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Abstract

For a graph G with vertex set V(G) = {vy,vq,...,v,}, let S be the covering set of G having
the maximum degree over all the minimum covering sets of G. Let Ng[v] = {u € S : wv €
E(G)} U {v} be the closed neighbourhood of the vertex v with respect to S. We define a square
matrix Ag(G) = (ai;), by a;; = 1, if [Ng[v;] N Ng[v;]| > 1,7 # j and 0, otherwise. The graph
G® associated with the matrix Ag(G) is called the maximum degree minimum covering graph
(MDMC-graph) of the graph G. In this paper, we give conditions for the graph G to be bipartite
and Hamiltonian. Also we obtain a bound for the number of edges of the graph G*° in terms of the
structure of GG. Further we obtain an upper bound for covering number (independence number) of
G in terms of the covering number (independence number) of G.
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1. Introduction

Let G be finite, undirected, simple graph with n vertices and m edges having vertex set V (G) =
{v1,v9,...,v,}. When the graph G is to be specified, the number of edges is denoted by m(G).
A subset S of the vertex set V' (G) is said to be covering set of G if every edge of G is incident
to at least one vertex in S. A covering set with minimum cardinality among all covering sets
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of (G is called the minimum covering set of G and its cardinality is called the (vertex)covering
number of G, denoted by «g. Let C(G) = {S C V(G): S is a minimum covering set of G'}. If
U= {uj,uy...,u}isasubsetof V(G)and dy(u;), i = 1,2,...,r denote the degree of the vertex
u; in G, which is in U, then we call dy(u;) < dy(uz) < --- < dy(u,) as the degree sequence
of U. fU = {ug,ug...,u.} and W = {wy,wsy...,w,} be any two subsets of V(G) having
degree sequences dy(u1) < dy(ug) < -+ < dy(u,) and dy (wy) < dw(wq) < -+ < dy(w,),
respectively, then we say the degrees of U dominates the degrees of W if dy (w;) < dy(w;)
for all ¢ = 1,2,...,r. The minimum covering set S = {vy,vs,..., v} of G is said to be a
maximum degree minimum covering set (shortly MDMC-set) of the graph G if the degrees of
the vertices in S dominates the degrees of the vertices in any other minimum cover of GG. Let
Cup(G) = {S C V(G): S is a maximum degree minimum covering set of G}. Further, let
A(G) = (aij), where a;; = 1 if v; adjacent to v; and O otherwise, be the adjacency matrix of the
graph G and let Ng[v] = {u € S C C(G) : wv € E(G)} U {v} be the closed neighbourhood of
the vertex v € V(&) with respect to S. We define a square matrix Ag(G) = (a;;) of order n, by

P 1, if|Ns[Ui]ﬂNS[Uj]| Z 1,27&‘],
Y0, otherwise.

Now corresponding to every (0, 1)-square matrix of order n with zero diagonal entries there is
a simple graph on n vertices, therefore corresponding to the n-square matrix Ag(G) defined above
we have a simple graph of order n, we denote such a graph by G*° and call it the minimum covering
graph (MC-graph) of GG. As the minimum covering set of a graph G need not be unique, it can be
seen that if S; and S, are any two minimum covering sets of (7, with different degree sequences,
then the minimum covering graphs (MC-graphs) G°* and G2 are non isomorphic. However, if .S
and S, have the same degree sequences, then the MC-graphs G°* and G2 are isomorphic.

For example, consider the graph G as shown in Figure 1, the set of minimum covering sets
of Gis C(G) = {5 = {1,3,4},5, = {2,3,4},53 = {5,1,3},5, = {6,2,4}}. Among these
covering sets the pairs S, Sy and S3, S, are degree equivalent and S, S are maximum degree
minimum covering sets (MDMC-sets) of G. That is, S}, Sy € Cyp(G). Let G%, i =1,2,3,4 be
the minimum covering graphs of G with respect to S;. Clearly G*°* and G**2 are isomorphic; G2
and G are isomorphic, while as G°! is not isomorphic to G*3; and G2 is not isomorphic to G*
(see Figure 1 below).

$5 0 6 45 6, a5 6,45  O0p 45 6
/ / N
~J X

1 ¢ 2 1 gs 2 1 G5 2 1 G 2 Lg% 2

Figure 1. Graph G and its minimum covering sets.

From this example, it follows that for minimum covering sets having different degree se-
quences, we obtain different MC-graphs. Therefore, to get a unique (up to isomorphism) MC-
graph of the graph G, we consider the MDMC-set of the graph (. The unique graph G* in this
case is called the maximum degree minimum covering graph (MDMC-graph) of . It is clear from
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the definition of G that if two vertices u and v are adjacent in G, they are adjacent in G* and if u
and v are non adjacent in (G they are adjacent in G if they share at least one common neighbour
with S. So, it follows that G is connected if and only if G is connected. Also, since G and G* are
the graphs on the same vertex set, it follows that G is a spanning subgraph of G°.

The motivation behind our interest in the study of minimum covering graphs of a graph G is to
explore some interesting properties of G which changes (or does not change) when edges between
non-adjacent vertices are added in GG under some definite rule.

1, if v; adjacent to vy,
Let Bg = (b;;), where b;; = ¢ 1, ifv, =v; €5,
0, otherwise,

be a matrix of order |S| x n, whose rows are indexed by the vertices in any MDMC-set .S of the
graph GG and whose columns are indexed by the vertices of G. Define an n-square matrix R as the
product of B and Bg, that is, R = B Bg, where BY is the transpose of Bg. It is easy to see that
the ij'"-entry of the matrix R = (r;;) is

r [ NS O Ns[u]], if i # 5
N |Nslvi]|, ifi=j.

The matrix R is a sort of covering matrix of G, so we call it as the covering matrix of G.
Replacing each non-zero entry in the matrix R by 1 and diagonal entries by 0, we obtain the matrix
Ag(G) defined above. From this it follows that except for diagonal elements the matrix Ag is the
(0, 1) analogue of the matrix R (see Spectral Graph Theory and the Inverse Eigenvalue Problem
of a Graph [2, 3]). This gives another motivation for the study/discussion of the graphs associated
with the matrix Ag(G).

Since the graph G associated with the Ag(G) is the spanning supergraph of the graph G, then
clearly |V (GQ)| = |[V(G®)| and m(G®) > m(G). At the first sight, the following problems about
MDMC-graph G of the graph G will be of interest.

1. Knowing the graph G and MDMC-set S, what can we say about the degrees of the vertices
of G*.

2. To obtain an upper bound for the number of edges m(G*) of G¥.
Is the graph G*¥ always Hamiltonian, Eulerian, bipartite.
4. If o, of, 85 and BY (ap, oy, By and B;) are the vertex covering number, the edge cov-
ering number, the vertex independence number and the edge independence number of G*°
(respectively G3), then to find the relation between these parameters.
To find the relation between the chromatic and domination numbers of the graphs G*° and G.
How the spectra of G° and G under various graph matrices are related.
When is the graph G regular.
If G; = (s, then obviously Gf = Gf. In case Gf = Gg, what about G; and G5 are they
isomorphic.

9. What can be the relation between the vertex connectivity (edge connectivity) of G* and G.
10. How the line graph of G and the line graph of G are related.

het

o N oW
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11. For any two graphs G and H, what are the possible relations between the graphs G and H*
under various graph operations with G and H.

There are many other graph theoretical and spectral questions that one can ask about the graph
(. Here we answer some of these questions.

The subgraph of G whose vertex set U and whose edge set is the set of those edges of G that
have both ends in U is denoted by (U) and is called the subgraph of G induced by U. A subset
U of V(@) is called an independent set of G if no two vertices of U are adjacent in G. An inde-
pendent set with maximum cardinality among all the independent sets of G is called the maximum
independent set and its cardinality is called the (vertex)independence number of GG, denoted by ;.

In the rest of this paper, the set S C V(G) will denote the MDMC-set of the graph G, unless
otherwise stated. If two vertices v and v are adjacent, we denote it by u ~ v and the edge between
them by e = uv. We denote the complete graph on n vertices by /,,, the empty graph on n vertices
by K,,, the path on n-vertices by P,, the cycle on n vertices by C,,, the complete bipartite graph
with partite sets of cardinalities p and ¢, p + ¢ = n by K, ; and the graph obtained by joining each
vertex of K, with every vertex of Fq by K, V Fq, such a graph is called the complete split graph.
For other undefined notations and terminology from graph theory, the readers are referred to [1, 6].

The paper is organized as follows. In Section 2, some basic properties of G are considered.
In Section 3, we study the degree sequence and obtain an upper bound for the number of edges in
G in terms of the structure of ¢ and characterise the extremal graphs. In Section 4, we obtain
the conditions for the MDMC-graph GG° to be bipartite and Hamiltonian. Lastly, in Section 5,
we obtain an upper bound for the covering number (independence number) of G in terms of the
covering number (respectively independence number) of G and discuss the equality case.

2. Basic properties of MDMC-graphs

In this section, we discuss some basic properties of the MDMC-graph of a graph G. Let G°
be the MDMC-graph of G with respect to MDMC-set S = {vy, vy, ...,v}. Using the fact that
G is obtained by adding edges between the non adjacent vertices of G’ which share a common
neighbour in S, we have the following relations which can easily verified:

For any MDMC-set S, the MDMC-graphs of the complete graph and empty graph are respec-
tively the complete graph and empty graph that is, K? = K, and ES = K,,. For the complete
bipartite graph K, , with p < ¢, the MDMC-set S is the partite set with cardinality p and the
MDMC-graph Kg , 1s the complete split graph K, V Fp. In particular &' 15:”71 = K. For the path
P, = {uy,us,...,u,}, if n is odd, the MDMC-set is S = {us,uy,...,u, 1} and the MDMC-

graph P? is the graph P, U {uyus, usus, - -+ , Up_ou, }. Clearly P2 consists of | 5] copies of K.
On the other hand if n is even, the MDMC-set is S = {us, uy, ..., U2, U,_1 } and the MDMC-
graph P? is the graph P, U {ujus, uss, . . . , Up_3U,_1, Un_2Uy, }. It is easy to see that P2 consists

of & copies of K3. For the cycle C,, = {u1,us,..., Uy, ur}, if n is even, the MDMC-set is
S = {ug,uy, ..., U, o} and the MDMC-graph C? is the graph C,, U {ujus, usus, . . ., U,_1u1 }.
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On the other hand if n > 5 is odd, the MDMC-set of C% is S = {u;,us, ..., U, 2, u,} and the
MDMC-graph C? is the graph C,, U {uaty, ugls, - . . , Up_3Un_1, Un_1U1, UnUs . We have seen that
the MDMC-graph of a complete graph is the complete graph itself, however if W, is the wheel
graph on n vertices, then W? = K. Therefore, we have the following observation.

Lemma 2.1. If G contains a dominant vertex, that is, a vertex of degree n — 1, then G =K,,.

Proof. Suppose that G contains a vertex v of degree n — 1. Then the set S being an MDMC-set
must contain the vertex v. Since every other vertex of G is adjacent to v, it follows that each ver-
tex of G shares at least one vertex with S. Therefore by the definition of G, the result follows. [

From the definition, it is clear that if G; = (G, then Gf 1= GQS ., where S; and S, are respec-
tively the MDMC-sets in G; and GG5. However if G‘f I = Gg"’, then (G; need not be isomorphic to
(o, as is clear from Lemma 2.1.

3. Degrees and conditions for MDMC-graph to be bipartite

Let S = {v1,vs...,v;} be an MDMC-set of G. For i = 1,2,...,n, let d(v;) and d'(v;) be
respectively, the degrees of the vertices of the graphs G and G°. For any two vertices v; and v;,
let 7, (vj) = {vr, € V(G) : vy is adjacent to v;; and vy, is not adjacent to v; }, that is, 7, (v;) is the
set of neighbours of v; which are not the neighbours of v; and let f(v;) = > 1 be the number

V;Vj VsV,
of 4-cycles in GG containing the vertex v;, with v;,v; € S and v; not adjajcent to vs. Using the
fact G¥ is obtained from G by adding edges between non-adjacent vertices which have a common

neighbour in S, we have the following observations.

> d(v) = 0(vy), ifv; € V(G) = 8,
d'(v;) = wes (1)

d(vi>7 lfUz & S,
if S is an independent set in G and

d'(v;) = d(v;) + Y |, (v)] = O(vy), for all v; € V(G), (2)
’UjGS

if S is not an independent set in G.
Using this observation, we have the following result.

Theorem 3.1. If d(vy), d(vs), . . ., d(v,) are the degrees of the vertices of graph G having MDMC-
set S = {v1,vy,..., v}, then d'(v),d'(vs),...,d (v,) are the degrees of the vertices of the graph
G®, where fori = 1,2,...,n, d (v;) are given by equation (1), if S is independent and by equation
(2), if S is not independent.
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Example 3.2. Consider the graph G in Figure 1, the degrees of the vertices of G are 3, 3,2,2,1, 1,
with MDMC-set S = {vy,vs,v4}, where v; corresponds to vertex i. Since the set S is not in-
dependent in G, the degree of the vertices vy, vs, U3, V4, U5 and vg in G° are given by d’ (v1) =
d(v1) + > [T (v)] = 0(v1) = 24 | Ty, (v4)| — O(v1) =2+ 2 — 0 = 4, as vy is the only vertex in
UjGS
v;~UL
S adjacent to v; and there is no 4-cycle v,v;v,v5v;, with v;, vs € S and v, not adjacent to v,. Also
@(v2) = d(02) X |moa(0)] = 0(02) = 2 [ (01) |+ [ (0) | = O(02) = 241421 = d,2s
v;€S
UjNUQ
v1,v3 € S are adjacent to vy and there is only one 4-cycle of the form v,v,v,v5v2, With v;, v € S
and v, not adjacent to v,. Proceeding similarly, it can be seen that the degrees of the vertices
v3, vy, U5 and vg are respectively as 5, 5,3 and 3. Thus the degrees of the vertices of the graph G*°

are 5,5, 4,4, 3,3, which is clear from the graph G*°! in Figure 1.

2 3

7
4, I . - Q
111159168 1 5 Vé

Figure 2. Graph H and graph H*°. oH®

Example 3.3. Consider the graph H in Figure 2, the degrees of the vertices of the graph H are
4,3,2,2,2,2,1,1, 1, with MDMC-set S = {vs, vy, v }, Where v; corresponds to vertex 7. Since the
set S is independent in H, the degree of the vertices vy, vy, U3, V4, Vs, Vg, U7, g and vg in H* are giv-
enby d'(vy) = d(vs) = 2, d'(vs) = d(vy) = 3, d'(v6) = d(vs) = 4, d'(v1) = Y _ d(v;) — O(vy) =

UjES
Vj~UL

d(ve)+d(vs) —0(v1) = 2+3—1 =4, as vy, vy € S are adjacent to v, and there is only one 4-cycle
of the form v,v;v,v,v1, with v;, v, € S and v; not adjacent to v,. Proceeding similarly, it can be
seen that the degrees of the vertices vs, v5, v7, vg and vg are 4, 7,4, 4 and 4. Thus the degrees of the
vertices of the graph H” are 7,4, 4,4, 4,4,4,3,2, which is clear from the Figure 2.

We now obtain an upper bound for the number of edges m(G*) of the graph G° and charac-
terise the extremal graphs which attain this bound.

Theorem 3.4. For k < n,let S = {vy,vs,...,v;}, be the MDMC-set of the graph G and let G
be the MDMC-graph of G.

(i) If S is an independent set in G, then 2m(G°) < k(n—k)(n—k+1)— > 0(v;), with
wEeV(G)-S
equality if and only if G = K} ,,_, and
(ii) if S is not an independent setin G, then 2m(G®) < 2m+k(A—1)(n—1)— > 6(v;), with
UiEV(G)
equality if and only if G is a graph with each vertex v; € S of same degree A = max{d;,i =
1,2,...,n} and (S) = Kj, such that 7, (v;) = ¢, forall v; € V(G) and v; € S.
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Proof. (i). Fori = 1,2,...,n, let d(v;) and d'(v;) be respectively the degrees of the vertices of the
graphs G and G°. Since Y. d; = 2m and S is an independent set in G, from equation (1) it

v; €V (G)
follows that
- Yt =Ydwr Y dw
v, EV(GS) v €S v, EV(GS)—S

:Zd(%‘)‘f' Z Zdvj v;)

v; €S v eV (G)-S v;eS
<k(n—Fk)+k(n—Fk)(n—k)— Z 0(v;)
v, eV (G)-S
=k(n—k)n—k+1)— > 0(v)
v, €V(G)-S

Equality will occur if and only if

Y dw)=k(n—k) and > d(v;) =k(n—k)(n— k).

v;ES v;eS
Since S is an independent set with |S| = k, the first of these equalities will hold if each vertex in
S is of degree n — k. Also the set V' (G) — S is an independent set in GG as the set S is independent
covering set. So for the second of these equalities to hold it follows from the first equality and
the fact that the set V' (G) — S is an independent set in G having cardinality n — k, each vertex in
V(G) — S is of degree k. Thus, it follows that the sets S and V' (G) — S are independent, such that
each vertex in S is of degree n — k and each vertex in V(G) — S is of degree k. This is only possi-
bleif and only if G = K, ,,_;. Conversely, if G = K}, ,,_, then itis easy to see that equality occurs.

(ii). Now, if S is not an independent set in G, it follows from equation (2) that

2m(GY) = > dw)=) dw)+ > dw)

UiGV(GS) v; €S ’l)iEV(Gs)—S

= | dw) + D Im (o)l =0) |+ > [ dw) + Y Im(v)] — 6(v)

v, €S UjES UZ’GV(G)fs ’U]'ES
Vi~V Vi~Uj
=2m+ > D Im )+ > Y m(vy)] Z 0(v;)
v, €S v;ES v, €EV(G)—S v;eS v;eV(G
Vi~V Vi~V
<) -+ Y S -n- 3 o)
v, €S v; €S v, EV(G)—S v;€S v;eV(G)
Vi~V Vi~U4
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<2m+k(k—1)(A —1) 4+ k(n—k)(A—1) Z 0(v;)

=2m+k(n—1)(A-1)— > 6Ow).
v, eV (Q)
Equality occurs if and only if |m,(v;)| = d(v;) =1 = A =1, > > (d(v;) — 1) =
v, €S UjES
k(k—1)(A—1)and > > (d(vj) — 1) = k(n — k)(A — 1). The first of these equalities
v, EV(G)—S veS
implies that v; € .S has no common neighbour with any v; € V(G) and d(v;) = A. The second
equality implies that (.S) is a complete graph on k-vertices and the third equality implies that every
vertex v; € V(G) — S is adjacent to each vertex in S. Combining all these we obtain the graph as
mentioned in the hypothesis. [

The following is an immediate consequence of part (i) of the Theorem 3.4.

Corollary 3.5. If n is even and S = {vq,vo, ... ,v%} is an independent MDMC-set in G, then
2m(G®) < gn*(n+2)— Y. 6(v;), with equality if and only if G = Kn x.
v; eV (G)-S
Let N(v;) = {v; € V(G) : v; ~ v;} be the neighbourhood of v; in G and let G be a tree with
r-pendent vertices. We have the following observation about the number of edges in G°.

Theorem 3.6. Let GG be a tree with r-pendant vertices and let S = {vy, vo, . .., v} } be a MDMC-set
inG.
(i) If S is an independent set, then 2m(G*) < A(2n — k — r), with equality if and only if every
vertex in S is of degree A = max{d;,i =1,2,...,n, } and
(i) if S is not an independent set, then 2m(G®) < 2m + 2(A — 1)(k — 1) + A(2n — 2k — 1),
with equality if and only if every vertex in S is of degree A and (S) = Py, a path of length
k—1.

Proof. (i). If S is an independent MDMC-set in G which is a tree with r-pendant vertices, then
d'(vy) = d(v;), for all v; € S and no pendant vertex of G'isin S. If v; € V(G) — S is not a pendant
vertex, then > d(v;) —0(v;) < d(v;) + d(vs), where v;, v, € N(v;) NS and if v; € V(G) — S is

’L}jGS
a pendant vertex, then ) d(v;) — 6(v;) < d(v;), for v; € N(v;) N S. Therefore,
UJ'ES

=Y dw)+ > ) d(v)

v; €S v, eV(G)—S UJGS
<EA+rA4+2(n—Fk—r)A
=A(2n—k—r).
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It is easy to see that equality occurs if and only if d(v,;) = A, forall v; € S.
(ii). If S is not an independent MDMC-set in G and v; € S, then for the vertices v; and v,, we
have

Z e (0y) < d(vj) + d(vs) — 2, if v; has two neighbours in S,
— v (V5) Vi) = d(vj) — 1, if v; has one neighbour in S.

If F = N(v;) NS, then for v; € V(G) — 9, there is a vertex vy € F so that

Z i (0, (vi) < d(v;) +d(vs), if v;,vs € F, v; not a pendant vertex,

—~ i (V) Vi) = d(vj), if v; € F, v; a pendant vertex.
J

Vi~V

Therefore, we have

Zdvz—l— Z Z|7rvzvj Zﬁvl

v;€V(G) v, €V(G) vJES v, eV (G

<2m+ (k—2)2A —=2)+2(A—1)4+2A(n—k —7r) +7A
=2m+2(A—=1)(k—1)+A(2n —2k —1).

Equality will occur if and only if each vertex of S is of degree A and (S) is connected. Since G
is a tree, therefore (S) must be a path on k vertices and every vertex not in .S should be a pendant
vertex. [

A graph G is said to be bipartite if its vertex set V() can be partitioned in two disjoint subsets
V1 and V5, such that every edge in GG has one end in V; and another in V5. It is well known that a
graph G is bipartite if and only if it contains no odd cycles (cycles with odd number of vertices)
[5]. The following result characterizes the bipartite MDMC-graphs.

Theorem 3.7. Let G be a connected graph and S be an MDMC-set in GG. Then G¥ is bipartite if
and only if G = K.
Proof. Let G° be the MDMC-graph of G. Since G is connected, it follows that the graph G is
connected. If G° is bipartite, then it contains no odd cycles. We claim that G contains no vertex v;,
such that d(v;) > 2. If possible suppose there is a vertex (say) v; € V(G), such that d(v;) > 2. By
definition, the graph G* is obtained from the graph G by adding edges between the non-adjacent
vertices in G which share a neighbour in S, so we have the following cases to consider.

Since d(v;) > 2, there are at least two vertices v,, v € V(G) which are adjacent to v;. Clearly
v, is not adjacent to v,, because if they are adjacent, then v;v,v;,v; will be a 3-cycle in G and hence
in G, which is bipartite. If v; € S, then v, and v, share a common neighbour v; in .S and so they
are adjacent in G*. Therefore, giving a 3-cycle in G, which is bipartite, a contradiction.

On the other hand, if v; ¢ S, then both v, and v, must be in S. Since v, is not adjacent to v,
there must exist vertices v;, v; € V(G), such that v, is adjacent to v,.; and v, is adjacent to vy, for
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otherwise S can not be an MDMC-set in GG. Therefore, it follows that v; and v; share a common
neighbour in S and so will be adjacent in G, giving rise to a 3-cycle, again a contradiction. Thus,
if the connected graph G is bipartite, then the graph G is connected with no vertex of degree
greater than or equal to two. It is easy to see that the only possible graph with this property is /5.
Converse follows from the fact that K5 = K. ]

4. Characterization of Hamiltonian MDMC-graphs

A graph G is said to be Eulerian if and only if each of its vertex is of even degree [1, 6, 7]. If
the graph G is Eulerian and S is a MDMC-set in G, then the graph G need not be Eulerian. For
example, consider the 4-cycle C; which is Eulerian, but C? = K, — e, where ¢ is an edge, is not
Eulerian. It is clear from the degrees of the vertices of the graph G* that if the MDMC-set S is
an independent set in (7, then G* is Eulerian if and only if every vertex in S is of even degree and
there are even number of 4-cycles of the form v;v,v,v5v;, with v;, v, € S and v; is not adjacent
to v,.. However, if S is not independent in G, the characterization of (® to be Eulerian seems a
difficult problem and so we have the following.

Problem 4.1. If S is not an independent set in G, characterize the graphs G such that G* is Eule-
rian?

A graph G is said to be Hamiltonian if it contains a spanning cycle (a cycle which passes
through all the vertices) [1, 7]. Since the graph G is a spanning subgraph of the graph G*, it fol-
lows that if G is Hamiltonian then G* is also Hamiltonian. However, if G° is Hamiltonian, then
G need not be so. For example the graph G° = K, is Hamiltonian, but the graph G = K,
is non-Hamiltonian with MDMC-set S consisting of a single vertex. The Hamiltoniancity of the
graph G*° depends in general on the MDMC-set S of the graph G, which can be seen in the fol-
lowing result.

Theorem 4.2. Let G be a connected graph and let S = {vq,vs, ..., v}, k < n be an MDMC-set
in G:

(I) If S is an independent set, then G*° is Hamiltonian if every vertex of the graph (S) lies on a
cycle and there is no non-pendent cut edge, otherwise it is non-Hamiltonian.

(I) If S is not an independent set, then the graph G** is Hamiltonian, if either (S) is a connected
subgraph of GG or (S) consists of a connected component together with some isolated vertices
which lie on cycles and there is no non-pendent cut edge.

Proof. (I). Let S = {vy, vs, ..., v} be an independent set in GG and let each vertex of the induced
subgraph (S) lie on some cycle in GG. Suppose that G' does not contain a non-pendent cut edge.
Since S is an independent set, the graph G is either 1-connected or 2-connected [1, 7].

Case (i). If G is a 1-connected graph having no pendant vertex then there will be a vertex
v; € S which is the cut vertex and which lies on at least two cycles. Let u;;, w;; be the neighbours
of the vertex v; on the cycles H;, j > 2. Clearly these vertices will be mutually adjacent in the
graph G and thus forms a cycle around v;, which traces all these vertices. This cycle together
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with the cycles in G containing v; gives a Hamiltonian cycle in G around v;. Since every vertex
of S is either a cut vertex, which lies on more than one cycle or is a non cut vertex which lies on
one or more cycles in G, it follows that the above process can be continued for each of the vertices
v; € S, which is a cut vertex. In this way we obtain Hamiltonian cycles around each of the cut
vertices v; € S. These cycles together with the cycles holding other vertices of S in G gives a
Hamiltonian cycle in G°. On the other hand if G has pendant vertices, then again there will be a
vertex v; € S which is the cut vertex and which lies on at least two cycles; or at least two cycles
and some pendant edges; or a cycle and some pendant edges.

Subcase (i). If v; lies on at least two cycles and there are pendant edges on the other vertices in
S, then G is Hamiltonian follows from the above case and the fact that every pendant vertex will
be adjacent to at least two vertices on the cycle in G° and the pendant vertices on the same vertex
will be mutually adjacent in G°.

Subcase (ii). If v; lies on at least two cycles and some pendant edges, then there can be pendant
edges on the other vertices in S. Let u;;, w;; be the neighbours of the vertex v; on the cycles Hy,
J = 2andt;;, j > 1 be the neighbours of v; which corresponds to pendant edges. Since v; is the
common neighbour of the vertices u;; ,w;;, j > 2 and ¢;,, j > 1, they will be mutually adjacent
in G° and thus forms a cycle around v; which traces all these vertices. Also since every pendant
vertex will be adjacent to at least two vertices on the cycle in G° and the pendant vertices on the
same vertex will be mutually adjacent in G they will form a cycle. Since G is connected these
cycles together gives a Hamiltonian cycle in G*.

Subcase (iii). The case when v; lies on a cycle and some pendant edges follows similar to the
cases considered above.

Case (ii). If GG is 2-connected with no pendant vertices, since .S is independent with each vertex
on a cycle, the graph G is itself Hamiltonian and so will be the graph G°. On the other hand if G
is a 2-connected graph having pendant vertices, then the graph GG will contain a cycle tracing all
the vertices of GG other than the pendant vertices. Also any pendant vertex at v; € S in G will be
adjacent to at least two vertices on the cycle in G* and the pendant vertices adjacent at the same
vertex will be mutually adjacent in G, so they will induce a complete graph with the neighbours
of v; in G°. These complete graphs at each such vertex v; € S together with the cycle containing
the vertices of S gives the Hamiltonian cycle in G°.

Now, suppose that S is an independent set in G having at least one vertex say v; which does
notlieonacyclein G. Let u; € V(G) — S, i > 2 be the neighbours of v; in G. Clearly none of u;
will be on a cycle in G, because if some u; lie on a cycle in GG then it must be in .S, which is not the
case. Since ( is connected, at least one of u;, say u;, will be adjacent to some v; € S. In the graph
G* all the u}s are mutually adjacent and thus /s together with v; induces a complete graph. Let
this complete graph be H; . Also the vertex u; will be adjacent to all the neighbours of the vertex
v; and thus forms another complete graph H,. The complete graphs f; and H, so obtained have
the property that they have one common vertex namely u; and there is no edge having one end in
H, and another in Hy. Thus, in G° the induced subgraph H on the vertex set V (H;) U V (H>)
will disturb the Hamiltonicity of G (because a graph obtained by fusing a vertex of a Hamiltonian
graph with a vertex of another Hamiltonian graph is not Hamiltonian) [1, 3, 7] .

(IT). Let S be not independent set in GG such that the induced subgraph (S is connected. With-
out loss of generality, assume that (S) = P, = v10, . . . v;. We have the following cases to consider.
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Case (i). Let us suppose that the graph G has no cycle. Let v1, v, be any two vertices of .S and
letw;, i =1,2,...,dyandw;, j = 1,2,...,ds be respectively the neighbours of the vertices v; and
vg, Where u; = vy and wy; = vy. Since G is acyclic, the vertices u;, ¢ = 1,2,...,d; are mutually
non-adjacent in G with a common neighbour v; € S, so they are mutually adjacent in G°. Indeed
these vertices together with v; will induce a complete graph of order d; + 1, say H;. Similarly,
the neighbours w;, j = 1,2, ..., ds of vy will be mutually adjacent in G* and so together with vy
induces a complete graph of order ds + 1, say Hy. Let H = (V(H;) U V(H2)). We claim that
H is Hamiltonian. Being complete graphs, both /7, and H, are Hamiltonian. Let vyus . . . ug, u1v;
be a Hamiltonian cycle in H; and vaws . . . wg, w1 v be a Hamiltonian cycle in H,. Since u; = vy
and wy = vy, we get v1Us . .. Ug, U = VoWs ... We, w1 = vp as a Hamiltonian cycle in H. Thus if
k = 2, the graph G° = H is Hamiltonian. Assume that the result holds if S = {vy, v, ..., vp_1}.
We show it also holds for S = {vy,vs,...,v}. Fori = 1,2,... k, let H; be the complete graph
induced by the neighbours of v; together with v;. Let U = (V(H;) UV (Hs) -+ UV (Hg_1)).
By induction hypothesis, the graph U is Hamiltonian. Let X = (V(U) U V(Hy)). By the case
k = 2, it follows that the graph X is Hamiltonian. Since X = G*, it follows that the graph G* is
Hamiltonian.

Case (ii). On the other hand if GG contains cycles, then the vertices in .S can have common
neighbours. Let u; (1 < i <t¢)and w; (1 < j <r),t+r = d; be the neighbours of v; € S; and
¢ (1 <i<p)andw; (1 <j<r),p+r =d;be the neighbours of v, € S, where u, = v, and
¢, = v1. As two non-adjacent vertices having a common neighbour in S are made adjacent in G,
it follows that the graph Y; induced by the neighbours of v, together with v; will be a complete
graph of order d; + 1 and therefore Hamiltonian. Let vyujus . . . upwyws . . . w,v; be a Hamiltonian
cyclein Y;. Similarly let v2q1 g2 . . . gywiws . . . w,v2 be a Hamiltonian cycle in the graph Y5 induced
by the neighbours of v, together with vo. Then viujusg ... uy = vawwe ... Wrq1G2 ... G = V1 18
a Hamiltonian cycle in Y = (V(Y;) U V(Y2)). Proceeding inductively as above, we see that the
result follows in this case as well.

Lastly, suppose that the graph induced by the vertices in .S consists of a connected component
and some isolated vertices, which lie on cycles and there is no non-pendent cut edge in GG. Let
(S) = (S1) UA{vit1,ves9,. .., 0}, where (S7) is the connected component of (S) induced by

V1, Vs, ..., U and viq, Vo, ..., U, are the isolated vertices, which lie on the cycles in G. The
result now follows by using case (i) of part I and case (i) and (ii) of part II and the fact that G is
connected. L]

From the above theorem, it is clear that the Hamiltoniancity of the supergraph G** depends
upon the induced graph (5).

S. Independence and Covering number of MDMC-graphs

An independent set of vertices in G’ with maximum cardinality is called maximum independent
set ( or vertex independent set) and its cardinality is called independence number of GG and is
denoted by 5y = [Bo(G) [1, 6, 7]. The cardinality of a minimum (vertex) covering set in G is called
covering number of GG and is denoted by ag = ag(G). It is easy to see that the set S is a minimum
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covering set in G if and only if V(G) — S is a maximum independent set in G [1, 6, 7]. So if
|[V(G)| = n, then

ag + By = n. 3)

We first obtain a connection between the vertex covering number «f of G* and the vertex cov-
ering number o of G.

Theorem 5.1. Let S be an MDMC-set of a connected graph G (G' # K,,) having independence
number [3; and covering number oy and let o be the covering number of the graph G°. Then

ay =n — ag = Py, if either .S is independent; or = P, an is acyclic.
g Bo, if either .S is independ S Py, and G is acycli

Proof. For k = ag, let S = {vy,v,,..., v} be an independent MDMC-set of GG and let S’ =
V(G) — S = {vks1, Vkt2, - - ., U, } be the complement of S in G. Since the set .S is a maximum
degree minimum covering set, it is a minimum covering set, therefore it follows from equation (3)
the set S’ is a maximum independent set of GG, and ag + Sy = n, where fy = n — k. The set
S being independent implies each vertex v; € S, ¢ = 1,2,..., k has its neighbours among the
vertices S" = {Vp11, Vgs2,---,Un}, sO the set S’ is also a covering set of G. As the graph G is
obtained from G by joining pairs of non-adjacent vertices which have a common neighbour in S,
it follows that any two vertices v;, v, € S’, 1+ k < j,¢t < n, which have a common neighbour in
S are adjacent in G°, while as the vertices within S will remain non-adjacent in G° and so the set
S will be independent in G°. Clearly the set S’ is a covering set in G°, because G° is simply G
together with some additional edges between the vertices in S’.

We claim that the set S’ is a minimum covering set of G°. If not, let X’ be a covering set
of G with |X’| < |S'| and let X = V(G®) — X’ be its complement in G°. By equation (3)
the set X is an independent set of G° with |S| < |X|. Clearly the set X can not contain all the
vertices v; € S, 1 = 1,2,--- , k, because if it is so, then X = S U {u; : v; € ;i > 1}. S-
ince X is independent in G it is so in G and therefore some u; € S’ will not be adjacent with
any of the vertices in .S, which is not possible as S is an MDMC-set in G. So X must be of
the from X = {u1,ug,...,uy, wy,wo,...,w,}, where u; € S, w; € S"and t +7r > k. If g,
(j = 1,2,...,d;) are the neighbours of v; € S for all i = 1,2,...,k, then in the graph G° the
vertices g;;, (j =1,2,...,d;) will induce a complete graph together with v;. Fori = 1,2,... k,
let H; be the complete graphs induced by the neighbours of v; with v;. Since independence num-
ber of a complete graph is one and independence number of a graph obtained by either fusing
a vertex or an edge of two complete graphs is two, it follows that the independence number of
the graph obtained by either fusing a vertex or an edge of H; and H; (i,j = 1,2,....k,i < j),
in a chain is exactly k. Now G is connected implies that G° is connected, and we have G° =
(V(H)) UV (Hy)U---UV(H,)), in fact if S = {vy,vs,...,v;}, then G* is obtained by either
fusing an edge or a vertex (depending whether the neighbours of v; lie on a cycle or not) of the
complete graphs H; corresponding to the vertices v;, ¢ = 1,2,...,k. So it follows that the inde-
pendence number of the graph G* is k, a contradiction, to the fact that X is an independent set of
G*® with cardinality |X| > |S| = k. This verifies our claim. Thus it follows that the set S’ is a
minimum covering set of G. Since |S’| = n — «, it follows from equation (3), ag = fo.

On the other hand suppose that G is acyclic and for (k = «ag), S = {v1,v2,..., 0k}, is an
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MDMC-set of G, such that (S) = Py. Let S’ = V(G) — S = {11, Vkt2, - - -, Un}, be the comple-
ment of S in G. Since G is acyclic and (S) = P, it follows that each of the vertices v; € S is a
pendant vertex in G. Let f;,, j = 1,2,...,d;, be the neighbours of the vertices v; in G and let H;,
1=1,2,---  k, be the complete graphs induced by the neighbours of v; together with v;, such that
if v; and v, are consecutive in Py, then the induced subgraph H = (V(H;) UV (Hj)) has indepen-
dence number two. Proceeding inductively, and using G° = (V (H,) UV (Hy) U - - - UV (Hy)), we
conclude that the independence number of the graph G is k. Now using equation (3) the result
follows. ]

Since for a bipartite graph ag(vertex covering number)=0;(edge independence number) and
a1 (edge covering number)=[(vertex independence number)[7], we have the following observa-
tion.

Corollary 5.2. If GG is a bipartite graph having vertex (edge) covering number «g(respectively
1) and vertex (edge) independence number (3, (respectively f3;), then 37 = 3, where 37 is the
edge independence number (that is, matching number) of the graph G° and S is an independent
MDMC-set.

From Theorem 5.1, it follows that, if GG is a graph having vertex covering number same as the
vertex independence number, then the supergraph G also has vertex covering number same as the
vertex independence number. The importance of this fact can be seen as follows.

In a graph G that represents a road network between cities (with straight roads and no isolated
vertices), we can interpret the problem of finding a minimum vertex cover as the problem of placing
the minimum number of policemen to guard the entire road network. Suppose that the cardinality
of an independent minimum vertex cover .S (or a minimum vertex covering set S with (S) = P
and G is a acyclic) for GG is known. If we want to construct roads between the non-adjacent cities,
with out effecting the cardinality of the minimum vertex cover, then in order to obtain such a road
network we need to construct the graph G*.

If S is an MDMC-set of the graph G, define Q={(v;,v;) : v;,v; € S,v; ~ v;,1 < j and v;, v,
lie on a 3-cycle}. If ky = |2|, then we have the following observation.

Lemma 5.3. Let o and [, be respectively the vertex covering number and the vertex indepen-
dence number of a connected graph G and let S be an MDMC-set of G. If o is the vertex covering
number of the graph G* and (S) = P, then oy < n — g + ko.

Proof. For k = g, let S = {v1, v9,..., v}, be an MDMC-set of the graph G, such that (S) = P;.
Let Q = {(v;,v;) : v;,v; € S,v; ~ vj,i < j and v;,v; lie on a 3-cycle} and ky = [€2|. Let ¢,
q=1,2,..., ko be 3-cycles in G containing the vertices v;,v; € S,v; ~ v;. Since each of these
3-cycles ¢, consumes exactly two vertices from 5, it follows that the number of vertices of S cov-
ered by these 3-cycles are at most 2k, and so the number of vertices of S not lying on a 3-cycle
are at least k — 2kg. Fori < j,(1 < i,j < k)andq = 1,2,... ko, letu], (s = 1,2,...,d;)

and w?s, (s =1,2,...,d;) be respectively the neighbours of the vertices v; and v;, which lie on
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coand let fi, (s = 1,2,...,d;,l > 1) be the neighbours of the vertices v; € S, which does
not lie on a 3-cycle, since the graph G*° is obtained by joining pairs of non-adjacent vertices in
G which have a common neighbour in S. Let H;; (i < j,1 < 4,j < k) be the subgraph in-
duced by the neighbours of v; and v; together with v; and v; and let X; (I > 1), be the subgraph
induced by the neighbours of v; together with v; in G°. It is easy to see that the independence
number of the subgraph X; (I > 1), is one, while as the independence number of the subgraph
H,; (i < j,1 <i,j <k)is at least one. So if 35 is the independence number of the graph G,
then 35 > 1.kg+1.(n—2kq) = k—ko. Now using o5 + 35 = n, it follows that o < n—k+ky. [

Since adding edges between the vertices in S can decrease the vertex independence number,
but it can simultaneously increase the number kg, therefore, we have the following observation.

Corollary 5.4. Let S be an MDMC-set of a connected graph G having vertex covering number o
and vertex independence number f3y. If o is the vertex covering number of the graph G* and (S)
is connected, then 040 <n—ay+ ko.

Let G and G5 be any two graphs having vertex covering numbers af, and o, respectively, then
the vertex covering number ao(G) = ag of the graph G = G U G5, the disjoint union of G; and

Gy is ap = o + of. In fact, if o}, is the vertex covering number of G;, i = 1,2,...,k, then the
k
vertex covering number of G = |J G; is
=1

k
Qp = Z Oéé. (4)
=1

Theorem 5.5. Let S be an MDMC-set of a connected graph GG having vertex covering number o

and vertex independence number f3y. If a3 is the vertex covering number of the graph G*°, then
S < _

ay <n—ap+ k.

Proof. For k = «, let S = {v,vy,..., v} be an MDMC-set of the graph G and let (S) =

t
U S; UY, where S, are the connected components and Y is the set of isolated vertices of the

i=1
induced subgraph (S). Suppose that |Y'| = g and |S;| = k;,i = 1,2,...,t. Then g+ >'_, k; = k.
Let G;,7 = 1,2,...,t be the connected components of the graph G corresponding to the covering
subsets .S; and H be the part of the graph G corresponding to the covering subset Y. By Theorem

5.1, Lemma 5.3 and equation (4) it follows that

t
ozg:ozo(UG + ao(H Zao )+ ao(H)
i=1

k
<N (Gl = kit ki) + (|H| = ) = n— k + ko,
=1
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where kg = 31, ki, and ki, = Q. O
For bipartite graphs, we have the following.

Corollary 5.6. If G is a connected bipartite graph having vertex (edge) covering number « (re-
spectively o) and vertex (edge) independence number [, (respectively (), then ﬁf < Bo + ko,
where 37 is the edge independence number (or matching number) of the graph G*° and S is a
MDMC-set.
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