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Abstract

A graph G is perfect matching transitive, shortly PM-transitive, if for any two perfect match-
ings M, and M, of G, there is an automorphism f : V(G) — V(G) such that f.(M;) = M,
where f.(uv) = f(u)f(v). In this paper, the authors completely characterize the perfect matching
transitivity of circulant graphs of order less than or equal to 10.
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1. Introduction

An automorphism of a graph is a form of symmetry in which the graph is mapped onto it-
self while preserving the edge-vertex connectivity. Formally, an automorphism of a graph G =
(V(G), E(G)) is a permutation f of the vertex set V' (G) such that the pair of vertices uv is an
edge of G if and only if f(u)f(v) is also an edge of G. In other words, it is a graph isomor-
phism from G to itself. Every graph automorphism f induces a mapping f. : E(G) — E(G)
such that f.(uv) = f(u)f(v). For any vertex set X C V(&) and edge set M C FE(G), denote
FX) = {f(v) v € X} and fo(M) = {fo(uv) : v € M}.

A graph G is vertex-transitive [11] if for any two given vertices v; and v, of G, there is an
automorphism f : V(G) — V/(G) such that f(v;) = wvy. In other words, a graph is vertex-
transitive if its automorphism group acts transitively upon its vertices. A graph is vertex-transitive
if and only if its complement graph is vertex-transitive (since the group actions are identical). For
example, the finite Cayley graphs, the Petersen graph, and C;, x Ks withn > 3 are vertex-transitive.
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A graph G is edge-transitive if for any two given edges e; and e, of G, there is an automorphism
of G that maps e; to e,. In other words, a graph is edge-transitive if its automorphism group acts
transitively upon its edges. The complete bipartite graph /K, ,,, the Petersen graph, and the cubical
graph C,, x K, with n = 4 are edge-transitive.

A graph G is symmetric or arc-transitive if for any two pairs of adjacent vertices u,v; and
ugvy of G, there is an automorphism f : V/(G) — V(G) such that f(u;) = us and f(v1) = ve. In
other words, a graph is symmetric if its automorphism group acts transitively upon ordered pairs of
adjacent vertices, that is, upon edges considered as having a direction. The cubical graph C,, x K5
with n = 4 and Petersen graph are symmetric graphs.

Every connected symmetric graph must be both vertex-transitive and edge-transitive, and the
converse is true for graphs of odd degree [2]. However, for graphs of even degree, there exist
connected graphs which are vertex-transitive and edge-transitive, but not symmetric [3]. Every
symmetric graph without isolated vertices is vertex-transitive, and every vertex-transitive graph is
regular. However, not all vertex-transitive graphs are symmetric (for example, the edges of the
truncated tetrahedron), and not all regular graphs are vertex-transitive (for example, the Frucht
graph and Tietze’s graph).

A lot of work has been done about the relationship between vertex-transitive graphs and edge-
transitive graphs. Some of the related results can be found in [3]-[17]. In general, edge-transitive
graphs need not be vertex-transitive. The Gray graph is an example of a graph which is edge-
transitive but not vertex-transitive. Conversely, vertex-transitive graphs need not be edge-transitive.
The graph C), x K5, where n > 5 is vertex-transitive but not edge-transitive.

A graph G is perfect matching transitive, shortly PM-transitive, if for any two perfect match-
ings M; and M, of G, there is an automorphism f : V(G) — V/(G) such that f.(M;) = Mo,
where f. is the mapping induced by f.

In [18], the author (Zhou) verified that some well known symmetric graphs such as C,,,
Koy, K, and the Petersen graph are PM-transitive, constructed several families of PM-transitive
graphs which are neither vertex-transitive nor edge-transitive, discussed some methods to generate
new PM-transitive graphs, and proved that all the generated Petersen graphs except the Petersen
graph are non-perfect matching transitive.

A circulant graph is a graph of n vertices vy, va, . . . , v, in Which the ¢th vertex is adjacent to the
(i+ 7)thand (i — j)th vertices for each j in a list [, where the addition and subtraction are taken by
modulo n. In Section 2, the authors prove a collection of general results about the PM-transitivity
of connected circulant graphs of even order n > 4. In Section 3, the authors characterize the
PM-transitivity of connected circulant graphs of order 6. In Section 4, the authors characterize the
PM-transitivity of connected circulant graphs of order 8. In Section 5, the authors characterize the
PM-transitivity of connected circulant graphs of order 10.

2. PM-transitivity of Connected Circulant Graphs of Order 2n

For any integer n > 2, the circulant graph C'is, (1,2, ..., n) gives the complete graph K, the
circulant graph C'ia, (1) gives the cyclic graph Cs,, and the circulant graph C'ig,(1,3,5,...,m),
where m represents the largest odd integer less than or equal to n, gives the complete bipartite
graph K, ,,. The following Theorem 2.1 is proven in [18].
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Theorem 2.1. For any integer n > 2, the circulant graphs C'is,(1,2,...,n) = K, Cig,(1) =
Con, and Cig,(1,3,5,...,m) = K, ,,, where m represents the largest odd integer that is less than
or equal to n, are PM-transitive.

Theorem 2.2. For any integer n > 4, the circulant graph C'is,,(1,2) is not PM-transitive.

Proof. Let M1 = {Uﬂ)g, V2V2p, V4V5, VgU7, Uglg, . . . ,Ugn_gvgn_l} and M2 = {Ulvz, V3V4, UsVg, - . .,
Uon—1Vaon }. Then M; and M, are two perfect matchings of G such that G — M; has 3-cycles
(vov3v4v9 being one such 3-cycle) while G — M, = (), x K5 doesn’t have 3-cycles. Therefore, G
is not PM-transitive. ]

Theorem 2.3. For any integer n > 4, the circulant graph C'is,, (1, n) is not PM-transitive.

Proof. Let My = {01011, VaUns2, .- ., UpVa, }. If n = 4, then let My = {vgvy, vov3, V405, VU7 }.
Otherwise, let M2 = {UQTLU17 V2V3, UnUnt1, Una2Uni3, VaUni4g, UsUpais, ... ,Un_l’Ugn_l}. Then M1
and M5 are two perfect matchings of GG such that G — M, is a 2n-cycle and G — M, is a union of
a 4-cycle v1vav, 120,101 and a (2n — 4)-cycle v3v4Vs5 - + - Uy U2, Vo 1V2n—2 -+ + Upa3v3. Therefore,
C'ia, (1, 1) is not PM-transitive. O

In this paper’s proofs, the authors shall frequently use the phrase “without loss of generality,
let f(v1) = v1.”” The following lemma justifies why we can make this assumption. We will define a
perfect matching M of a circulant graph G to be vertex-perfect-matching transitive if for any two
given vertices v; and v; of G, there is an automorphism f : V(G) — V(G) such that f(v;) = v;
and f.(M) = M.

Lemma 2.1. Let G be a circulant graph of order 2n, n > 2. Let My and M, be two perfect match-
ings of G such that either M, or My is vertex-perfect-matching transitive. If f is an automorphism
f: V(G) — V(GQ) such that f.(M,) = M, then we may assume without loss of generality that
f(v1) = 1.

Proof. Let f : V(G) — V(G) be an automorphism of G such that f.(M;) = M.

If M, is vertex-perfect-matching transitive, let v; be the vertex such that f(v;) = v;. Since M,
is vertex-perfect-matching transitive, there exists an automorphism g : V(G) — V(G) such that
g(v1) = v; and g.(M;) = M;. Now, we define h = f o g, implying that 4 is an automorphism such
that h(U1) =1 and he(M1) = MQ.

If M, is vertex-perfect-matching transitive, let v; be the vertex such that f(v;) = v;. Since M,
is vertex-perfect-matching transitive, there exists an automorphism g : V(G) — V/(G) such that
g(v;) = vy and g.(Ms) = Ms. Now, we define h = go f, implying that / is an automorphism such
that h(’Ul) = and he(Ml) = MQ.

In other words, any automorphism f : V(G) — V(G) such that f.(M;) = M, induces an
automorphism h : V' (G) — V(G) such that h(v;) = vy and h.(M;) = M,. Thus, we may assume

without loss of generality that f(v;) = v;. O
Lemma 2.2. Let G be a circulant graph of order 2n, n > 2.

(1) If G contains the perfect matching My = {v10y41,VoUn 12, V3V 43, - - ., UnUsy }, then My is
vertex-perfect-matching transitive.

(2) If G contains the perfect matching My = {v1vq, V304, Vsg, - . . , Ugp_1Von }, then My is

vertex-perfect-matching transitive.
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Proof. First, consider G with M. Letv;,v; € V(G), and define §; = j—i. Let f : V(G) — V(G)
such that f(v,,) = Vs, forall 1 < m < 2n. Then f is a rotation of GG, and f is an automorphism
such that f(v;) = v; and f.(M) = M. Thus, M, is vertex-perfect-matching transitive, and (1) is
proven.

Second, consider G with M,. Let v;,v; € V(G), and define 0, = j — i. If 6, is even, then let
g : V(G) — V(G) such that g(v,,) = vy, for all 1 < m < 2n. Then g is a rotation of G. It is
the case that g is an automorphism such that g(v;) = v; and g.(M) = M.

If 65 is odd, then let by : V(G) — V(G) such that hy(v,) = va,41—p forall 1 < p < 2n. Then
hi is a reflection of G, and h; is an automorphism. Also, h; maps odd-indexed vertices to even-
indexed vertices and even-indexed vertices to odd-indexed vertices. Let vy, = hy(v;) and define
d3 = j — k. Since h; switches the parity of all vertices, d3 is even. Let hy : V(G) — V(G) such
that ho(v,) = vpys, for all 1 < p < 2n. Then hy, is a rotation of G, and h, is an automorphism.
Let h : V(G) +— V(G) such that h = hy o hy. Then h is an automorphism such that h(v;) = v,.
Furthermore, let v,v,.; € M. Then h maps this edge to Vo, 1—z455V2n+1—2—1+485- SINCE I3 IS even
and z is odd, 2n + 1 —x — 1 4 d3 is odd. Thus, v, +1-zts,V2n+1-2—1+55 € M. Since h is bijective,
it maps each edge in M to a unique edge in M. This implies that h.(M) = M. Thus, M; is
vertex-perfect-matching transitive, and (2) is proven. 0

The condition of Lemma 2.1 is that one of the perfect matchings is vertex-perfect-matching
transitive. Thus, whenever Lemma 2.1 is invoked, one of the perfect matchings in Lemma 2.2 will
be present.

Theorem 2.4. For any odd integer n > 5, the circulant graph C's,(1,2,3,...,n — 1) is not
PM-transitive.

Proof. If n is odd, let My = {v1vq, V304, UsVg, . . ., Vap_1Va, } and My = {v,4 1042, VpUpys}t U
(Mi\{vnUns1, VnioVnis}). My and My are two perfect matchings of G. Suppose [ is an auto-
morphism f : V(G) — V(G) such that f.(M;) = M,. By Lemma 2.1, we can assume, with-
out loss of generality, that f(v;) = v;. Since vivy € Mo, this implies that f(vy) = wvy. Since
VU1 & E(G), f(01) f(vng1) = v1f(vns1) € E(G). Since vy, is the only vertex not adjacent to
U1, f(Unt1) = Upg1. Similarly, vav,40 ¢ E(G) implies that f(v2) f(vn12) = vaf(vni2) € E(G).
Since v, is the only vertex not adjacent to vy, f(vni2) = Vnio. Notice that v, 1V, 0 & M
but f(vni1)f(Vnio) = Vpi1Vnie € Mo, contradicting f.(M;) = M. Thus, G is not PM-
transitive. OJ

3. PM-transitivity of Connected Circulant Graphs of Order 6

In this section, we characterize the PM-transitivity of connected circulant graphs of order 6.
The circulant graphs of order 6 include C'ig(1), Cig(2), Cig(3), Cig(1,2), Cig(1,3), Cig(2,3),
and C'ig(1,2, 3), where C'ig(2) and C'ig(3) are disconnected.

Theorem 3.1. If G is a connected PM-transitive circulant graph of order 6, then G is congruent
to 026(1), CZG<1, 2), 026(1, 3), or 026(]—7 2, 3)
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PVOOf: IfG = 026(1) = 06’ G = 016(1, 3) = K373, or G = 026(1, 2, 3) = K@, then G is
PM-transitive by Theorem 2.1. We just need to consider the following two cases.

Case 1. G = (Cig(1, 2) is PM-transitive.

Define {vjvg, v9v3, U304, V4Us5, VsVg, UgU1 } to be the outer edges and all other edges to be the
inner edges. Let M be a perfect matching of G. Notice that the six inner edges form two C'3
subgraphs. If M contains three inner edges, then one of these subgraphs will have two edges in
M. This results in one vertex being covered twice, a contradiction. Thus, A/ must contain at least
one outer edge.

Without loss of generality, let vsus € M. To cover the remaining vertices, either v,vs, v3v4 €
M or vyvz, vavy € M. Let My = {v1vq, v304, 506} and My = {v1v3, V904, U506}

Now, it simply remains to find an automorphism that maps M; to M. Let f : V(G) — V(G)
such that f(v1) = v1, f(v2) = vs, f(v3) = va, f(ve) = va, f(v5) = vs, and f(ve) = vs. Then f is
an automorphism such that f.(M;) = M,. Thus, G is PM-transitive.

Case 2. G = (ig(2, 3) is not PM-transitive.

Let M; = {v1v4, 905, 0306} and My = {vyvs5, vovy, v306}. Then My and M, are two perfect
matchings of G such that G — M, is a union of two 3-cycles while G — M, is a 6-cycle. Therefore,
G is not PM-transitive.

In summary, the connected PM-transitive circulant graphs of order 6 are congruent to C'ig(1),
Cig(1,2), Cig(1,3), or Cig(1,2,3). In other words, they are congruent to Cy, K529, K33, or
K. [

4. PM-transitivity of Connected Circulant Graphs of Order 8

In this section, we characterize the PM-transitivity of connected circulant graphs of order 8.
The circulant graphs of order 8 include Cis(1), Cis(2), Cis(3), Cis(4), Cis(1,2), Cig(1,3),
Cig(1,4), Cig(2,3), Cig(2,4), Cig(3,4), Cis(1,2,3), Cig(1,2,4), Cig(1,3,4), Cig(2,3,4), and
Cig(1,2,3,4), where C'ig(2), Cig(4) and C'ig(2,4) are disconnected. Furthermore, Theorem 4.1
contains 4 statements of congruence that reduce the number of cases needed to prove Theorem 4.2.

Theorem 4.1. For the connected circulant graph or order 8, the following congruence statements

hold.
(1) Cis(1) = Cig(3)
(2) Cig(1,2) = Cig(2, 3)
(3) Cig(1,4) = Cig(3,4)

(4) Clig(1,2,4) = Cig(2,3,4)

Proof. To prove each congruence statement, it is sufficient to define an automorphism f from the
vertices of the first graph to the vertices of the second graph.

Let f be defined such that f(v1) = vy, f(ve) = vy, f(v3) = v7, f(vg) = va, f(v5) = vs,
f(vs) = wvs, f(v7y) = v3, and f(vs) = vg. For each of the 4 congruence statements, f is an
automorphism that maps the vertices of the graph on the left side to the vertices of the graph on
the right side. [

Theorem 4.2. If G is a connected PM-transitive circulant graph of order 8, then G is congruent
to Cig(1), Cig(1,3), or Cig(1,2,3,4).
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PVOOf: fG = 028(1) = Cg, G = OZS(L?)) = K474 or G = 028(1,2,3,4) = Kg, then G is
PM-transitive by Theorem 2.1. If G = C'ig(1, 2), then G is not PM-transitive by Theorem 2.2. If
G = (Cig(1,4) = Cig(3,4), then G is not PM-transitive by Theorem 2.3. We just need to consider
the following three cases.

Case 1. C' = (Vig(1, 2, 3) is not PM-transitive.

Let M1 = {1)11)2,1}31}4, U5 Vg, U'ﬂjg} and MQ = {Ulvg, V34, Us0sg, U6U7}- Then M1 and M2 are
two perfect matchings of GG. Suppose that f is an automorphism f : V(G) — V(G) such that
fe(M;y) = M,. Without loss of generality, let f(v,) = v;. This forces f(vy) = vo.

Consider vg. Since vg is adjacent to vy and v, f(vs) cannot be vs or vg. If f(vs) = vs, then this
forces f(v5) = vg. Now v1v5 ¢ E(G) and v1v4 € E(G), contradicting the supposition that f is an
automorphism. If f(vg) = vy, then this forces f(vs) = v3. Now v1v5 ¢ E(G) and viv3 € E(G), a
contradiction. If f(vg) = vy, then this forces f(vs) = vg. Now vyv5 ¢ E(G) and v1v5 € E(G), a
contradiction. If f(vg) = vs, then this forces f(v;) = v7. Now vjvs ¢ E(G) and v1v; € E(G), a
contradiction. Therefore, G is not PM-transitive.

Case 2. G = (Vig(1, 2,4) is not PM-transitive.

Let M1 = {U1U3,U2U8, V4 Vg, U5’U7} and MQ = {’U1U5, V2Vg, U3V7, U4U8}. Then M1 and M2 are
two perfect matchings of GG such that G — M; has four 3-cycles while G — My = ('ig(1,2) has
eight 3-cycles. Therefore, GG is not PM-transitive.

Case 3. G = (ig(1, 3,4) is not PM-transitive.

Let M; = {v1vq, U304, U506, V70s} and My = {wvjvs, vovg, V307, V408 }. Then M; and M, are
two perfect matchings of G such that G — M, has 3-cycles while G — My = Cig(1,3) = Ky4
doesn’t have 3-cycles. Therefore, G is not PM-transitive.

In summary, the connected PM-transitive circulant graphs of order 8 are congruent to C'ig(1),
Cig(1,3), or Cig(1,2,3,4). In other words, the connected PM-transitive circulant graphs of order
8 are congruent to Cg, [, 4, or K. O]

S. PM-transitivity of Connected Circulant Graphs of Order 10

In this section, we characterize the PM-transitivity of connected circulant graphs of order 10.
The circulant graphs of order 10 include C'i1o(1), C'i19(2), Ciip(3), Ci10(4), Ciio(5), Ciio(1,2),
Ci(1,3), Cin(l,4), Cip(l,5), Ci(2,3), Cin(2,4), Ci(2,5), Cin(3,4), Cin(3,5),
Cin(4,5), Cin(1,2,3), Cin(1,2,4), Ci(1,2,5), Ci(1,3,4), Cin(l,3,5), Cip(l,4,5),
Ci10(2,3,4), Ci19(2,3,5), Cip(2,4,5), Cin(3,4,5), Ci(1,2,3,4), Cip(1,2,3,5),
Cilo(]_, 2, 4, 5), Cilo(l, 3, 4, 5), Ci10(27 3, 4, 5), and Ci10<1, 2, 37 4, 5), where Cim(?), Ci10<4),
C'i10(2,4), Ciyp(5) are disconnected. Furthermore, Theorem 5.1 contains 10 statements of con-
gruence that reduce the number of cases needed to prove Theorem 5.2.

Theorem 5.1. For the connected circulant graph of order 10, the following congruence statements

hold.
(1) Cling(1,2) = Cliyg(3,4)
(2) Ci10<1, 4) = 0210(2, 3)
(3) Ci10<2, 5) = 0110(4, 5)
(4) Cilo(l, 5) = 0110(3, 5)
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(5) Ciyo(1,2,3) = Ciy(1,3,4)

(6) Cliyo(1,2,4) = Cliyo(2,3,4)

(7) Cing(1,2,5) = Cligg(3,4, 5)

(8) Cliyo(1,4,5) = Cliyp(2,3,5)

(9) Cliyn(1,2,4,5) = Ciyg(2,3,4,5)
(10) C'iyg(1,2,3,5) = Cliyo(1, 3,4, 5).

Proof. To prove each congruence statement, it is sufficient to define an automorphism f from the
vertices of the first graph to the vertices of the second graph.

Let f be defined such that f(vy) = vy, f(v2) = v4, f(v3) = v7, f(vg) = V10, f(v5) = v,
f(vs) = ve, f(v7) = vo, f(vs) = va, f(vg) = vs, and f(v19) = vs. For each of the 10 congruence
statements, f is an automorphism that maps the vertices of the graph on the left side to the vertices
of the graph on the right side. 0

Theorem 5.2. If G is a connected PM-transitive circulant graph of order 10, then G is congruent
to Cilo(l), Cilo(l, 4), Cilo(l, 3, 5), or Ci10<1, 2,3,4, 5)

Proof. IfG= 0210(1) = 0210(3) = Clg, G = Cilo(l, 3,5) = K575, or G = Cilo(l, 2,3,4, 5) =
Ko, then G is PM-transitive by Theorem 2.1. If G = ('i19(1, 2), then G is not PM-transitive by
Theorem 2.2. If G = Cliyp(1,5) = Ciyp(3,5), then G is not PM-transitive by Theorem 2.3. If
G = (Ci19(1,2,3,4) = Ky9929, then G is not PM-transitive by Theorem 2.4. We just need to
distinguish the following ten cases.

Case 1. G = (Ciyp(1, 3) is not PM-transitive.

Let M; = {vva, V304, Usvg, V70s, Vou1p} and My = {vyv9, V3010, V4U7, UsUs, Vg ;. Then M,
and M, are two perfect matchings of G.

Let GG; be the graph formed by identifying the vertices in each edge of M. In other words, Gy
is the graph formed by identifying v; with vs, v3 with vy, v5 with vg, v7 with vg, and vg with vyg.
Similarly, let G2 be the graph formed by identifying the vertices in each edge of )M,. Notice that
(51 is K5 and that G is K5 minus an edge. Therefore, GG is not PM-transitive.

Case 2. G = (iyo(1,4) is PM-transitive.

Consider the following four perfect matchings: M; = {vjvg, v3v4, V56, V708, V10 }, My =
{U1U2,05U6,U809,U3U7,U4U10}, M; = {U1U2,U5U670708,1)3?}97714@10}, and M, = {01U2,U3U7,U4U&
VsV, V10 . We shall show that every perfect matching M of G is automorphic to one of these per-
fect matchings. To show this, we shall define {vigvy, V102, Vo3, V304, V4U5, VsV, VgU7, U7Us, VgVo,
vgv1p } to be the outer edges and all other edges to be the inner edges.

If M contains no inner edges, then M = M; or M = {v1gv1, U203, 0405, VU7, UgUg }. It is easy
to see that M is automorphic to M.

In the following, we assume that M contains at least one inner edge. Without loss of generality,
let v4v19 € M. Notice that vy, v9, and v3 cannot be covered by only using outer edges in M. Thus,
M has at least two inner edges.

If M has exactly two inner edges, then not all of v, v,,v3 can be covered by inner edges.
Without loss of generality, let vyv, € M. To cover vs, either vsv; € M or vsvg € M. If the
former is true, then vgvg, v5v6 € M. Now, M is automorphic to M,. If the latter is true, then
V7, VsV € M. Now, M is automorphic to Ms.
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Suppose that M has exactly three inner edges. If neither v,v2 nor vyvs are in M, then three
more inner edges are needed to cover {vy, v9, v3}, a contradiction. Thus, without loss of generality
let vyv9 € M. To cover vs, either vsug € M or vsvg € M. If the former is true, then {v3, v7, vs, vg }
cannot be covered by two inner edges in M. If the latter is true, then v3v; € M in order to cover
vs. Now, vg and vg cannot be covered by an outer edge in M, a contradiction. Thus, M cannot
have three inner edges.

If M has exactly four inner edges, then consider the following. Suppose that the single outer
edge in M is v;ve. Now, there is no inner edge that can cover vg. Thus, by symmetry v,vy ¢ M
and vov3 ¢ M. If the single outer edge in M is vgvg, then vzv; € M to cover vs. To cover
Vo, Uovg € M. To cover vy, vivs € M. Now, M is automorphic to M. By symmetry, if the
single outer edge in M is v5vg then M is automorphic to M. If the single outer edge is v7vs, then
v3vg € M to cover vs. To cover vs, v3vg € M. To cover vy, v1v5 € M. Now, M is automorphic to
M,. By symmetry, if the single outer edge in M is vgv7 then M is automorphic to M.

Suppose M has five inner edges. To cover vs, either vsv; € M or vsvg € M. If the former
is true, then vsv9 € M to cover vyg. To cover vg, vovg € M. No edge covers both v; and vg, a
contradiction. If the latter is true, then vovg € M to cover vg. To cover v7, viv7 € M. Now, vs and
vg cannot be covered by an inner edge, a contradiction. Thus, M cannot have five inner edges.

Table 1. f, g, and h are automorphisms

w | f(u)f(v) | g(w)g(v) [ h(u)h(v) |

V1V2 V1U2 V102 V1V2
VU3 VaUg VaU3 VaUsg
U3V4 UgUg U3Vg VUgUy
V4Us VgUs V9 Us V410
Us5Vg V5Vg V5Vg V10Ve
Ve U7 Vg U7 Ve U7 Ve U7
V7Us V73 U7Us U7U3
UgUg V3V4 UgUy U3Vg
V910 V410 V410 V9 Us
V1001 V10V1 V1001 UsU1
V1V5 V15 V1V5 V110
Us5Vg V504 U504 V10V9
VgUs V4Ug V4U3 VgUsg
V37 vguy V37 Vg7
V71 71 U7 V71
VaVg VaVg VaVg VaVg
VeV10 VsV10 VeV10 Vs Us
V10V4 V10V9 V10V9 U504
V4Ug VgU3 VgUsg V43
UgU2 U3U2 UgU2 V3U2

Now we prove that M, is automorphic to M,, M3, and M,, respectively. For M; and M,, we
define f : V(G) — V(G) such that f(v;) = v; ifi = 1,2,5,6,7,10, f(v3) = vs, f(v4) = vg,
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f(vs) = v3, and f(vg) = v4. To prove that f is an automorphism, Table 1 shows that f preserves
all 20 edges (the edges in the second column form F(G)). Also, f maps M; to M,, that is,
J.(My) = My,

For M, and M3, we define g : V(G) — V(G) such that g(v;) = v; ifi = 1,2,3,5,6,7,8, 10,
g(v4) = vg, and g(v9) = v4. To prove that ¢ is an automorphism, Table 1 shows that g preserves all
20 edges (the edges in the third column form E(G)). Also, g maps M, to M3, thatis, g.(M;) = Ms.

For M; and M,, we define h : V(G) — V(G) such that h(v;) = v; ifi = 1,2,4,6,7,9,
h(vs) = vs, h(vs) = v19, h(vs) = vs, and h(v19) = vs. To prove that h is an automorphism, Table
1 shows that h preserves all 20 edges (the edges in the third column form E(G)). Also, h maps
M1 to M4, that iS, he<M1) = M4.

Therefore, GG is PM-transitive.

Case 3. G = ('i19(2, 5) is not PM-transitive.

Let M1 = {Ulvﬁ, VU7, V3Vg, U4V9, U5U10} and M2 = {U1U37 V5U7, VqVg, V2V10, U6U8}. Then M1
and M, are two perfect matchings of GG such that G — M; is a union of two 5-cycles while G — M,
is a union of a 4-cycle and a 6-cycle. Therefore, GG is not PM-transitive.

Case 4. G = (iyo(1, 2, 3) is not PM-transitive.

Let M1 = {Uﬂ)g, V34, U5Vg, U7VU8, ?)9’010} and M2 = {1)11)4, V7V10, V3Vg, UgU2, U5’Ug}. Then M1
and M, are two perfect matchings of GG. Suppose that f is an automorphism f : V(G) — V(G)
such that f.(M;) = M,. Without loss of generality, let f(v;) = v;. This forces f(ve) = vy.

Consider vyg. If f(v19) = v, then this forces f(vg) = vg. Now vovg € E(G) and vqvg ¢ E(G
contradicting the supposition that f is an automorphism. If f(vj9) = v, then this forces f(vo)
vg. Now vjvg € E(G) and vivg ¢ E(G), a contradiction. If f(vig) = ws, then vivg € E(
and vivs ¢ F(G), a contradiction. If f(viy) = wvg, then viv9 € E(G) and vivg ¢ E(G)
contradiction. If f(v19) = vz, then vjvyy € E(G) and v1v; ¢ E(G), a contradiction. If f(vq0)

(
)
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vs, then vovyy € E(G) and vyvg ¢ E(G), a contradiction. If f(vyg) = vy, then vyvy € E(G
and vqvg ¢ E(G), a contradiction. If f(v19) = vig, then vovg € E(G) and vyv19 ¢ E(G),
contradiction. Therefore, GG is not PM-transitive.

Case 5. G = ('iy0(1, 2,4) is not PM-transitive.

Let M; = {vyvs, vavs, Usvg, V4V10, Vev7 } and My = {vyv9, V304, U5V6, V708, UgU19}. Then M,
and M, are two perfect matchings of G. Suppose that f is an automorphism f : V(G) — V(G)
such that f.(M;) = M,. Without loss of generality, let f(v;) = v;. This forces f(vs) = vs.

Consider v;. Since vv7, vsv7 € E(G), it is the case that f(vy) f(v7) = vif(v7) € E(G) and
f(vs)f(v7) = vaf(v7) € E(G). Since vs and vy are the only vertices adjacent to both v; and vs,
the image of v is either v3 or vy.

If f(v7) = vs, then this forces f(vs) = v4. Now, any proposed preimage of vy will contradict
the fact that f is an automorphism. Specifically, if f(v2) = vy, then vov; ¢ E(G) contradicts
V19V2 € E(G) If f(Ug) = vy, then v3vg ¢ E(G) contradicts vigvs € E(G) If f(U4> = 10,
then vy,v; ¢ E(G) contradicts vigv; € E(G). If f(vs) = vy, then vgvs ¢ E(G) contradicts
V192 € E(G) If f("Ug) = 19, then vgvg §é E(G) contradicts v1gvs € E(G) If f(vlo) = 19, then
v1ovs ¢ E(G) contradicts v1gve € E(G).

If f(v7) = v10, then this forces f(vg) = vg. Now, any proposed preimage of v3 will contradict
the fact that f is an automorphism. Specifically, if f(ve) = vs, then vsvy ¢ E(G) contradicts
vovy € E(G). If f(vs) = vs, then vyv3 € E(G) contradicts vigvs ¢ E(G). If f(v4) = v3, then

~—

o

549



Perfect matching transitivity of circulant graphs |  Reiter and Zhou

v1vy ¢ E(G) contradicts vivs € E(G). If f(vs) = vs, then vyvg ¢ E(G) contradicts v1v3 € E(G).
If f(’Ug) = Vs, then V79 € E(G) contradicts V10V3 ¢ E(G) If f(Ul()) = s, then VUsV10 ¢ E(G)
contradicts vov3 € E(G). Therefore, G is not PM-transitive.

Case 6. G = (iy0(1, 2,5) is not PM-transitive.

Let M1 = {’Ulvﬁ, V9U7, V3Vg, U4V9, U5U10} and M2 = {’Ulvg, V3Vy4, U5V, U7V8, UgUlo}. Then M1
and M, are two perfect matchings of G. Suppose that f is an automorphism f : V(G) — V(G)
such that f.(M;) = M,. Without loss of generality, let f(v;) = v;. This forces f(vg) = va.

Now, any proposed preimage of vy will contradict the fact that f is an automorphism. Specif-
ically, if f(vy) = wvig, then voug ¢ E(G) contradicts vigve € E(G). If f(v3) = vy, then vgvg ¢
E(G) contradicts vjpvy € E(G). If f(vy) = vy, then v4vy ¢ E(G) contradicts vigv; € E(G).
If f(?}5) = w10, then vsv; ¢ E(G) contradicts vigv; € E(G) If f(U7) = 19, then vy ¢ E(G)
contradicts vipvy € E(G). If f(vs) = vy, then vgv; ¢ E(G) contradicts vipv; € E(G). If
f(Ug) = V10, then V9Vg §é E(G) contradicts V1gV2 € E(G) If f(Ulo) = V10, then V10Vs §é E(G)
contradicts vipvy € E(G). Therefore, G is not PM-transitive.

Case 7. G = (iyo(1,4, 5) is not PM-transitive.

Let M1 = {vlvﬁ, V9U7, V3Vg, U4V9, ’U5U10} and M2 = {Uﬂ)g, V34, U5V, U7V8, UgUlo}. Then M1
and M, are two perfect matchings of G. Suppose that f is an automorphism f : V(G) — V(G)
such that f.(M;) = M. Without loss of generality, let f(v;) = vy. This forces f(vg) = vs.

Now, any proposed preimage of vy will contradict the fact that f is an automorphism. Specif-
ically, if f(v2) = vy, then vovg € E(G) contradicts vigve ¢ E(G). If f(vs) = vig, then vsv; ¢
E(Q) contradicts vigv; € E(G). If f(v4) = v10, then v4v; ¢ E(G) contradicts vigv, € E(G).
If f(?}5) = 10, then VsVg € E(G) contradicts V10V2 ¢ E(G) If f(U7) = V10, then Vrlg € E(G)
contradicts vigve ¢ E(G). If f(vg) = vy, then vgvy ¢ FE(G) contradicts vigv; € E(G). If
f(vg) = w19, then vgvy; ¢ E(G) contradicts vigvy € E(G). If f(vip) = v10, then vigvg € E(G)
contradicts vipvy ¢ E(G). Therefore, G is not PM-transitive.

Case 8. G = (i19(2,4, 5) is not PM-transitive.

Let M1 = {Ulvg, V9U7, V4Vg, U9, ’UG’UIQ} and M2 = {1}11)6, VaU7, U3Vg, UqV9, ’U5U10}. Then M1
and M, are two perfect matchings of G. Suppose that f is an automorphism f : V(G) — V(G)
such that f.(M;) = M,. Without loss of generality, let f(v;) = v;. This forces f(v3) = vg.

Consider v7. Since vjv7,v3v; € E(G), it is the case that f(v1)f(v7) = v f(v7) € E(G) and
f(v3)f(vz) = vsf(vr) € E(G). Since there are no vertices adjacent to both v; and v, this is a
contradiction. Therefore, GG is not PM-transitive.

Case 9. G = (Ciy9(1, 2,3, 5) is not PM-transitive.

Let M1 = {Ulvg, V9V4, U5Vg, U7U8, ’Ug?}lo} and M2 = {U1U27 V3V4, U5Vg, UrUs, UgUlo}. Then Ml
and M, are two perfect matchings of G. Suppose that f is an automorphism f : V(G) — V(G)
such that f.(M;) = M,. Without loss of generality, let f(v;) = v;. This forces f(v3) = vs.

Consider v;. Since viv7,v3v7 ¢ E(G), it is the case that f(vy) f(v7) = vif(v7) ¢ E(G) and
f(vs)f(vr) = vaf(v7) € E(G). Since every vertex is adjacent to at least one of v; and v,, this is a
contradiction. Therefore, GG is not PM-transitive.

Case 10. G = Ciy9(1, 2,4, 5) is not PM-transitive.

Let M; = {vyvs, vavs, U3y, V4010, Va7 } and My = {vqv9, U304, U5V6, V708, UgU19 . Then My
and M, are two perfect matchings of G. Suppose that f is an automorphism f : V(G) — V(G)
such that f.(M;) = M. Without loss of generality, let f(v;) = vy. This forces f(v5) = vs.
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Consider v7. Since vyvr, vsv; € E(G), it is the case that f(v1)f(v7) = v1f(v7) € E(G) and
f(vs)f(v7) = vof(vy) € E(G). Since vs, vg, v7, and vy are the only vertices adjacent to both
v; and vq, the image of vy is either vs, vg, v7, or vig. If f(v7) = w3, then this forces f(vg) = vg.
Now, vjvg € F(G) contradicts vivy ¢ E(G). If f(v7) = v, then this forces f(vg) = vs. Now,
vsvs € E(G) contradicts vovs ¢ E(G). If f(v7) = vy, then this forces f(vg) = vs. Now,
v1vg € FE(G) contradicts vivg ¢ E(G). If f(v7) = vy, then this forces f(vg) = vg. Now,
vsv € E(G) contradicts vovg ¢ E(G). Therefore, G is not PM-transitive.

In summary, the connected PM-transitive circulant graphs of order 10 are congruent to C'i1(1),
Cin(1,4) = Ciyp(2,3), Cin(1,3,5), or Ciy(1,2,3,4,5). That is to say, the connected PM-
transitive circulant graphs of order 10 are congruent to C1g, Ciyo(1,4) = Ciy9(2,3), K55, or
Kl(]. L]
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