.
Since in each case, o(h) = 2, we get o(hy) =2 =p + 1.
If p = 2, then 7; = iy + 2 and only these possibilities can occur:
Byh) = Bl 1) = byl a) = Tand A(zi,) = h(riy 1) = hlaiy42) = 0, or
B(zige1) = h(yh) = hlyb ) = Land hey,) = hlrisz) = h(yl ) = 0, or
W) = hlziin) = h(ra2) = Land h(yh) = h(yl ) = h(yh.,) = 0, or
h(xlo) - h(xi0+2) - h<y210+1> 1 and h y}o) = h(y’}o—l-Q) = h(xio-H) = 07 or
h(xu)) - h(xio-i-Q) = h(yzlo) = h(yilo—f—l) = h(yz'10+2) =0 and h(xio-H) =2, or
) = . — . = h(yl) = h(y! = 1 =
h(ajlo) h(x10+1) h(x20+2) h’(y’bo) h‘(ylo—‘rQ) 0 and h‘(yzo—‘rl) 3
Since in each case, o(h) is equal to 2 or 3, we get o(hy) = 3 = p + 1.
This completes the proof. ]

Let H,...,H, be the sequence of all maximal sub-caterpillars C7'(1), CT'(1,1)and CT(1,1,1)
in C'T". In view of the previous results (Lemmas 1, 8-12,15 and 16), we can at this step, give the
exact value of T',(CT") when the reduced caterpillar CT" of C'T contains the patterns 1 and 27,
and is C'T3-free.

Lemma 3.11. If CT is a caterpillar with no trunks of length n > 3 and let C'T" be the reduced
caterpillar of CT containing the patterns 1 and 2. If CT" is and C'Ty-free, then

L(CT) =S olim) + Y me

i=1 itm;>2

From Proposition 3.2, and Lemma 3.11, we deduce the following formula.
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Theorem 3.2. If C'T is a caterpillar with no trunks, of lengthn > 3, containing the patterns 1 and
2%, and C'T;-free, then

i=1 im;>2

Concerning reduced caterpillars CT" of length k, the formula of I'y,(CT") cannot be deduced
so simply when C'T¢ is an induced subgraph of C'I", we need to prove some results beforehand.
For that, we introduce a new mapping which gives, for a given dominating broadcast f, the f-
values of the pendent neighbors of a stem z;, withm; = 2,7 = 0, ..., k, where all possibilities of
these f-values are known thanks to Lemma 3.9.

Let D = {dy,ds, . ..,dy} be the set of stems in C'T" which are adjacent to exactly two leaves.
We assume that the sequence D is ordered according to C'T™, that is d; occurs before d; in D if
1< 7. 4

Ford, € Dand j = 1,...,4, let Py be the function from D to {¢],j = 1,...,5}, defined as
follows

6, fCT[i—j+1,i—j + 4] is a caterpillar of type C'Ty
Py(d;) = and (f(t), f(t7)) = (0] (;). 0 (7)),
07, if f(t;) = f(t]) = 1.

We use the notation C'T’f to denote either the caterpillar F) =CT[i—j+1,i—j+4] or CTVi,i]

OTi — F/, if Pr(d;) =6,j=1,....4,
P\ CTli,i, if Pp(d;) = 62.

Using previous results and applying them on the reduced caterpillar C'T" with CTZ, we obtain
the following theorem.

Theorem 3.3. Let C'T" be a caterpillar with no trunks such that the reduced caterpillar CT" has
length k > 3. If CT" contains C'TZ, then C'T™ admits a T'y-broadcast f such that

1. VfJr contains no stems.
2. For every f-broadcast vertex u, f(u) € {1,3}.
3. For every pendent vertex t), withm; > 3and j = 1,...,m;, f(t]) = 1.
4. For every f-broadcast vertex t} with f(t}) = 3,
(a) Ifi = 0 (resp. i = k), then mg + my = 2 (resp. my_1 + my, = 2).

(b) Ifi ¢ {0,k}, then z; € CTZ and Py(z;) € {60},607,63, 61}

[ A A )

232



Upper broadcast domination number of caterpillars with no trunks | S. Bouchouika et al.

Proof. From Lemmas 1, 8-11, C'T" admits a I',-broadcast f satisfying Items 1, 2, 3 and 4(a). We
have to prove Item 4(b).

Let z; be a stem of CT", i ¢ {0,k}. The caterpillar CT" contains C'T% and thus CT" contains
the patterns 1 and 2. From Lemma 3.7(2), we have either PBy(t}) = L(z;_1) or PBy(t}) =
L(z;41), and if there exists a pendent vertex f-dominated by two f-broadcast vertices u and u/,
then d(u, u') = 3. Hence, the f-values of the pendent vertices of the sub-caterpillar CT'[i — 1, i+ 2]
(or, similarly CT'[i — 2,4 + 1]) of C'T", are zero except for ¢} and ¢}, in CT[i — 1,7 + 2|, where
f(tH) = f(tl,;) = 3. Since f satisfies the item 3 and C'T" contains no pattern 1111, we get m; < 2
forevery j =i—1,...,i4+2in CT[i— 1,7+ 2], and more precisely m;_1 +m; +m;1 +m;2 < 6,
for otherwise we could define a mapping on C'T" by modifying to 1 the f-values of each leaf of
CT[i — 1,7 + 2|, giving a minimal dominating broadcast on C'T" with cost greater than I',(C'T),

a contradiction. On the other hand, if m; 1 + m; + m;y1 + m;; o = 6, we use the previous
mapping, in order to have each leaf with an f-value different from 3, without modifying the cost
of f. Therefore, m; 1 + m; + m;;1 + m;;o = 5 and we are done. O

Lemma 3.12. Let C'T be a caterpillar with no trunks such that the reduced caterpillar C'I" has
length k > 3. If C'T" contains C'Ty, then CT" admits a Uy-broadcast f such that, for every stem
d; € D, we have

1. If P(d;) = 0! for some j € {1,...,4}, then T',(CT") = Fb(C’T’“[CT}/KLG,i —j+1])
2. If Py(d;) = 05, then T\(CT") = Ty(CT"[CTi/ Ky, ]) — 4.

Using Lemma 3.12 [D| times, we can infer the value of I',(C'T") as a function of I'(CTF-),
where C’Tl’f)—2 is the reduced caterpillar of a caterpillar C'T" with no pattern 2.

Theorem 3.4. If C'T is a caterpillar with no trunks such that the reduced caterpillar C'I'" has
length k > 3, then
Fb(OTT) = Fb(OTITj) - 47lp2,

where np, is the number of stems in D, for which P;(d;) = 6.

It should be noted that the exact value of Fb(CTl’;—z) is completely defined by Proposition 3.1
or Lemma 3.11 depending on whether C'7’ ]g—z contains the pattern 1 or not.

To use Lemma 3.12, we need to know, for a given [',-broadcast f, the values of Pf(di), for

every stem d; of CT" adjacent to two leaves. Lemmas 3.13 and 3.14 provide a response to this
need. For this, let us recall some notations previously introduced.
Let CT" = CT(my,...,my) be the reduced caterpillar of C'T, zo,...,z; the spines vertices
of CT", L(z) = {t},...,t{"} the set of pendent neighbors of z;, for every i = 0,...,k, and
D = {dy,ds,...,dy} the set of stems in CT" adjacent to two leaves. Denote by z;, and z;,, the
first and the last stems of C'I™" respectively, with m;,, m;, > 2.

We first study, in Lemma 3.13, the case where m;,, m;, > 3 by proving that C'I" admits a
I',-broadcast f such that if d; = z; for some index 4, does not appear in any £} (of type CTd,
j=1,...,4,then Ps(dy) = 5. Otherwise, P(d,) = 6, where j is the smallest integer for which
F/ =CT[i—j+1,i—7j+4].
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Lemma 3.13. Let C'T" be a caterpillar with no trunks such that the reduced caterpillar C'I'" has
length k > 3, and satisfying m;,,m;, > 3. If CT" contains CT2 and dy = z; for some index 1,
then C'T" admits a I'y-broadcast f such that

1. Ifmi_g = Mmj_g = Mmy_1 = 1, then Pf(dl) = 9;1
Ifmz‘_g =m,;_1 = 1, miy+1 = 1 and m;_3 7é 1, then Pf(dl) = 9?
Ifmi,1 = 1, M1 = Mo = 1 and m;_o 7é 1, then Pf(dl) = 922

IfmiH = Myj4+o = My13 = 1 and m;_q 7’é 1, then Pf(dl) = 911

AR S

If dy does not appear in any sub-caterpillar Fl-j, j=1,...,4, then Ps(dy) = 63.

Thanks to Lemma 3.13, we are able to determine P;(d;). Afterwards, we consider the cater-
pillar CT"[CT}/Ky6,i — j + 1] or CT"[CT}/ K16, 14], according to Py(d;) = ¢/ for some j €
{1,...,4} or P¢(d;) = 67. We use again Lemma 3.13 for the concerned caterpillar, with |D| — 1
stems adjacent to two leaves. Repeating this procedure |D| times, we obtain a caterpillar without
pattern 2 (that is, a C'T3-free caterpillar) and P;(d;) is determined for every i = 1,...,s". The
value of I',(C'T™) is deduced from Lemma 3.11 and Theorem 3.4.

Lemma 3.14. Let C'T be a caterpillar with no trunks such that the reduced caterpillar C'T" has
length k > 3. If CT" contains C'Tg and dy = z;,, then CT" admits a Ty-broadcast f such that

1. Py(dy) & {65,067, }-
2. Ifig € {1,3} and dy € F?, then Py(d,) = 0.
3. Ifig € {0,2} and dy € F., then Ps(dy) = 0.

4. If dy does not appear in any sub-caterpillar F; J

10’

j €{1,2}, then Ps(dy) = 62

For any reduced caterpillar with m;, = 2 (or m;, = 2 by symmetry), we are able to determine
Py(dy) (and Py(dy) whenm;, = 2), from Lemma 3.14. Similarly to what was discussed previously
(case m;, > 2 and m;, > 2), we consider the caterpillar C'I; representing C'T’ 7"[C’T}O /K16,10 —
j+ 1] or CT"[CT}* /K14, o), according to Py(dy) = 07 for some j € {1,...,4} or Py(dy) = 63.
By symmetry, we do the same thing again on C'I; when m;, = 2. Then, we use Lemma 3.13 for
the resulting caterpillar, with |[D| — 1 (or |D| — 2 when m;, = 2) stems adjacent to two leaves.
Repeating this procedure | D| times, we obtain a caterpillar without pattern 2 (that is, a C'T3-free
caterpillar) and for every i = 1,...,s’, Ps(d;) is determined. The value of I',(C1T™) is deduced
from Lemma 3.11 and Theorem 3.4.
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Figure 3: Determination of CT}.
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Figure 4: I'y-broadcast on CT.
4. Example

We illustrate through an example how we can find a I'j-broadcast for caterpillars C'I" which

contains the patterns 1 and 27, and containing C'T%. For this, we consider the following caterpillar
CT[(l)g’ 27 (1)47 37 (1)77 27 17 2’ (]‘)2’ 27 1]'

Step 1. We delete the two occurrences of M in CT, thatis CT'[4 : 7] and C'T'[9 : 12].
Let CT" = [(1)3,2,3,(1),2,1,2,(1)2,2, 1] (see Figure 3.(a)) and ny; = 2.
We have I',(CT) = T',(CT") + 6 x ny = Iy (CT7) + 12.

Step 2. We determine ¢/ for each pattern 2.
1. InCT", iy = 3,d; = z3 and m3 = 2. According to Lemma 3.14, we have P;(d;) = 63.
We consider CT7 = [(1)3,6,3,(1)%,2,1,2,(1)?, 2, 1](see Figure 3.(b)).

2. InCTY{, m;, = 2,djp,| = 13, and ig = n — 1. According to Lemma 3.14, P;(d|p,|) =
03,. We consider CT5 = [(1)3,6, 3, (1)%,2,1, 2, 6](see Figure 3.(e)).

3. In C'Ty, my, > 3,d; = z3, ms = mg = my = 1 and my = 3 # 1. According to
Lemma 3.13, Py(d;) = 6. We consider CT; = [(1)3,6, 3,6, 1,2, 6](see Figure 3.(c)).

4. In CT3, my, > 3,dy = z7,and dy ¢ F?,Vj € {1,...,4} . According to Lemma 3.13,
Py(dy) = 63. We consider CT} = [(1),6,3,6,1,6,6](see Figure 3.(d)).

The last reduced caterpillar CT} = [(1)3,6, 3,6, 6,6, 1] is a caterpillar without pattern 2 and
=2
Py .
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Step 3. Calculation of I',(C'T).
Thanks to Proposition 3.2 and Theorem 3.4, we have
The cost of ', on caterpillar CT}[(1)3,6,3,6,6, 6, 1] is calculate from the formula givin by
Lemma 3.11. It follows, I',(CT") = 36 and the [',-broadcast on C'T" is depicted in Figure 4.

5. Conclusion

In this paper, we gave the exact value of I'; for any caterpillar without trunks. The study of
caterpillars containing trunks seems more complicated in general. For future research, several
problems seem interesting.

* Determine the value of I',(C'T") for more general caterpillar classes, such that the class of
caterpillars with no %k consecutive trunks, k£ > 2.

* Let m and n be two positive integers. The value of I',(P,,[JP,), where [J stands for the
Cartesian product of graphs, has been determined in [4]. Determine the value of I'y(P,,0 F,),
for any other operation o, as it was done for the variant v, in [15].

* Determine the ratio between I', and any other broadcast invariant (to our knowledge, this
question has been studied in the literature only for boundary independence numbers in [13]).
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6. Appendix

Proof of Lemma 3.2. Let C'T be a caterpillar with no trunks, of length n < 2 and size m, and let
f be a I'y-broadcast on C'T".

If n = 1 and m = 3, then C'T is a path and I',(C'T") = m (see Figure 5 (a)).
If n > 2 or m > 4, then C'T is neither a path nor a star. By Theorem 2.1, we get I',(CT) < m — 1.
For the converse, we have to define a minimal dominating broadcast on C'I" with cost m — 1 or
m — 2, according to the studied case.
Let x4 be the unitary dominating broadcast on C'T". Since p is a minimal dominating broadcast
with cost m — n, we infer I'y(CT) > m —n. Forn = 1 and m > 4, we immediately get
['y(CT) > m — 1, and thus I',(CT) = m — 1 (see Figure 5 (b)).
Ifn =2and ¢y = ¢, = 1 (the case ¢/, = ¢, = 1 is similar, by symmetry), then the mapping g
defined by g(y}) = 1 forevery j, j = 1,..., 45, g(y) = 3, and g(z) = 0 otherwise is a minimal
dominating broadcast with cost m — 1. Hence, I',(CT') > m — 1, and thus I',(CT') = m — 1 (see
Figure 5 (¢)).
Ifn =2and ¢, > 2, then f(y]) < 2. Indeed, since the f-value for each vertex of CT does not
exceed its eccentricity, we have f(y]) < 3 forevery j = 1,...,/;. On the other hand f(y}) = 3
cannot hold (recall that we assumed f(y!) > --- > f(y'") forevery i = 0, ..., n), since otherwise
V" = {y}} and we could set g(x) = 1 for every leaf z, giving a minimal dominating broadcast
with cost 0(g) > 4 > o(f) + 1, contradicting the optimality of f.
According to the f-values of pendent vertices 7, j = 1,...,¢;, we discuss three cases. In each
case, we prove the existence of at least two elements in 'y, which allows us to get T, (C'T) < m—2.

1. f(y{)zlforeve':ryj:l,...,él. A
We have PB¢(y7) = {y1} and then, P, = ylx, forevery j = 1,...,¢; and 1 does not lie

to any path P/, where v is an f-broadcast vertex of CT, v # y{. Thus, the edges xpz; and
x172 belong to Ey.

2. f(yl)=0forevery j =1,..., 0.
By Lemma 2.7, ] is f-dominated by y} or yi. By Lemma 2.6, we have either PB;(y}) =
L(x1) or PBy(y,) = L(x1). Therefore, we have either P,y = Yozoz1y] or Py = yszomyl,
for some j € {1,..., ¢}, and the set E; contains ¢; — 1 > 1 pendent edges and one of the
edges xogry Or x1x5.

3. fly1) =2
We have PB;(y}) = {v?,...,9'}, for otherwise the leaves adjacent to xz or to z would
not be dominated. Hence, Pi = yiy] for some j € {2,...,¢;} and x; cannot lie on some

path PJ , v@re v 1s a broadcast vertex different from y}. Therefore, the edges zor, and z125
belong to Ey.

Ifn=2,0,>2,¢, =1and ¢y > 2, then, by the same arguments as above, the f-values of the
leaves cannot exceed 3. We distinguish six cases.
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3 0 111 11
@n=1m=3 b)yn=1,m=>5

CT AT A TA ]

11 1 11 1 11

8]

11

©n=2/6=16=1dn=2Ll=1,06=2 @n=2/L =2/ =1

Figure 5: Examples of I',-broadcasts for n = 1, 2.

. f(y) =0forevery j =1,..., 4.
The vertex 17 is f-dominated by y3, for otherwise o(f) = f(y!) = 3, contradicting the
optimality of f. Therefore, V" = {y;} and P; = Yoz oyl for some j € {1,...,4}.
Hence, |Ef| > (o — 1)+l + (la—1) =Lly+ o — 1 > 3.

. f(y}) = 1forevery j =1,...,0ly, and f(y}) = Lforeveryl =1,...,0,.
We have PBj(y}) = {y}} and PB;(y5) = {y.}, and then P, = yowo and P = ybTo.

Therefore, both edges zox; and z125 are in the set F.

. f(d) = 1forevery j = 1,... 4, and f(y3) = 2 (the case f(y§) = 2 and f(yb) = 1 for
every [ = 1,...,{, is similar, by symmetry). .
We have PB;(yj) = yi and PBf(y3) = {v3, ...,y }, and then P, = Yoo and Py = yyh
for some [ € {2,...,/5}. We have again both edges x¢z; and 125 in the set E;.

. f(y) = 1forevery j = 1,... 4, and f(y3) = 3 (the case f(y}) = 3 and f(y}) = 1 for
every [ = 1,..., {5 is similar, by symmetry). '
We have PB;(y)) = {vj} forevery j = 1,..., 4o, and PB;(y;) = y;, and then Pyg = ydxo
and Py = yazowiyt for some k Eﬁ, ..., 01}. Thus, the edges oz, and the {5 — 1 > 1
leaves yhxa, | = 2,..., (5 belong to E.

I =2maf) =2 E |
We have PBy(y;) = {43, .-, %"} and PB¢(y3) = {v3,..., 45’} and then P,y = ygup for

some j € {2,..., 0}, and P; = y,y5 for some | € {2,...,0y}. It follows, f(y;) = 1 and
PBy(y}) = {x1}. Thus, both edges xox; and z;25 belong to F.

. f(y) =2and f(y3) = 3 (the case f(yj) = 3 and f(y4) = 2 is similar, by symmetry).
We have PBs(y}) = {42,...,y5’} and PBs(y}) = {yi}, and then P,i = yyp for some
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0 3 30 0 O 3 3000 O 11
(@n=3 byn =
000 3 3 0 0 3
c)n=5
00 3 3 0 1 000 3
(dn=2=6

Figure 6: Examples of the broadcast f defined in Lemma 3.3.

J€A{2,... . lo},and Py = yazox1yt. Hence, the edges zoz; and the , — 1 > 1 leaves ybxy,
l=2,...,0,belong to E;.

In each case, we proved that I',(CT) < m — 2. Since [',(CT) > m —n > m — 2, we get
['y(CT) = m — 2 (see Figure 5 (d) and (e)). This completes the proof. H

Proof of Lemma 3.3. Let CT = CT({y,...,{,) be a caterpillar with no trunks, where n + 1 =
49+ r,q € N and r = 0,...,3. We define a mapping f (see Figure 6), by setting, for i =
0,....,n—r

flyh)y =3 ifi = 1,2[4]
f(yl)y=1forevery j=1,...,40,, ifr=1
fyn) =3, ifr=2
fyly=3and f(y) ,) =1forevery j=1,... L, o, ifr=3
f(u) =0, otherwise.

For all other vertex u of C'T', we set f(u) = 0. The mapping f is clearly a minimal dominating
broadcast, with cost

Sntl) ifr =0,2,
o(f) =14 &+, ifr =1,
Mot by, ifr=3.
It follows, o (f) > [%J, and then, [',(CT) > {%J This completes the proof. O
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xio ) () () () :EIZI
0 0 5 0 0 0
(@i=2,g(u)=5andi—g(u)+2<0
(Li) I I M) M) ‘rIzl
0 0 0 5 0 0
®)i—gu)+2>0andi+g(u)—2>n
ajio ) ) ) () () .CEIZ:l
0 0 0 5 0 0 0

©i—gu)+2>0andi+g(u) —2<n

| S. Bouchouika et al.

Figure 7: Tllustration for the proof of Lemma 3.6, Case 1.

1. Every pendent vertex in By(u) belongs to PB,(u).

In that case, we set
ip=0andi; =i+ g(u) — 2, if i —g(u)+2
iop =1—g(u) +2andi; =n, if i+ g(u)—2
ip=1—g(u) +2andi; =i+ g(u) — 2, otherwise.

Proof of Lemma 3.6. Let g be a[',-broadcast of C'T". Assume that there exists a g-broadcast vertex
u = y; for some i € {0,...,n}, with g(u) > 4 and u is the leftmost g-broadcast vertex with this
property. By Lemma 3.1, w and its private neighbor u” are leaves.

We will consider the sub-caterpillar CT* = CT'ig, 1], where iy and ¢
on the two following cases.

1 will be defined depending

<0,
> n, (see Figure 7)

Obviously, we have iy < 7;. Moreover, ;1 — 7o + 1 < 3 holds if and only if ¢ = 0 and

g(u) =4 (or, i = n and g(u) = 4, by symmetry). Indeed,

Ifi =0and g(u) =4, theni — g(u) +2=—-2<0andi; —ip+ 1 =3 < 3.
Conversely, assume that i; — g+ 1 < 3and g(u) > 4. Ifi; —ip+ 1 =i+ g(u) — 1 < 3,
theni+3 < 3, thatisi = 0,and i —g(u)+2 < 0. If iy —ig+1 =n—i+g(u) — 1 < 3, then
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m ............ m

4 00 0 0 00 4
3 00 1 1 00 3
(@i =0 b) i1 =n

Figure 8: Illustration for the proof of Lemma 3.6, Case 1.

n—i+3 <3, thatisi =n,andi+g(u) —2>n. If0 <i—g(u)+2 <i+g(u) —2 <n,
then iy —ip + 1 = 2g(u) — 3 < 3 leads to g(u) < 3, a contradiction.

There exists a pendent vertex v, such that v € B,(u) and v ¢ PBy(u).
In that case, there exists a broadcast vertex u/, v’ # w, such that v is g-dominated by u
and by «’ with g(u’) > 3. Since «' is a leaf, let ' = yjl. for some j > i. The bordering

private g-neighbors of u and u' are PB,(u) = {y} )i - - ,yfi;"(ii‘;j;} and PB,(u) =

L(x]1 ©g(u)_2)» TEspectively.

We setig = i—g(u)+2and i; = j+g(u') —2. The equality i; —ig+ 1 > 4 must hold in this
case since iy —ip+1 =j—i+g(u)+g(u')—4+1 > 5,sowecan write i; —ig+ 1 = 4q+,
where ¢ € N*and 0 < r < 3.

We define a mapping h, obtained from g by modifying only the g-values of the leaves between yilo

t . .
and y; ' (we already know that the stems must have h-value 0), according to the value of i1 — g+ 1.
We have two cases to consider.

1.

iy —ip+1<3.

In that case, every pendent vertex in B, (u) belongs to PB,(u), ¢ = 0 and g(u) = 4 (the case
i =nand g(u) = 4 is similar, by symmetry).

If i = 0, we set h(yl) = 3, h(y)) = 1 forevery j = 1,..., (5, and h(z) = O for every z €
{42,...,yl, yt, ...,y }(see Figure 8). The mapping h is a minimal dominating broadcast
with cost o(h) = o0(g) + 3+ ¢ — g(u) = o(g) + ¢2 — 1. The optimality of g then implies
Uy =1,sothat o(h) = o(g).

i —io+1> 4. |
Fort = ig,...,i; —r, we set h(yj) = 0 forevery j = 2,..., ¢, with ¢, > 2, and

[0, ift—ig+1=0,1[4],
M%y_{& if t —ig+ 1 =2, 3[4].

For the case r = 0, all the vertices have a h-value. We can thus now assume r # 0. We
consider two sub-cases depending on 7, = 0 or not.
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@ ig £0.
We set h(yi) = 1foreveryt =43 —r+1,...,i1and j =1,..., ¢,
(b) 19 = 0.
We set
h(y{l):1f0reveryj:1,...,€i1, ifr=1
h(yl 1) = 0forevery j = 1,...,4; 1,h(y;,) = 3 and
h(y;,) = 0 forevery j =2,..., 0, ifr =2
h(yl,_5) = O forevery j = 1,...,4; s,
h(yf,_1) = 0forevery j =1,...,0; 1,
h(yill) =3 and h(yfl) =0forevery j =2,...,4;, ifr = 3.

We now determine the cost of the minimal dominating broadcast h. We distinguish three cases.

(i) Every pendent vertex in B, (u) belongs to PB,(u) and i — g(u) 4+ 2 < 0.

(i)

(iii)

(the case i + g(u) — 2 > n is similar by symmetry).
In that case, 4 <i; —ig+ 1 =i+ h(u) — 1, thatis i + h(u) > 5. We get

3(i1—ig+1) e
ﬁ, ifr =0,
i) L1 fy =1,
o(h) =o0(g) —g(u) + @+3, ifr =2,

2
3(i1—10—2) e
M=) 44 ifr =3,

that is, ,
4 Hew=3 g ()9
h) = ‘ ’ 3.

Since, i + h(u) > 5, we obtain o/(h) > o(g) + i+ 1if r = 0,2 and o(h) > o(g) +i + 3,
otherwise, contradicting the optimality of g.

(see Figure 9)

Every pendent vertex in B, (u) belongs to PB,(u) and 0 < i —g(u)+2 <i+g(u) —2 < n.
In that case, 4 < iy —ip + 1 = 2h(u) — 3 is odd.

We get

8=t 1 1 ifr=1,

MW 4y if =3,

and then o(h) = 0(g)+2g(u)—5 > o(g)+3, contradicting the optimality of ¢ (see Figure 10
).

Items (i) and (ii) are not satisfied.

In that case, we have iy —ip+1 = j — i+ g(u') + g(u) — 3 > 6. Indeed, we have g(u) > 4,
g(u')>3,j—i>1landif j —i =1, then g(u') = g(u) > 4, for otherwise v’ g-dominates
uP.

o(h) = a(g) — glu) + {

For 7y = 0, we get
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:U(] M) M) I
0O 4 0 0
o 3 3 0

0 4 0 0 0
0 3 3 0 1
byr=1
0 0 5 0 0 0
3 0 0 3 3 0

0
3

w O

@ r=3

Figure 9: Illustration for the proof of Lemma 3.6, Case 2.(i).
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:Eio ) ) M) Iil
O 0 4 0 0
o 3 3 0 1
()r=1
xi) i i i I I x/i}l ......
O 0 4 0 0 0 0
o 3 3 0 1 1 1
) r=3

Figure 10: Illustration for the proof of Lemma 3.6, Case 2.(ii).

Hia—iotl) ifr =0
2

(
3(i 2.)
o(h) =o(g) — g(u) — g(u) + 3(i 2, —1) ’ . ’

7(120 +3, ifr=2,

Mcio=?) 44 ifr =3,

that is,
_Z-+M, ifr=0,2,

_ J
o(h) =o(g9) + { it j—i+g(u’2)2+g(u)—10’ ifr=1,3.

Therefore, o(h) > o(g), contradicting the optimality of g (see Figure 11).

For iy > 0, we get

Bla—iotl) if r =0,

2
3(i1—i0) .
SHE ifr =1,
o(h) =0(g) = g(u) — g(u) + ¢ 36,2i-1)

2 +£z’1—1+£i17 ifr=2,
w + €i1—2 + gil—l + Eil’ lf’f’ - 3’
that is,
G+t Jj—itg(/ )+9(u) 97 ifr =0,
itg(u’ )+9(U) if r =
§— 4 it 240, ifr =1, .
o(h) = o(a)+ 2 1 ) see Figure 12
T
] 1+ Lt )2+g(u + fu 2 1 gu 1+ gll’ ifr = 3.
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0 0
0 0
(@ r=0
0 0 4 0 0 0 4 0 0
0 3 3 0 0 3 3 0 1
®) r=1
0 0 4 4 0 0
3 0 0 3 3 0
C©)r=2
0 0 4 0 4 0 0
3 0 1 0 3 3 0
dr=3

Figure 11: Tllustration for the proof of Lemma 3.6, Case 2.(ii¢) and ig = 0.
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0 0
0 0
(@ r=0
0 0 4 0 0 0 4 0 0
0 3 3 0 0 3 3 0 1
®) r=1
0 0 4 4 0 0
0 3 3 0 1 1
© r=
0 0 4 0 4 0 0
0 3 3 0 1 1 1
dr=3

Figure 12: Illustration for the proof of Lemma 3.6, Case 2.(iii) and 7y > 0.

248



Upper broadcast domination number of caterpillars with no trunks | S. Bouchouika et al.

If = 0 orr = 1, we immediately obtain o(h) > o(g), contradicting the optimality of g. If
r =2, then o(h) = o(g) + j — i + LTS5 o g > o(g) — 24 by + Ly
The optimality of ¢ then implies ¢;, 1 = ¢;, = 1, in which case o(h) = o(g). If r = 3, then
oh)=0(9)+j—i+ j"'+9(U’)2+9(u)—18 + Uiy o+ liy—1 + ¢, and j — i + g(u') + g(u) must be
even. Hence

oh)>o(g)+(—4) =4+ Lo+ b1+ 0, >0(g) =3+ b1 + 4y

The optimality of g implies ¢;, o = ¢;, 1 = ¢;, = 1, in which case o(h) = o(g). We repeat this
transformation on each g-broadcast vertex with a value greater than 3 until obtaining a mapping
with required condition. This completes the proof. [

Proof of Lemma 3.7. Let g be a I',-broadcast on the caterpillar C'T', satisfying the conditions of
Lemmas 2.7, 3.5 and 3.6. Then each g-broadcast vertex u is a leaf and has a g-value g(u) € {1, 3}.
Since n > 3, ]Vg+| > 2 by Corollary 3.1.

1. fo + 61 > 3 and g(yé) = 3.
In that case, we consider the mapping f obtained from g by replacing the g-values of the
leaves of C'T'[x, 1] by the value 1 . The mapping f is a minimal dominating broadcast
on CT with cost o(f) = o(g) — 3 + o + ¢4 > I',(CT). The optimality of g implies
lo + £1 = 3, so that we have o(f) = o(g). By symmetry, we also get f(y/) = 1 for every j,
g=1... 0,10, 1+, > 3.

2. y}is a f-broadcast vertex for some i = 1,...,n, with f(y;) = 3.

By the minimality of the dominating broadcast g, PB(y) = L(z1) (resp. PBy(y)) =
L(z,_1)) if g(y}) = 3 (resp. g(y}) = 3). Now, assume to the contrary that there exists
a g-broadcast vertex y;, i = 2,...,n — 1, with g(y;) = 3 and PBy(y}) = L(xi—1) U
L(z;41). Consider the mapping f obtained from ¢ by replacing the g-values of the leaves
of CT[i — 1,i + 1] by the value 1. The mapping f is a minimal dominating broadcast on
CT withcost o(f) = o(g) =3+ li1 + ¥; + l;ix1 > TW(CT). The optimality of g implies
li 1+ €; + Uiy = 3, so that we have o(f) = o(g). By symmetry, we also get f(y?) = 1 for
every j,j=1,...,0,,ifl, 1+, > 3.

3. There exists a pendent vertex f-dominated by two f-broadcast vertices u et u’.

Let u and «’ be two g-broadcast vertices such that N¢[u] N N¢[u/] contains some leaf, say
y}, and assume that v is to the left of u’. Then, we have g(u) = g(u') = 3. If d(u,u’) # 3
then necessarily d(u,v’) = 4, PBf(u) = L(x;_3) and PBy(v') = L(z;42). Consider a
mapping [ defined by f(y/_,) = 1 forevery j = 1,....5'5, f(yl) = f(yh) = 3,
F(yl1) = F(uF) = flyler) = Oforevery j = 1,y bk =2,y 1 =2, gl
and f(v) = g(v) otherwise. The mapping f is a minimal dominating broadcast on C'T" with
cost o(f) = o(g) + ¢;_s, contradicting the optimality of ¢g. This completes the proof.

]
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300 3 0 0 3 300
l 111 1 1 1 1 111 1
@1+ Llig1+lige =3 O li—o+ b1 +Llig1 =3
000 3 3 0 0 3 3 000
111 1 1 1 1 1 1 111
©) liy1tlig2a+liyz3 =3 Dl +4bio+4b;_1=3

Figure 13: Illustration for the proof of Lemma 3.8, Case (1.a) and Case 2.

Proof of Lemma 3.8. Let C'T be a caterpillar with no trunks, of length n > 3, and let g be a good
['p-broadcast on CT. Assume to the contrary that there exists a stem x; with ¢; > 2 and g(y;) # 1
(thatis, g(y]) # 1 forevery j = 1,....()).

If i = 0 (the case i = n is similar, by symmetry), then ¢y + ¢; > 3 and g(y}) # 3 by
Lemma 3.7(1). Hence, g(y3) = 0 and y; is g-dominated by yi with a g-value g(y;i) = 3.
By considering the same mapping f as in the proof of Lemma 3.7(1), we are done.
Assume now 0 < i < n. We have either g(y}) = 3, or g(y}) = 0.

L g(yi) = 3.
The leaf y; has only one private side by Lemma 3.7(2), and assume, without loss of general-
ity, that PB,(y;) = L(x;_1), which gives i +1 # n. By Lemma 3.7(3), we have g(y;,) = 3
and by Lemma 3.7(2), we have PBy(y; 1) = L(z;+2).
Consider the mapping f obtained from g by replacing the g-values of the leaves of
CT[x;_1,2;y2] by the value 1. The mapping f is a minimal dominating broadcast on C'T’
with cost o(f) = o(g) — 6 + €;_1 + {; + {;x1 + {;4o. According to the value of /;, we have
two subcases to consider.

(@ £; > 3.
In this case, the optimality of g implies /; = 3 and ¢; | = {; ;1 = {; 15> = 1, so that we
have o(f) = o(g) (see Figure 13(a)).

(b) ¢; =2 and CT is CTy-free.
In this case, it must be at least six pendent edges in the sub-caterpillar CT'[i — 1,4 + 2],
andtheno(f) =0(g9) =6+ 01 +4;+lip1+ lira > 0(g) = I',(CT). The optimality
of g implies ¢; 1 + ¢; + {; 1 + {; o = 6, that is the existence of two stems adjacent to
two leaves and both others to one leaf, so that we have o(f) = o(g).
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O O O

00 30 30 00 30 30 00

11 11 11 11 11 11 11
(@) liy1 +Lliga + liys =4 ) licr + g1 + L2 =14

Jo Jo A j&) Jo O O A

00 30 30 00 00 30 30 00

11 11 11 11 11 11 11 11
©bio+ L1+l =4 Db+l o+ li_3=4

Figure 14: Tllustration for the proof of Lemma 3.9, Case 1.

2. g(y;) =0.

In that case, ! is g-dominated by some g-broadcast vertex, say without loss of generality
yii 1. of g-value g(y;,) = 3, and then y; is a private g-border of y;,, by Lemma 3.7(3).
Since ¢; + ¢;y1 > 3, theni + 1 # n, by Lemma 3.7(1). Further, ¢ + 2 # n, for otherwise
Yr, ..., ytr would be in PB,(y},,), contradicting Lemma 3.7(2). It follows, as in previous
case, PBy(yi1) = L(z;), 9(yi») = 3 and PB,(y},,) = L(xi43). As before, we consider
the mapping f obtained from g by replacing the g-values of the leaves of CT'[z;, z;,3] by
the value 1 (see Figure 13 (c) and (d)). The mapping f is a minimal dominating broadcast
on CT with costo(f) =0(g) — 6+ ¢; + {;11 + {ivo + ;13 and we conclude as previously.
This completes the proof.

]

Proof of Lemma 3.9. Let g be a good [',-broadcast on the caterpillar C'T" satisfying Lemma 3.8. If
9(yi) = g(y7) = 1, we are done. Assume now g(y;) # 1, thatis (g(y; ), 9(y7)) € {(0,0),(3,0)}.
The vertices y; and y? are g-dominated by some g-broadcast vertex u (u = ¥} can occur), with
g(u) = 3 (observe that, by Lemma 3.7(1), i # 0). By Lemma 3.7(2), u has only one private side,
and by Lemma 3.7(3), there exists a g-broadcast vertex v, such that g(u') = 3 and d(u,u’) = 3.
Let X = CTig, i0+3] be the sub-caterpillar of C'T", whose leaves are those which are g-dominated
by u or v’ in CT. We consider two cases according to whether x; appears in Fij or not.

1. x; does not appear in any Fij,j =1,...,4
In that case, X must have at least six pendent edges. Consider the mapping f obtained from
g by replacing the g-values of the leaves of X by the value 1. The mapping f is a minimal
dominating broadcast on C'T" with cost o(f) = 0(g)—6+Liy+Liy+1+lig+2+lig+3 > Tp(CT).
The optimality of ¢ implies ¢;, + {;,+1 + Ciy+2 + liy+3 = 6, so that we have o(f) = o(g) and
f satisfies the property (item 1) of the lemma, as required (see Figure 14).
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2. w; is a stem of a sub-caterpillar C'T" of C'T, of type CTy.

In that case, £;, + liy+1 + Cig+2 + lig+3 < 6, for otherwise we could replace the g-values
of every leaf of X by the value 1, and would get a minimal dominating broadcast on CT,
with cost o(g) > I',(CT), a contradiction with the optimality of g. On the other hand, if the
equality ¢;, + ;11 + Ciy+2 + Ciy+3 = 6 holds, then we consider the mapping f obtained from
g by replacing the g-values of the leaves of C'T'[ig, ig + 3] by the value 1. The mapping f is a
minimal dominating broadcast on C'T with cost o( f) = o(g) and satisfies f(y!) = f(y?) =
1. Hence, we assume in what follows, ¢;, + ¢;,+1 + {;y+2 + {iy+3 = 5, and we distinguish
two cases depending on the value of g(y;) and g(y?).

@ g(y) = g(y?) = 0.

In that case, X = CT[i — 3,i] withu = y! , and v/ = y} ,, or X = CTi,i + 3] with
u =y}, and v’ =y}, ,. In the first case, and since ¢;_3+ {;_o+ ;1 + {; = 5 holds, we
deduce that CT[i — 3,4 is of type CTy, g(y}) = 0}(y}) and g(y?) = 6}(y?), in which
case CT' = X = F} and the restriction of g on CT" is §}. In the second case, and
since £; + ;1 + ;o + Li 13 = 5 holds, we also deduce that C'T'[i, i + 3] is of type C'T%,
g(yl) = 0} (y}) and g(y?) = 6} (y?), in which case CT" = X = F! and the restriction
of gon CT" is 6}.

(b) g(y;) = 3 and g(y;) = 0.

In that case, v = y; and v’ € {y; ,,y},,}. The case v’ = y; |, leads to PB(y;) =
L(xi—i-l) and PB(yzl_l) = L(l’i_g), thatis X = OT[Z — 2, 1+ ]_] Since gi_g +€i—1 +€z +
liv1 = 5holds, CT[i — 2,1+ 1] is of type CTy, g(y}) = 6?(y}) and g(y?) = 6?(y?), in
which case C'T" = X = F and the restriction of g on C'T” is 6. The case v’ = y; 4,
implies PB(y;) = L(x;—1) and PB(y;},,) = L(wis2), thatis X = CT[i — 1,i + 2].
Since ;1 +4; + i1+ lito = 5holds, CT[i — 1,7+ 2] is of type CT¢, g(y}) = 03(y})
and g(y?) = 0%(y?), in which case CT" = X = F? and the restriction of g on C'T" is
02.

(2

This completes the proof. [

Proof of Lemma 3.10. Let C'T' be a caterpillar of length n > 4, with no trunks and containing
the patterns 1 and 2%, and let vyv;vov3 be the spine of the sub-caterpillar M, where w; is the
leaf adjacent to v; for i = 0,...,3. Proving the equality I',(CT) = T',(CT[M/0,i]) + 6, is
equivalent to proving both inequalities: (1) I',(CT) 4+ 6 < T',(CT[0/M,i]) and (2) T,(CT) — 6 <
Ly(CT[M/D,1]).

1. Let f be a good I'y-broadcast on the caterpillar C'T" satisfying Lemmas 3.8 and 3.9. To
prove (1), it is enough to find a minimal dominating broadcast g on CT[()/M,i] with cost
I'y(CT) + 6.

If i = 0, then either f(y) € {0,1} forevery j = 1,..., ¢, (thatis, f(y}) = 0 for every j =
1,....4yor f(y) = 1forevery j = 1,...,4), or f(yd) = 3 (and then f(yé) = 0 for every
j=2,...,4y). We distinguish two cases depending on the value of f(y),Vj € {1,...,4}.
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U1 Vo V3 Uy ) U1 Vg V3 on To
0 3 3 0 00 0 3 3 0 11
M M
(a)
U1 Vg U3 Uy Zo T

(b)

Figure 15: Illustration for the proof of Lemma 3.10, Case 1 ¢ = 0, Cases (a) and (b).

(@) f(y) =0 (resp. f(yp) = 1) forevery j=1,... 6.
In that case, PB(yi) = L(xo) (resp. PBy(y3) = {yd} forevery j = 1,..., ¢, when
ly > 1, or PBs(y}) = {xo} when ¢, = 1). We consider the mapping g defined by
g(wl) = g(wQ) =3, g(w()) = g(w?)) = g(vz) = 0fori = 07 1a273’ and g(u) = f(u)
otherwise (see Figure 15.(a)). We have PB,(w;) = {wo} and PB,(w2) = {ws}, which
implies that g is a minimal dominating broadcast on C'T'[() /M, i] with cost I'y(CT') +6.

(b) f(ys) = 3.
In that case, PB;(y}) = L(z1) in CT and we consider the mapping g defined by
g(wO) = g(w3) = 3’ g<w1) = g(w2) = g(v,) = 0fori = 07 1a273’ and g(u) = f(u)
otherwise (see Figure 15.(b)). We have PB,(wy) = {w:} and PBy(w3) = {ws},
which implies that ¢ is a minimal dominating broadcast on CT[()/M,i] with cost
I'y(CT) + 6.

Leti € {1,...,n}. We distinguish four cases :

(@) f(y_,)and f(y¥) € {0,1} forevery j =1,...,0;_yandk=1,...,0,.
In that case, every leaf y/_; (resp. y¥) is either its own private neighbor or is a private

neighbor of y;_, (resp. y;,,). We consider the mapping ¢ defined as in Case 1a (see
Figure 16.(a)).
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(a) Case (a)

Ti-1 _~11 VU2 U3
[TTTL
30 3 0 0 3 30
30 0 0 3 3 00
00 3 3 0 0 30
(b) Cases (b)-(d)

Figure 16: Illustration for the proof of Lemma 3.10, Case 1 i # 0, Cases (a)-(d).
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) f(yii) = fly,,) = 3.
In that case, PB;(y; ;) = L(z;_s) and PB;(y;) = L(x;+1) in CT. We consider the
mapping g defined as in Case 1b (see Figure 16.(b)).

(©) f(yl,)=3and f(yF) € {0,1} forevery k =1,...,¢..
In that case, PB;(y; ;) = L(z;) in CT. We consider the mapping ¢ defined by
g(w2) = g(’lU?,) =3, g(wo) = g(wl) = g(vz> =0, fori = 0,1,2,3, and g(u) = f(u)
otherwise (see Figure 16.(b)). We have PB,(y;i,) = {wo}, PB,(w2) = {w;} and
PBy(ws) = L(x;). Therefore, g is a minimal dominating broadcast on CT'[()/M, i]
with cost T',(C'T) + 6.

(d) f(yl,) € {0,1} forevery j =1,... ¢ and f(y}) = 3.
In that case, PBf(y}) = L(z;—1) in CT. We consider the mapping ¢ defined by
9(wo) = g(wr) = 3, g(wz) = g(ws) = g(v;) = 0fori =0,1,2,3, and g(u) = f(u)
otherwise (see Figure 16.(b)). We have PB,(wy) = L(z;—1), PBy(w1) = {w.} and
PBy(y}) = {ws}. Therefore, g is a minimal dominating broadcast on CT'[()/M, ] with
cost I'y(C'T) + 6.

2. Let f be a good I'y-broadcast on the caterpillar C'T" satisfying Lemmas 3.8 and 3.9. We
prove the existence of a minimal dominating broadcast g on C'T'[M /), 0] with cost o(g) >
['y(CT) — 6.

We distinguish two cases, depending on whether i € {0,n — 4} or not.
Assume first ¢ = 0 (the case © = n — 4 is similar by symmetry). We consider two subcases.

@ f(yo) = f(y3) = 0and f(y;) = f(y5) = 3.
In that case, PB;(y;) = {yg} and PB;(y3) = {y3}. The mapping g, defined as the re-
striction of f on C'T'[M/(, 0] remains a minimal dominating broadcast on CT[M /0, 0]
with cost I',(C'T') — 6.
Similarly, if f(yg) = f(y3) = 3 and f(y;) = f(y;) = 0, then PB(y;) = {y;} and
PBy(y3) = {yi}. The previous broadcast g remains available.

(b) f(ys) =3, fyz) = Land f(y;) = f(y;) = 0.

In that case, PB,(y}) = {yi}. and PBy(y) = {y}} and and PBy(y}) = {u}.
where f(y;) = 3. If n = 4, then CT[M/0,0] = CT[4,4] and by Theorem 2.1,
Iy(CT[M/0,0]) = £4. The relation ¢4 = 1 must be held, for otherwise we could set
h(yl) = h(yd) = 3, h(y}) = 1 forevery j = 1,...,04 and h(u) = 0 otherwise which
would be a minimal dominating broadcast with cost 6 + ¢4, contradicting the optimality
of f when ¢4 > 1. Thus, I',(CT) — 6 = 1 =T, (CT[M/,0]).

Since y, has one private side by Lemma 3.7(2), we have n # 5. Let then n > 6. We
have CT[3,6] = CT(1,1,1,1) or CT[3, 6] is a caterpillar of type C'T%, different from
F!, by Lemmas 3.8 and 3.9 and by the fact that /3 = 1. It follows, f(y) = 3 and
f(u) = 0 for every other vertex of CT[3,6]. On C'T[M /0, 0], consider a mapping g,
obtained from f by replacing the f-values of 3} and 3} by g(y2) = 0 and g(¢}) = 1
for every j = 1,...,0s. So we have PB,(y}) = L(xs) and PB,(v}) = {y{} for
every j = 1,..., s, which allows to say that g is a minimal dominating broadcast on
CT[M/0,0] with cost o(g) = T'y(CT) + g — 7 > T, (CT) — 6.
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(b) (c)

Figure 17: Tllustration for the proof of Lemma 3.10, Case 2 i # 0, Case (a)

Letnow i € {1,...,n — 1}. We distinguish five sub-cases.

@ f(y!) = f(yirs) = 0and f(y}1) = f(yis0) = 3.

In that case, PBy(y},,) = {vy;} and PBy(y},,) = {yi,3}. The mapping g defined
as the restriction of f on C'T[M/(),i] remains a minimal dominating broadcast on
CT[M/0,i] with cost T'y(CT') — 6 (see Figure 17.(a)).

Similarly, if f(y;) = f(iys) = 3 and f(yiy1) = f(yirn) = 0O, then PBy(y;) =
{y}.1} and PBy(y},5) = {2} The previous broadcast g remains available (see Fig-
ure 17.(b)).

If f(yi) = f(yiya) = 3and f(yi,) = f(yips) = O, then PBy(yiny) = {yi}
PB¢(y:) = L(zi—1) and PBy(yiy) = {vylis}, with f(yiya) = 3. By considering
again the same mapping g, we obtain PBy(y),,) = L(x;_1). Hence, ¢ is a minimal
dominating broadcast on CT'[M/(), 0] with cost o(g) = I',(CT') —6 (see Figure 17.(c)).

) f(y;) = f(Yir1) = 3, f(yiy2) = 0 and f(y;y5) = 1.
In that case, PBy(y}) — L{zi1), PBilyln) — o} and PByyls) = (v}
Consider the mapping g on CT[M /0, 0], obtained from f by replacing, for every j =
1,...,0;_1,the f-values of y_, by 1 (see Figure 18.(a)). We have PB,(y_,) = {z;_1}
or PBy(yl_,) = {yl_,} forevery j = 1,...,¢;_;. The mapping g is then a minimal
dominating broadcast with cost o(g) = I',(CT) — 7+ ¢;_y > I',(CT) — 6.

©) f()!) =3, f(wi1) = f(ylys) = 0and f(y!,,) = 1.
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(e)

Figure 18: Tllustration for the proof of Lemma 3.10, Case 2 ¢ # 0, Cases (b)-(e).
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In that case, by Lemma 3.7(3), f(yl_,) = 3 which gives f(y] ,) = 0 for every j =
L,... . tis. Hence, PBy(y; 1) = {y;i o} PBr(y;) = {yisa}: PBr(yise) = {yifs}
and PBf(y;.4) = {vyi s}, with f(yi 4) = 3. Consider the mapping g on CT[M /0, 0],
obtained from f by replacing, for every j = 1,...,{;_,, the f-values of y/_, by 1
and the f-value of y] ; by 0 (see Figure 18.(b)). We have PBg(ny) = L(x;_1) and
PB,(yl_,) = {yl_,} for every j = 1,...,0; 5. The mapping g is then a minimal
dominating broadcast with cost o(g) = I',(CT) — 7+ {;_o > T',(CT) — 6.

@) f(yi) =3, f(yiy2) = Oand f(yj,5) = f(yiys) = 1.
In that case, by Lemma 3.7(3), f(y!,) = 3 and thus f(y ,) = 0 for every j =
1,...,lio. Hence, PBy(y; ;) = L(zi-2), PBs(y}) = {vi1}> PBr(yire) = {vita)
PBf(yi3) = {virs} and f(yl4) # 3. Consider the mapping g on CT[M/0,0],
obtained from f by replacing, for every j = 1,...,{; o, the f-values of y/ , by 1
and for every k = 1,...,¢;_; the f-value of y¥ | by 1 (see Figure 18.[(c) and (d)]).
We infer PB,(y]_5) = {yl o}, 7 = 1,...,0i_o and PB,(y* ) = {y* |} for every
k =1,...,¢;_;. The mapping ¢ is then a minimal dominating broadcast with cost
o(g) =Ty(CT) =8+ ;1 + ;o >T,(CT) — 6.

© f(y;) =0, f(yir1) = [Wis2) = f(yirs) = 1.
In that case, f(yl ,) = f(yl,) = 3, f(yl3) = 0 forevery j = 1,... 4,3, and
f(yts) # 3. Moreover, we have PBf(y} ,) = L(z;—3) and PBy(y;_,) = {y}}.
Consider the mapping g on CT[M/(, 0], obtained from f by replacing, the f-values of
yl s yf  andyl by lforeveryj=1,... 0 s k=1,... lial=1,... (i (see
Figure 18.(e)). The mapping ¢ is a minimal dominating broadcast with cost o(g) =
Cy(CT) =9+l 3+ ;i o+ ;1 > TW(CT) — 6.

In each case, we proved the existence of a minimal dominating broadcast g on C'T[M/{), 0]
with cost o(g) > T',(CT) — 6. Therefore, T',(CT) — 6 < T',(CT[M/D,0]), as required. This
completes the proof. O

Proof of Lemma 3.12. Let C'I" be the reduced caterpillar of C'T" and let d; be a stem of C'T" with
m; = 2. Consider a [',-broadcast f on C'T" satisfying the properties of Theorem 3.3.

1. Ps(d;) = 6] for some j € {1,...,4}. '
In that case, CT} = F} and in the sub-caterpillar F = CT"[i — j + 1,i — j + 4] of type
C’Tg‘, we have by Theorem 3.3(4.b), the only f-broadcast vertices are t}_ 2 and t%_ 30 with
f(ti_j12) = f(ti_j3) = 3. Therefore,

o(f) = > flu)+6+ > f(v).

veV(CTT[0,i—j]) veV(CTT[i—j+5,n])

Consider now a I'j-broadcast g on C’T’"[CT]} /Ki6,i — j + 1]. Thanks to Theorem 3.3(3),
g(t; ;1) = 1forevery s =1,...,6. Then,

o(g) = > glv)+6+ > g(v).

veV(CTT[0,i—3]) veV(CTT[i—j+2,n—3])
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We have 3~ ,cv crrpo,i—j)) f (V) = Xoevierroi—y) 9(v)- Indeed, assume first

Y. f)> >, gl

veV(CTT[0,i—3]) veV(CTT[0,i—j])

In CT", the private f-borders of the f-broadcast vertices t; ;,, and t; ;4 lie in F/, and

apart from these f-private borders, Fij does not contain any other f-private borders. Then
the mapping h defined by h(v) = f(v) if v € V(CT"[0,i — j]) and h(v) = g(v) otherwise,
would be a minimal dominating broadcast on CT"[CT}/K, g, — j + 1] with cost o(h) >
o(g), a contradiction with the optimality of g. Now if

> fw< X W)
veV(CTT[0,i—j]) veV (CTT[0,i—j])
then, the mapping & defined by k(v) = g(v) if v € V(CT"[0,i — j]), and k(v) = f(v)
otherwise, would be a minimal dominating broadcast on C'T" with cost o(k) > o(f), again
a contradiction with the optimality of f.
By the same arguments as above, we can prove that

> flv) = ) 9(v).

veV(CTT[i—j+5,n]) veV(CTT[i—j+2,n—3])
It follows, o (f) = o(g).

In that case, CT} = CTV[i,i] and f(t;) = f(t7) = 1. Moreover, each of these f-broadcast
vertices is its own bordering private f-neighbor and apart these two f-private borders, CT[i, ]
does not contain any other f-private borders. Let g be a I',-broadcast on C’TT[CT} /K6,
as defined in Item 1, that is, g(¢;) = 1 for every s = 1,...,6. Again, each of these six
g-broadcast vertices is its own bordering private g-neighbor and C'T[i, ] does not contain
any other private g-neighbor. We have,

o(f) = > flo)+2+ > fv),

VeV (CT"[0,i—1]) veV (CT"[i4+1,n])

and

o(g) = > o glo)+6+ > gl).

VeV (CT[0,i—1]) veV (CT"[i+1,n])
By the same arguments as in the proof of Item 1, we get

oo fly)= > gv)

veV(CTT[0,i—1)) veV(CTT[0,i—1))

and

Y. fl)= Y. )

veV(CTT[i+1,n]) veV(CTT[i+1,n])
Hence, o(f) = o(g) — 4.
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This completes the proof. O

Proof of Lemma 3.13. Let g be a [',-broadcast on C'T™" satisfying the properties of Theorem 3.3
and let d; = z; for some index i € {0,..., k}.

1. Assume that m; 3 = m;_o = m;_; = 1. Since the pattern 1111 does not occur in CT", we
have m,; 4 > 3 and then g(t]_,) = 1 for every j = 1,...,m,;_4. Moreover, P;(d;) = 62
cannot hold, because otherwise g(t! ;) = g(t!_5) = g(t} ;) = g(t}) = g(?) = 1 and the
mapping h obtained from g by setting h(t} 5) = h(t}) = h(t?) = 0, h(t;_,) = h(t} ;) = 3
and h(u) = g(u), otherwise, the mapping h would be a minimal dominating broadcast on
CT" with cost o(h) = o(g) — 5+ 6 = [',(CT") + 1, a contradiction with the optimality of
g.

If Py(di) = 67, then g(t;) = g(t7) = g(ti,s) = 0, g(ti_3) = g(t;_») = g(t;_y) = 1 and
g(t! +1) = g(tz+2) = 3. We define a mapping f, obtained from ¢g by modifying some g-
values of the leaves of the sub-caterpillar CT[i — 3,4 + 3] as follows. We set f(t! 5) = 0,
flting) = ftiny) = 3, f(ti) = [(tie) = f(tzl+3) 1, and f(u) = g(u) otherwise. The
mapping f is a minimal dominating broadcast on C'T" with cost o(f) = o(g).

If Py(dy) = 67, then g(t;_y) = g(t]) = g(ti,2) = 0, g(ti_s) = g(ti_y) = Land g(t;) =
g(ti,;) = 3. We define a mapping f, obtained from g by modifying some g-values of the
leaves of the sub-caterpillar CT[i — 3,i + 2] as follows. We set f(t}_;) = f(t}) = 0,
F(th) = F(tha) = L f(ty) = f(tL,) = 3, and f(u) = g(u) otherwise. The mapping
is a minimal dominating broadcast on C'T" with cost o(f) = o(g).

If Py(di) = 07, then g(t;_,) = g(t]) = g(t}.1) = 0, g(t;_5) = Land g(t;_,) = g(t;) = 3.
We define a mapping f, obtained from g by modifying some g-values of the leaves of the
sub-caterpillar CT[i — 3,i + 1] as follows. We set f(t;_5) = f(t}) = 0, f(t},,) = 1,
f(tl ) = f(tl ) =3,and f(u) = g(u) otherwise. The mapping f is a minimal dominating
broadcast on CT" with cost o(f) = o(g). Hence, C'T" admits a ['j-broadcast f such that

2. Assume that m; o = m;_; = 1 and m;y; = 1. Since m;_3 > 3, we have P,(d;) # 6.
We also have P,(d;) # 67, because otherwise g(t!_,) = g(ti_;) = g(t;) = g(t?) = 1,
g(ti.1) € {0,1} and the mapping h obtained from g by setting h(t}_,) = h(t?) = h(t},,) =
0, h(t;_;) = h(t}) = 3, and h(u) = g(u) otherwise, the mapping h would be a minimal
dominating broadcast on CT" with cost o(h) > o(g) —5+6 = I',(CT")+1, a contradiction
with the optimality of g.

If Py(di) = 67, then g(t;) = g(t7) = g(tiss) = 0, g(ti) = g(ti.y) = 1 and g(ti,,) =
g(ti5) = 3. We define a mapping f, obtained from g by modifying some g-values of the
leaves of the sub-caterpillar CT'[i — 2,7 + 3] as follows. We set f(t;_,) = f(tl.,) = 0,
fltio) = f(tiy) =1, f(tiy) = f(tl) =3, and f(u) = g(u) otherwise. The mapping f is
a minimal dominating broadcast on C'T" with cost o(f) = o(g).

If Py(dy) = 07, then g(t;_,) = g(t7) = g(ti.s) = 0, g(t;_,) = Land g(t}) = g(ti,,) = 3.
We define a mapping f, obtained from g by modifying some g-values of the leaves of the
sub-caterpillar CT'[i — 2,7 + 2] as follows. We set f(t!_,) = f(t},) = 0, f(tL,) = 1,
f(tl ) = f(t}) = 3, and f(u) = g(u) otherwise. The mapping f is a minimal dominating
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broadcast on CT" with cost o(f) = o(g). Hence, C'T" admits a I',-broadcast f such that
Py(dy) = 67.

. Assume that m; 1 = 1, m;z1 = my,o = 1 and m; o # 1. Since m;_» > 3, we have

If P,(dy) = 6}, and since the pattern 1111 does not occur in CT", then m;y3 = 1, m;4 > 2,
g(t}) = g(t) = g(tiy) = 0, g(ti_,) = g(tl,4) = 1forevery j € {1,...,m;44}, and
g(ti 1) = g(tl,) = 3. We define a mapping f, obtained from g by modifying some g-values
of the leaves of the sub-caterpillar CT'[i — 1,4+ 3] as follows. We set f(t}_,) = f(t1,) =0,
f(tis) =1, f(t}) = 3, and f(u) = g(u) otherwise. The mapping f is a minimal dominat-
ing broadcast on C'T" with cost o(f) = o(g).

If Py(dy) = 67, then g(t;_,) = g(t;) = g(t) = 1, but g(t;,,) # 1 and g(t;,,) # 1, be-
cause otherwise the mapping h obtained from g by setting h(t;_,) = h(t7) = h(ti,,) = 0,
h(t!) = h(tl,,) = 3, and h(u) = g(u) otherwise, the mapping h would be a minimal
dominating broadcast on C'T" with cost o(h) = o(g) — 5+ 6 = I',(CT") + 1, a contradic-
tion with the optimality of g. Therefore, (g(t; ), 9(t;,,)) € {(0,3),(1,0)}. Assume first
(9(t141), g(tiis)) = (0, 3). Thanks to Theorem 3.3, we must have g(¢},,) = 3 and g(t},,) =
0, and since the pattern 1111 does not occur in CT", we also have m;,3 + m; 14 > 3. We
now define a mapping f obtained from g by modifying some g-values of the leaves of the
sub-caterpillar OT'[i — 1, + 4] as follows. We set f(t!_|) = f(12) = f(tl,,) = 0, f(tl;) =
f(th,) = 1forevery j € {1,....mus}, k € {1,....mua}, f(t}) = f(ti,) = 3, and
f(u) = g(u) otherwise. The mapping f is a minimal dominating broadcast on C'I" with
costa(f)=o(g) —9+ 6+ mirs+mirs = 0(g) + mirs + mirq — 3. The optimality of g
implies m;,3 + m;y4 = 3, and thus o(f) = o(g).

For the case (g(tl,,). g(t%,,)) = (1,0). we have, g(tL,,) = g(t}, ) = 3 and g(#],5) = 0 for
every j € {1,...,m;;5}. We again define a mapping f obtained from g by modifying some
g-values of the leaves of the sub-caterpillar CT'[i — 1,4 + 5] as follows. We set f(t} ;) =
[t = f(tia) = 0, f(tl3) = f(t§+4) = f(tf+5) = 1 forevery j € {1,...,m3},
ke {l,....,mia}, 0 € {1,....mis}, f(t}) = f(tl,) = 3, and f(u) = g(u) otherwise.
As previously, we have, m,; 3+m; 4 = 3 and the mapping f is a minimal dominating broad-
caston CT" withcost o(f) = o(g) —104+6-+m;3+mia+mirs > 0(g)—4+3+m, 5. The
optimality of g implies m;,5 = 1, and thus o(f) = o(g). Hence, CT" admits a I',-broadcast
[ such that Py(d;) = 62

. Assume that m;,; = m;,o = m;;3 = 1 and m;_; # 1. Since the pattern 1111 does not
occur in CT", we have m;4 > 2 et since m;_, > 3, we also have P,(d;) ¢ {0%,6?,0:}.

If P)(dy) = 62, then g(t;) = g(¢7) = 1 and equalities g(t},,) = g(tl,) = g(tis) =1
cannot hold, because otherwise the mapping /1 obtained from g by setting h(t}) = h(t?) =
h(tl,s) = 0, h(ti,;) = h(t},,) = 3, and h(u) = g(u) otherwise, would be a minimal
dominating broadcast on CT" with cost 0(h) = o(g) —5+6 = I',(CT") + 1, a contradiction
with the optimality of g. The case g(¢;,,) = 0 and g(t;,,) = 3 leads to g(¢;,5) = 3 and
g(th +4) = 0, and then we can define a mapping f obtained from g by modifying some g-
values of the leaves of the sub-caterpillar CT[i, 7 + 4] as follows. We set f(t!) = f(t2) =
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F(thy) = 0, f(ty) = 1forevery j € {1,...,mia}, f(thy) = 3, and f(u) = g(u)
otherwise. The mapping f is a minimal dominating broadcast on C'T" with cost o(f) =
o(9) — 54 3+ mirq = 0(g) + mir4 — 2. The optimality of g implies m; 4 = 2, and thus
o(f) = o(g).

The case g(t;,,) = 1 and g(t;,,) = 0 leads to g(t} ) = g(t},,) = 3and g(t},;) = 0, and
then we can define a mapping f obtained from g by modifying the g-values of the leaves of
the sub-caterpillar CT[i, + 5] as follows. We set f(t}) = f(t?) = f(tl5) = 0, f(tl4) =
f(ths) = 1forevery j € {1,...,mypa}and k € {1,....ms}, f(tr,) = f(th,) = 3,
and f(u) = g(u) otherwise. The mapping f is a minimal dominating broadcast on CT" with
costa(f) =0(g9) =946+ mirqg +mirs = 0(g) + mirq + mirs — 3. The optimality of ¢
implies m;, 4 = 2 and m;,5 = 1, and thus o(f) = o(g).

The case g(t;,,) = g(ti,,) = 1 and g(t} 3) = 0 leads to g(t;,,) = g(t;;5) = 3 and
g(ti.¢) = 0, and then we can again define a mapping f obtained from g by modifying some
g-values of the leaves of the sub-caterpillar C'T'[¢, i+6] as follows. We set f(t;) = f(t7) = 0,
f(tia) = f(ths) = f(tis) = 1forevery j € {1,...,mia}, k € {1,...,miy5} and
e {1,...,mie}, f(thy) = f(th,) = 3, and f(u) = g(u) otherwise. The mapping
f is a minimal dominating broadcast on CT" with cost o(f) = o(g) — 10 + 6 + m; 4 +
Mits +mire = 0(g) +mipq +myys +my — 4. The optimality of ¢ implies m; 4 = 2 and
mirs = Mir¢ = 1, and thus o(f) = o(g). Hence C'T" admits a I',-broadcast f such that

5. This result is immediate from Lemma 3.9.
This completes the proof. ]

Proof of Lemma 3.14. Let g be a [',-broadcast on C'T™" satisfying the properties of Theorem 3.3
and let d; = z;, for some index i € {0, ..., k}.

1. If Py(dy) = 63, then g(t} _,) = g(t! ,1) = 0and g(t;,_,) = g(t},) = 3. Since iy € {2,3},
we can define, in the case 49 = 2, a mapping f by setting f(t; _,) =0, f(ti) = f(t}) =
f(ti) =1, f(t} _y) = 3, and f(u) = g(u) otherwise, and in the case ig = 3, f(t} _,) =
fti) = f(t3) = f(tl 1) = 1, f(ti,_s) = 3, and f(u) = g(u) otherwise. In both cases,
f is a minimal dominating broadcast on C'T" with cost o(f) = o(g) and Ps(dy) # 63.
If Pg<d1) = 02, then g(tziof?)) = g(t%o)lz 0 and g(ﬁr?) = 29(25}071) = ?1> We define a
mapping f by setting f(t;,_,) = 0, f(t;, 1) = f(&,) = f(&,) = 1, f(t,_3) = 3, and
f(u) = g(u) otherwise. The mapping f is a minimal dominating broadcast on CT", with
cost o(f) = o(g), and Py(dy) # 0 .

2. From Item 1, we can assume without loss of generality that P,(d;) € {6; ,67 ,6; }.

(a) Letip = 1and d; € F? = CT|0, 3]. We have then my = my = mz = 1 and m; = 2.
If Py(dy) = 0], then mg = mg = mg = my = 1, my = 2, g(t1) = g(t3) = g(t]) = 0,
g(td) = 1and g(t) = g(t}) = 3. We define a mapping f by setting f(t}) = f(t1) =0,
f(t) = 1, f(t}) = 3, and f(u) = g(u) otherwise. The mapping f is a minimal
dominating broadcast on C'T", with cost o(f) = o(g9) —4+4 = o(g), and Py(d;) = 65.
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If P,(dy) = 65, then g(t]) = g(t]) = 1 and equalities g(t3) = g(t3) = 1 cannot hold,
because otherwise the mapping / obtained from g by setting h(t)) = h(t?) = h(t}) =
0, h(t}) = h(t}) = 3, and h(u) = g(u), otherwise the mapping i would be a minimal
dominating broadcast on CT" with cost o(h) = o(g9) =5 +6 = IH(CT") + 1, a
contradiction with the optimality of g. Hence, we get (g(¢3), g(t})) € {(1,0),(0,3)}.
The case g(t3) = 1 and g(t}) = 0 implies my + ms = 3and mg = 1, g(t}) = g(t}) =
3 and g(t}) = 0. We define a mapping f by setting f(tl) = f(3) = 0, f(t}) =
f(tE) = f(t}) = 1forevery j = 1,...,my, k = 1,...,ms, f(t1) = f(t) = 3, and
f(u) = g(u) otherwise. The mapping f is a minimal dominating broadcast on C'T",
with cost o(f) = o(g) — 10+ 7+ my +ms = o(g). The case g(t}) = 0 and g(t}) = 3
implies again my + ms = 3, g(t;) = 3 and g(t}) = 0. We define a mapping f by
setting f(t5) = f(1}) = f(t}) = 0, f(t) = f(t) = 1 forevery j = 1,...,my,
k=1,....,ms, f(t1) = f(t) = 3, and f(u) = g(u) otherwise. The mapping f is a
minimal dominating broadcast on C'T" with cost o (f) = o(g)—9+6+my+ms = o(g).
Hence, in both cases, we get Pj(d;) = 603.

(b) Letiy = 3and d; € F} = CT[2,5]. We have then mg = m; = my = my = mz = 1
and my = 2. If P,(dy) = 03, then mg = 1, g(t1) = g(t) = g(t§) = 0, g(t}) =1
and g(t}) = g(ti) = g(t}) = 3. We define a mapping f by setting f(t3) = f(t}) = 0,
f(t) = 1, f(t}) = 3, and f(u) = g(u) otherwise. The mapping f is a minimal
dominating broadcast on C'T", with cost o(f) = o(g9) —4+4 = o(g), and P;(d;) = 63.
If Py(dy) = 63, then g(t1) = 0, g(t3) = g(t3) = g(t3) = 1 and g(tj) = 3. Moreover,
equalities g(t}) = g(t}) = 1 cannot hold, because otherwise the mapping h obtained
from g by setting h(t]) = h(t3) = h(t3) = h(t}) = 0, h(t}) = h(t}) = h(t]) = 3 and
h(u) = g(u), otherwise, the mapping ~ would be a minimal dominating broadcast on
CT" with cost o(h) = 0(g9) —8 +9 = [',(CT") + 1, a contradiction with optimality
of g. Therefore, (g(t}),g(tt)) € {(1,0),(0,3)}. The case g(t}) = 1 and g(t}) = 0
implies mg +my7 = 3, mg = 1, g(t}) = g(t}) = 3 and g(t}) = 0. We define a mapping
f by setting f(t5) = f(t3) = 0, f(t5) = f(t5) = f(t}) = 1 forevery j = 1,...,mg,
k=1,....,mq f(t) = f(t}) = f(t}) = 3, and f(u) = g(u) otherwise. The mapping
f is a minimal dominating broadcast on C'T", with cost o(f) = o(g) — 10 + 7+ mg +
my; = o(g). The case g(t}) = 0 and g(¢t}) = 3 implies mg + m; = 3, g(t}) = 3
and g(t}) = 0. We define a mapping f by setting f(t}) = f(t3) = f(t}) = 0,
fth) = f(th) = 1foreveryj = 1,...,mg, k = 1,...,mz, f(£3) = f(t}) = 3, and
f(u) = g(u) otherwise. The mapping f is a minimal dominating broadcast on C'T",
with cost o(f) = o(g) — 9+ 6 + mg + m7 = o(g). Hence, in both cases, we get
Py(dy) = 63.

1,
1
4

3. As previously, we can assume that P,(dy) € {6} ,62 62 }.

207 7207 710
(a) Letip = 0O and d; € Fy = CTJ0,3]. We have then m; = my = mz = 1, mg = 2,
and P,(dy) # 63. If P,(dy) = 6, then g(t3) = g(t;) = 1 cannot hold, because
otherwise g(t3) = g(t3) = g(t{) = 1, and the mapping h obtained from g by setting
h(ty) = h(t3) = h(tl) = 0, h(t}) = h(t)) = 3 and h(u) = g(u), otherwise, would be a
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minimal dominating broadcast on C'T" with cost o(h) = (g) 546 =1%(CT")+1,
a contradiction with optimality of g. Therefore, (g(t3), g(¢})) € {(1, O), (0,3),(3,3)}.
The case g(t}) = 1 and g(t}) = 0 implies my = 2, ms = mg = 1, g(t}) = 0,
g(t}) = 1,and g(t}) = g(t}) = 3. We define a mapping f by setting f(t}) = f(t2) = 0,
f(th) = f(t5) = f(t5) = f(ts) = 1. f(t) = f(t3) = 3. and f(u) = g(u) otherwise.
The mapping f is a minimal dominating broadcast on CT", with cost o(f) = o(g) —
10+10 = o(g). The case g(t3) = 0 and g(¢t}) = 3 implies my = 2, ms = 1, g(t}) = 0,
g(t1) =1, and g(t}) = 3. We define a mapping f by setting f(t}) = f(t3) = f(t}) =
0, f(t;) = f(t]) = f(t5) = L f(t;) = f(t3) = 3, and f(u) = g(u) otherwise. The
mapping f is a minimal dominating broadcast on C'T", with cost o (f) = 0(g)—9+9 =
o(g). The case g(t3) = g(t3) = 3 implies m4 = 2 and g(t1) = g(t}) = 0. We define a
mapping f by setting f(t;) = f(3) = f(t;) = 0, f(t3) = f(t1) = L, f(t;) = 3, and
f(u) = g(u) otherwise. The mapping f is a minimal dominating broadcast on C'T",
with cost o(f) = o(g) — 8 + 8 = o(g). Hence, in all three cases, we get Py(d;) = 6}.

(b) Letig = 2and d; € Fy = CT[2,5]. We have then mg = m; = mz = my = mb = 1,
ma = 2, and P,(d;) # 03. Indeed, if P,(d;) = 63, then g(¢t}) = g(t]) = 0, g(t3) = 1,
g(t}) € {0,1}1 and g(t3) = g(t}) = 3, and the mapping h obtained from g by setting
h(ty) = h(t2) = h(t} = 0, h(t}) = h(t}) = 3 and h(u) = g(u), otherwise, would be a
minimal dominating broadcast on C'T" with cost o(h) > o(g)—5+6 = Fb(C’T’") +1,a
contradiction with optimality of g. Assume now P,(d;) = 5. We then have g(¢]) = 0,
g(td) = g(t3) = 1 and g(t}) = 3 and, either g(t}) = 1 or g(t}) = 0. For the case
g(t3) = 1, we define a mapping f by setting f(tg) = f(t3) = f(t}) = 0, f(t]) =
f(t)) = 3 and, f(u) = g(u) otherwise. The mapping f is a minimal dominating
broadcast on CT", with cost o(f) = a(g) — 6 + 6 = o(g). For the case g(ti) = 0,
we get mg = 2, g(t}) = g(t}) = 3, and thus, we define again a mapping f by setting
f(ty) = f(t3) = f(t5) = 0. f(ts) = [ () = L. f(t3) = 3. and f(u) = g(u) otherwise.
The mapping f is a minimal dominating broadcast on CT", with cost o(f) = o(g) —
545 = o(g). Hence, in both cases, we get Py(d;) = 65.

4. This result is immediate from Lemma 3.9.

This completes the proof. ]
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