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Abstract

Let G = (V,FE) be a simple, connected, and undirected graph, where V' and FE are the set
of vertices and the set of edges of G. An edge magic total labeling on G is a bijection f :
VUE — {1,2,...,|V] + |E|}, provided that for every uv € E,w(uww) = f(u) + f(v) +
f(uv) = K for a constant number K. Such a labeling is said to be a super edge magic to-
tal labeling if f(V) = {1,2,...,|V]|} and a b-edge consecutive edge magic total labeling if
f(E) ={b+1,b+2,...,b+|E|} with b > 1. In this research, we give sufficient conditions
for a graph G having a super edge magic total labeling to have a b-edge consecutive edge magic
total labeling. We also give several classes of connected graphs which have both labelings.
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1. Introduction

All graphs which are considered in this paper are simple, undirected, and connected. Let
G = (V, E) be a graph. An edge magic total labeling (EMTL), introduced in 1970 by Kotzig and
Rosa [6], is a bijective mapping f : V U E — {1,2,...,|V]| + |E|} such that the edge weight
w(uv) = f(u)+ f(v)+ f(uv) is constant for all uv € E. This is a variation of magic labeling that
was first introduced by Sedlacek in 1963 [9].

In 1998, Enomoto et al. [1] introduced the super edge magic total labeling (SEMTL), which is
an EMTL with the additional property that f(V') = {1,2,...,|V|}. Graphs that meet this labeling

Received: 13 May 2022, Revised: 14 September 2022, Accepted: 6 October 2022.

553



On b-edge consecutive edge magic total labeling on trees | E. Setiawan et al.

are called super edge magic total (SEMT) graphs. They also conjectured that every tree is SEMT.
In 2008, Sugeng and Miller [11] observed that the consecutive edge labels do not have to start
from 1 but can be shifted (such that they start) from a number b + 1 with b > 1, thus introducing
another variation of EMTL called the b-edge consecutive edge magic total labeling (>-ECEMTL).
Graphs that meet this labeling are called b-edge consecutive edge magic total (b-ECEMT) graphs.
In the D-ECEMTL, the vertex set of the graph will be partitioned into two subsets, namely the
{1,2,...,b} labeled subset and {b+ |E| + 1,0+ |E| +2,...,|V|+ | E|} labeled subset. This fact
suggests that the b-ECEMT graph is a bipartite graph. However, Sugeng and Miller [11] already
proved that for connected graphs, a b-ECEMT graph must be a tree. Sugeng and Silaban provide b-
edge consecutive edge magic total labeling for some classes of regular trees [12] and disconnected
graphs [10]. For graphs that don’t admit SEMTL, Ngurah and Simanjuntak [7, 8] add isolated
vertices such that the graph admits SEMTL. The number of isolated vertices added is called the
super edge magic deficiency. Further results in --ECEMTL and other variations of edge magic
total labeling can be seen at [2].

The SEMTL can be viewed as the 0-ECEMTL, so it is intuitive that there is a relationship
between the SEMT graphs and the --ECEMT graphs. In this study, we give the sufficient condition
for a SEMT graph to be a b-ECEMT graph for b > 1. The b-ECEMTL of families of graphs that
meet this condition is given as a result of these sufficient conditions. In addition, we also show the
b-ECEMTL of other families of trees that have not been proven to be SEMT graphs. In the Main
Results, we will start the discussion by showing the SEMTL of those graphs.

2. Preliminary
The following results will be used in this paper.

Theorem 2.1. [6] A caterpillar G = S, ,... n, admits a SEMTL.

.....

Theorem 2.2. [3] A banana tree G = BT (ny,ng,...,ng) withny =ng = --- = ng = n, (%W <
n < k — 1 admits a SEMTL.

Theorem 2.3. [3] A banana tree G = BT (ni,ng,...,ng) with n; > n;yy foreach 1 < i < k
admits a SEMTL.

Theorem 2.4. [4] A generalized comb G = Cby(ny,na, ... ,ng) withny = ng = -+ = ng = n,
n > 2, and k > 2 admits a SEMTL.

Theorem 2.5. [4] A generalized comb G = Cby(2,3, ...,k + 1) admits a SEMTL.

Theorem 2.6. [5] For a connected bipartite graph G with partite sets X and Y, exactly one of the
following is true:

1. G does not have a b-ECEMTL for any b;
2. G has only 0-ECEMTL and SEMTL;
3. Gis atree having a b-ECEMTL for each b = 0,

XY

X+Y)

> ’
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3. Main Results

3.1. New SEMT Graphs

We will give the new results regarding SEMTL for banana tree and firecracker. Hussain,
Baskoro, and Slamin (2009) proved that a banana tree graph BT (ny, ns,...,n;) with some re-
strictions has SEMTL. See Theorem 2.3 for the result. In Theorem 3.1, we generalize their result
for banana tree graph BT (ny,na, ..., n;) which is formed by joining the vertex v, with exactly
one leaf of a sequence of stars with order greater than or equal to the sequence index.

Theorem 3.1. A banana tree G = BT(ny,ns,...,n;) with n; > i for each i € {1,2,... k}
admits a SEMTL.

Y1, V12 Py Uzn, LR Va1 Vrny, U o U

7y

Figure 1. Vertices naming on BT (n1,na, ..., nk).

Proof. Banana tree BT (ny,ny, . .., ny,) has vertex set V = {v;]0 < i < k}U (U {vim]l <m <
n;}) and edge set £ = {v;u; |1 <i <k, 1 <m <n;} U{vv; 1|1 < i< k}. Anillustration of a
banana tree is shown in Figure 1.
Suppose «; = Zl_l njand 327_ n; = 0if j < 1. Define f : VUE — {1,...,|V|+ |E|} as
follows

fvi)) =g +i+1, for0 <i <k,
fvi1) =a; 41, for1 <i <k,
fHviml2<m <n;}) ={ai+ 1, +2,...,; + n;} except for {a; + i}, for 1 <i <k,
Fontim) = V] + || — (s + (6 — 1)), for 1 < i < .
fwwim) =|VI+1|E|l = (f(vim)+ (i—1)), forl <i<kand 1 <m <n,.

From the definition of f given, itis clearthat f : VU E — {1,...,|V|+ |E|} is a bijection
with f(V) = {1,2,...,|V|}. Next, we prove that each edge in G has the same weight. Take an
arbitrary zy € E and we show that w(zy) = f(z) + f(y) + f(zy) = K for K € N. Suppose
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TY = vV, € I, then from the definition of f, the weight of zy can be calculated by considering
two cases as follows.
Casel.i=0,m=1,57€{1,2,... k}

w(vovj1) = f(vo) + fvovsn) + f(vj1)

<Zm+0—l—1> + <|Vy+|E| - (im—k(y’—l))) + (in—i—j)

n;+2+|V|+ |E|

hE

1
V] —k—1+2)+2[V]-1)
V| - k.

<.
Il

I
wWw

Case2.j e {1,2,...,k},me{l,2,...,n;}
w(vjvj,m) = f(vj) + f(vjvj,m) + f(vj,m)

= (Z n; +j+ 1) + (VI+ 1Bl = (f(vjm) + (G = 1)) + [ (0jm)

k
=> ni+2+ V| +|E|

=1
=(|V|-k—=1+2)+(2|V]-1)
—3|V| - k.

From the results of both cases above, it has been shown that G admits SEMT labeling with magic
constant 3|V| — k. O

In Figure 2 we give an example of SEMTL on BT'(2,4,3,4) with f(V) = {1,2,...,18},
f(E) ={19,20,...,35}, and magic constant KX = 50.

In Theorem 3.2, we show that a firecracker G = F'(ny, ns, ..., ng), formed by joining one leaf
from a sequence of stars with increasing order, has SEMTL.

Theorem 3.2. A firecracker G = F(ny,na, ..., ng) withn; > n; foreachi € {1,2,...,k — 1}
admits a SEMTL.

Proof. From the definition of firecracker, it is obtained that this graph has the vertex set V' =
{vi]l <i<Ek}U{v |1 <i<k1<j<n;}andtheedgeset E = {vv;;|1 <i<k,1<j<
n;} U{vi1vi411|1 <4 < k — 1}. The naming for the vertices and edges on the firecracker can be
seen in Figure 3.

Suppose A; is the summation of all n; where j is even and j < 7, B; is the summation of
all n; where j is odd and j < 4, and Cj is the summation of all n; where j < i. Then, A; =
No+na+---+n, forevent < ¢, B; = ni+ns+- - -+ng,forodd s < i, and C; = ni+nqg+ns+---+n;.
Suppose that K = |V|+ |E| 4+ Ax + [k/2] + 2. Define f : VUE — {1, ...,|V|+ |E|} as follows
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2 1 3 5 6 4 7 8 9 10 11 12 13
33 34 I 29\, 28] 30 26| 25/ 24 22| 21/ 20 19
15 16 17 18
32 27
35
23
14

Figure 2. SEMTL on BT(2,4,3,4).

Yin, V13 M2 Van, V33 Va2 Ykny Vg3 %

Figure 3. Vertices naming on F'(nq,ng, ..., ng).
A+ B for odd 1,
i+ 24+ (Ay+ [5]), foreveni,
v9) — 1, fori =1,
f('UZ'J) — f( 2) .
fvima) + (f(vi) = f(vicin)) . fori# 1.

F{v,12<i<ni})={f(va) =2, f(va) = 3,..., f(va) =1},
fHuigl2<j <m}) ={f(vie1) + 1, f(vic1) + 2, f(vie1) + nipexcept for{ f(vi1)},
for2 <i <k,
firvigra) = V| +|E| = (C;+i—1), forl <i <k —1,
fvivi ;) = K — (f(vi) + f(vi;)), for1 <i<kand1l<j<n,.
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From the definition of f, it is clear that f : V U E — {1,...,|V| + |E|} is a bijection with
f(V)=1{1,2,...,|V|}. Now, we prove that every edge in GG has the same weight. Let zy € FE
and we will show that w(zy) = f(z) + f(y) + f(zy) equals to a constant. This proof will also be
divided into two cases.

Case 1. xy = v;v;

From the definition of f, we have that w(v,v; ;) = f(v;) + f(vivi;) + f(vij) = f(v) + (K —
(f (i) + flvig))) + f(vig) = K.

Case 2. 2y = v; 1Vi411
From the definition of f, we have that w(v; 1vi+11) = f(vi1)+ f(viaviz11) +f(vig11) = f(vi1)+
fivipnn) + (f(0) + (f (Vi) = f(vin))) = f(vigvieia) + f(vi) + f(vis1). Notice that [E| =
V| —1and |V| = Cy + k. If 7 is odd, then

w(vi1vir11) = fvinvign) + f(vi) + f(vigr)
. 1+ 1 1+ 1 k
=([VI+|El-(C;+i—1))+ <Ai+ 5 ) + (Bi+1+ 5 T (Ak+ kD)
= |V[+|E|+ (1 —i) 4+ (i + 1)) + (A + Biy1 — C) + (Ax + [k/2])
= [V + |E| + 2+ (Ax + [k/2]) + (Ai + Bija — C)
=K+ ((neg+ng+---+ni_1) +(ny+n3+---+ny) —Cy)
=K+ (C;—Cy)
=K.

If 7 is even, then
w(“i,lviﬂ,l) = f(Uz‘,lvz‘+1,1) + f(vi) + f(viq1)
) 1 k 142
=(|V|+|E|-(C;+i—-1))+ (Bi+§+ (A;ﬁ— [ﬂ)) + (Ai—H + )

2
=VI+ B+ ((1—i)+ (i +1)) + (Ais1 + B, — C;) + (A + [k/2])
=|V|I+I|E|+2+ (A + [k/2]) + (Ais1 + B, — ;)
=K+ ((ng+ng+---+n)+ (i +n3+-+niq) — )
=K+ (C; - )
=K.

From both cases above, it is proven that G has SEMTL with magic constant K = |V |+ |E|+ A +
(5] +2 O
5 .

We give the example of SEMTL for F'(2,3,3,4,4) with f(V) = {1,2,...,21}, f(E) =
{22,23,...,41}, and the magic constant X' = 53 in Figure 4 as well as SEMTL for F'(3,4,5,5)
with f(V) = {1,2,...,21}, f(E) = {22,23,...,41}, and the magic constant & = 54 in Figure
5.

3.2. Sufficient Conditions for SEMT Graphs to be b-ECEMT
Kang, Kim, and Park [5] have provided the sufficient condition for a graph that have b-ECEMTL
to have SEMTL. In Theorem 3.3, we will give the opposite, which is the sufficient condition for a
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11 19 20

3 4 14 15 7 8 9 18
] @
4 24
a1 A 36 o 33 29 2B 27 o 23
o1 13 5 17 10
40 38 32 30 22
P 38 35 31 26 ®
2 16 6

12 21

Figure 4. SEMTL on F'(2,3,3,4,4).

12 13

3 4 5 16 17 18 20 7 9 10 11
®
s\ 29 g0\ Bs 1 o s\ 4 /38 <52
34 3 28
1 15 6 21
39 37 29 25
38 Ps 33 27

2 19 8

14

Figure 5. SEMTL on F'(3,4, 5, 5).

graph that has SEMTL to have b-ECEMTL. Note that we only consider for the case b > 1, since if
b = 0 then 0-ECEMTL is the same with SEMTL.

Theorem 3.3. Suppose that G is a bipartite graph with partite sets V| and V5 and has SEMTL
f:VUE — {1,2,...,|V| + |E|} with magic constant K. If f(v) < |V4]| for every v € V; or
f(v) > |Vi| for every v € Vs, then G has a b-ECEMTL with b = |V;]|.

Proof. We first prove that f(u) < |V;| for every u € V; or f(v) > |V;]| for every v € V; causes
fh) ={1,2,...,|Vi]} and f(Va) = {|Vi| + 1,|Vi| + 2,...,|V]|}. Note that f is a SEMTL, so
fOV)y={1,2,...,|V|}. If f(u) < |Vi| forevery u € Vi, then 1 < f(u) < |V4| for u € V. Since
f is bijective, it is clear that f(V;) = {1,2,...,|Vi|}, so f(Va) = {|Vi| + 1L, |V4i| + 2,...,|V]}.
If f(v) > |Vi| for every v € Vi, then |V1| + 1 < f(v) < |V]| for v € V,. Because V) and V5
are partite sets of G, then V; NV, = P and V; UV, = V| thus |V| = |V4] 4+ |V5|. Then, we
can conclude that |[Vi| + 1 < f(v) < |[Vi] + |V, for v € Va. Since f is bijective, it is clear that
FVa) = {Vil + L IVa| +2,.. . VI so F(V) = (1,2, [l}.
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21 3 5 24 25 26

7 8 3 4 5 11 12 13 20 4
® ® ® ®
27 26 2 21 /20 18 |17 /16 19 18 4 13 /12 10 |9 8
1 10 6 1 23 6
25 23 15
24
9

17 15 7

® 19 ® 16 ® 11
2 14 22 2

(@) (b)

Figure 6. (a) SEMTL and (b) 6-ECEMTL on F'(2, 3, 3).

Now, we construct a new labeling g : VU E — {1,2,...,|V| + |E|} as follows
f(v), forv € V7,
g(v) =
fw)+|E], forve Vs,

g(uv) = f(uv) — |Va|, foruv € E.

It will be proved that g is bijective with g(E£) = {b+ 1,b+2,...,b+ |E|} and w(uv) = g(u) +
g(v) 4+ g(uw) is a constant natural number for every uv € F.

It is known that f is a SEMTL, so f is bijective with (V) = {1,2,...,|V|}. Because for
u € Vi, then we have g(u) = f(u), thus we have g(V;) = {1,2,...,|Vi|}. From the conditions
given to the theorem it is obtained that f(V2) = {|Vi| + 1, |Vi| + 2,...,|V4| + |V2|}, thus from
the definition of g we obtain that g(V2) = {|Vi| + 1 + |E|, |[Vi| + 2 + | E|,..., [Vi| + [Va| + | E|}.
Because f(V) ={1,2,...,|V|}and f(VUE) ={1,2,...,|V[,|[V|+1,...,|V]| + |E|} then it’s
clear that f(E) = {|V|+ 1,|V| +2,...,|V| + |E|}. From the definition of g we also obtain that
g(E) ={|V|+1=|Va|, [V|4+2—=|Va|,...,|V|+|E|—|Vz|}. It can be seen that b = |V;| = |V|—| V4|
sog(E) = {b+1,042,...,b+|E|}and g(V2) = {b+|E|+1,b+|E|+2,...,b+|E|+|V2|}. From
the explanation above, we can conclude that g is bijective with g(F) = {b+1,0+2,...,b+ |E|}.

The conditions provided state that for every uv € FE, then v € V; and v € V5 or vice versa.
Because f is a SEMTL then for every uv € E, w(uv) = f(u) + f(v) + f(uv) = K a constant
number. Suppose that uv € F, with u € V; and v € V5. From the definition of g we get that the
edge weight for g ie., w*(uv) = g(u) + g(v) + g(uv) = f(u) + f(v) + |E| + fuv) — Vo] =
K + |E| — |V3| is a constant number. Note that for every x € E, x is incident with one of the
members of V; thus |E| > |V;| and K + |E| — |V,| > K > 0. Therefore, it is proved that g is a
b-ECEMTL with b = |V;| and magic constant K* = K + |E| — |V4]. O

In Figure 6 (a) we give an example of SEMTL on F'(2,3,3) with f(v) < 6 = |V}] for every
v € V;. The vertices in V; are colored black while the vertices in V5 are colored green. In Figure 6
(b) we give a 6-ECEMTL obtained from the construction given at the proof for Theorem 3.3.
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Next, we will show the corollary obtained from Theorem 3.3. In Theorem 2.6, Kang, Kim,
and Park [5] proved that if GG is connected bipartite graph having a b-ECEMTL, then G is a tree.
Therefore, in Corollary 3.1 we give some trees that meet Theorem 3.3.

Corollary 3.1. The following graphs, namely

1. A caterpillar G = S, y,....n, Withn; € N forevery1 <1 <k

.....

2. A banana tree G = BT (ny,ng,...,ng) withn; =ng = -+ =ng = n, (%W <n<k-1
3. A generalized comb G = Cbi(ny,ng,...,ng) withny =ng = -+ =n, =n, n > 2, and
k> 2

4. A generalized comb G = Cbi(2,3,...,k+1)
5. A banana tree G = BT (ny,na, ..., ng) withn; > iforevery 1 <i <k
6. A firecracker G = F(ny,no, ..., ng) withn; > n;yq forevery 1 <i <k

have a b-ECEMTL with b = |V}]|.

Proof. 1.) From Theorem 2.1, we obtain that .S,,, ,,,. . », hasa SEMTL f. Kotzig and Rosa [6] pro-
vide definition for f as follows. Rearrange S, ,,,.. », in such a way that the vertices are arranged
into two rows, with the edges joining vertices from different rows and no two edges intersecting
each other. Suppose that vy, vs, ..., v, and wy, ws, . . ., wy, respectively, are the vertices in the first
row and the second row sequentially from left to right. Define f as follows.

f(vi):ia forlﬁlﬁpa
f(wj) =p+j, for1 <j <gq,

Let Vi = {v1,vq,...,v,} and Vo = {wy,wo, ..., w,}, then from the definition given, it is clear
that these two sets are the partite sets of Sy, ,,. .. We also obtain that |Vi| = p, so f(V}) =
{1,2,...,|Vi|} and f(Va) = {|V4| + 1, |V4| +2,...,|V|}. From the results above, it is proven that
G meets the conditions of Theorem 3.3. Thus Sy, 5, », has a b-ECEMTL with b = |V}].

2.) From Theorem 2.2, we obtain that BT (ny,ng,...,n;) withny = ng = -+ = ny =
n,[%] < n <k — 1, has a SEMTL. Hussain, Baskoro, and Slamin [3] provide the definition for

2
SEMTL f as follows

fl) =(n+1)k+1— EJ

Flon) = nk + 1, | forlkgigl(ﬂ,
nk+1+1, for{ﬂ<@§

ooy S D=5 forl
I %1>—{<n+1>¢—n—m, for [4] < i <k,

JHvijl2<j<n})={GE—-1)n+1,...,(i—1)n+n} except for {f(v;1)}, for 1 <i <k.
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Let Vi = {U" {vim]l < m < m;}}and Vo = {vg,v1,...,0}. Note that E = {v;0;,,]1 <
i <k, 1<m<n;}U{v;1|l <i <k}, soitis clear that V; and V5 are partite sets. Because
ny = ng = --- = ng = n, then |Vj| = nk. From the definition given for f it is clear that
f(v;) > nk = |V;| forevery i € {1,2,...,k}. Then it is proven that BT (ny,na, ..., ng) with
Ny ="nNg=---=nN, =N, (%W < n < k — 1 meets the conditions of Theorem 3.3. Thus G has a
b-ECEMTL with b = |V4].

3.) From Theorem 2.4, we obtain that Cb(ny,ng, ..., n;) withn; =ny =--- =nx =n,n >
2, k > 2, has a SEMTL. In a similar way with 1) and 2), it can be proved that C'bg(nq,na, ..., 1)
withn; =ng =--- =np =n,n > 2, k > 2 has a b-ECEMTL with b = |V}].

4.) From Theorem 2.5, we obtain that C'bx(2, 3, ...,k + 1) has a SEMTL. It can be proved that
Cbi(2,3,...,k+ 1) has a b-ECEMTL with b = |V}].

5.) From Theorem 3.1, we obtain that BT'(ny, no, ..., ny) withn; > iforeachi € {1,2,...,k},
has a SEMTL. It can be proved that BT'(ny,ns, ..., ny) withn; > iforeachi € {1,2,... k} has
a b-ECEMTL with b = |V].

6.) From Theorem 3.2, we obtain that F'(ny, no, . .. ,ng) withn; > n;; foreachi € {1,2,..., k—
1}, has a SEMTL. It can be proved that F'(nq, na, ..., ng) withn; > n,; foreach: € {1,2,... k—
1} has a b-ECEMTL with b = |V;]. O

4. Conclusions

In this study, we gave the SEMTL for two classes of trees, banana tree and firecracker. A
banana tree BT (nq,na,...,n;) has a SEMTL when n; > i for every i € {1,2,...,k}, while a
firecracker F'(ny,na, .. .,ny) hasa SEMTL when n; > n;,; foreveryi € {1,2,...,k — 1}.

Then we give the sufficient condition for a graph G that has SEMTL to have b-ECEMTL, which
is bipartite graph with partite sets V; and V5, and having SEMTL f that meets f(u) < |V;] for every
u € Vior f(v) > |V for every v € V5. As the result of this sufficient condition, it is shown that
caterpillar, banana tree BT (ny,ng,...,ng) withng = ng = -+ = ng = n, [g-‘ <n<k-1,
generalized comb Cby(ny,ns,...,n,) withny =ny = ... =np =n,n > 2,and k > 2, as well as
generalized comb Cb (2,3, ..., k+ 1) have b-ECEMTL. Likewise, the banana tree and firecracker
that have previously been shown are SEMT graphs.

For further study we can find the SEMTL for banana tree and firecracker with less conditions
than those given in this paper. For --ECEMTL, we gave the sufficient condition for a graph G to
have b-ECEMTL, then in future research the necessary condition for a graph G to have --ECEMTL
can be explored. The corollaries given in this study are only limited to connected graphs, in further
research other corollaries for disconnected graph can be explored.
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