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Abstract

A graph G is distance antimagic if there is a bijection f : V(G) — {1,2,...,|V(G)|} such
that for every pair of distinct vertices z and y applies w(z) # w(y), where w(z) = >__ y(, f(2)
and N(z) is the neighbourhood of z, i.e., the set of all vertices adjacent to x. It was conjectured
that a graph is distance antimagic if and only if each vertex in the graph has a distinct neigh-
bourhood. In this paper, we study the truth of the conjecture by posing sufficient conditions and
constructing distance antimagic product graphs; the products under consideration are join, corona,
and Cartesian.
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1. Introduction

Let G = G(V, E) be a finite, simple, and undirected graph with v vertices and e edges. In
1994, Vilfred introduced the concept of a distance magic graph in his Ph.D. thesis [10]. A graph G
is called distance magic if there exists a bijection f : V(G) — {1,2,..., v} such that at any vertex
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x, the weight of x, w(z) = >y, f(y) is constant, where N (z) is the open neighbourhood of
x, i.e., the set of vertices adjacent to x. In 2013, Kamatchi and Arumugam [7] introduced the
concept of a distance antimagic graph. A graph G is said to be distance antimagic if there is a
bijection f : V(G) — {1,2,...,v} such that for every pair of distinct vertices = and y applies
w(z) # w(y). In this case, the bijection f is called antimagic labeling of G. In the same paper,
Kamatchi and Arumugam conjectured the following.

Conjecture 1.1. [7] A graph G is distance antimagic if and only if G does not have two vertices
with the same neighbourhood.

In this paper, we study the truth of the conjecture for some product graphs. We pose suffi-
cient conditions such that the join product of an arbitrary graph with a complete graph is distance
antimagic (Section 2). We also prove that the corona product of two complete graphs is distance
antimagic and poses sufficient conditions for the corona product of two arbitrary graphs to be
distance antimagic (Section 3). To conclude, we provide sufficient conditions for the Cartesian
product of an arbitrary graph with a K, to be distance antimagic and prove that the Cartesian
product of two complete graphs is distance antimagic (Section 4).

We start by providing the definitions and notations of graph products studied in this paper.

Definition 1.1. /9] The join product of G and H, denoted by G + H, is the graph GG U H together
with all the edges joining V (G) and V (H).

Definition 1.2. /3] The corona product of G and H, denoted by G ® H, is the graph obtained by
taking a copy of G and |V (G)| copies of H and joining the i-th vertex of G to every vertex in the
1-th copy of H.

Definition 1.3. /6] The Cartesian product of G and H, denoted by GUH, is the graph with
V(GOH) =V (G) x V(H) and two vertices (u,u’) and (v,v") are adjacent if and only if either
1. uw = v and ' is adjacent to v’ in H, or

2. u' =" and u is adjacent to v in G.

Notice that throughout the paper we will use wg(z) as the weight of a vertex z in the graph G,
while w(x) is the weight of a vertex x in the product graph.
2. Distance Antimagic Labelings of Join Product Graphs

In their seminal paper, Kamatchi and Arumugam [7] proved that the wheel, C,, + K3, and
r Ko + K are distance antimagic. They also posed the following problem.

Problem 2.1. [7] If G is distance antimagic, is it true that the graph G + K, and G + K5 are
distance antimagic?

In the following two theorems, we provide sufficient conditions such that the answer to the
previous problem is affirmative.

Theorem 2.1. Let GG be a graph on n vertices with maximum degree A. If G = K, or G is distance
antimagic withn > A+ 1+ LH— VgAJA)J then G + K is also distance antimagic.
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Proof. If G = K,,, then G + K; = K,,;1 which is obviously distance antimagic.
Now, consider GG a distance antimagic graph with n > A + 1 + F*— VSA“’J. Let g be the

distance antimagic labeling of G' and V' (K) = {u}.
Define f : V(G + K1) — {1,2,...,n+ 1} with

n+1, forx=u.

fla) = {g(:c), for every z € V(G),

Let x, y be two distinct vertices in G. Since wq(x) # we(y) then
we(z) +n+1#we(y) +n+1,

that is w(z) # w(y).
Next, we will prove that w(z) # w(u), for every z € V(G). Note that

n(n—i—l)'

wu)=14+24+3+...+n= 5

Assume that there is € V(G) such that w(z) = w(u), then

we(r)+n+1= @
we(2) = (n+1)(5 — 1).

Since G is a graph with maximum degree A, then the weights of all vertices a bounded above by
the sum of A largest labels.

we(z)<n+n—-1)4+n—-2)+...+(n—A+1)

(n—i—l)(g—l) SnA—#
n* — (14+2A)n -2+ A(A-1) <0.
Thus,
A+—1_\/§Aﬂgn§A+—l+\/§Aﬂ,
a contradiction, and so there is no x € G such that w(x) = w(u). O

Some examples of Theorem 2.1 are in the following.

Example 2.1. 1. Forn > 2, K,, + K is distance antimagic.
2. Let G be a distance antimagic disjoint union of paths. For n > 6, G + K, is distance
antimagic.
3. Let G be a 2-regular graph. For n > 6, G + K, is distance antimagic.

We obtain the following result using the same proof technique as in Theorem 2.1.
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Theorem 2.2. Let G be graph on n vertices with maximum degree A. If G = K,, or G is distance
antimagic withn > A + 1+ {H— VSQAH?J , then G + Ky = (G + K;) + K is also distance

antimagic.
We have the following examples for the application of Theorem 2.2.

Example 2.2. 1. Forn > 2, K,, + K5 is distance antimagic.
2. Let G be a distance antimagic disjoint union of paths. For n > 6, G + K, is distance
antimagic.
3. Let G be a 2-regular graph. For n > 6, G + K, is distance antimagic.
4. Let G be a distance antimagic 3-regular graph. For n > 7, G + K is distance antimagic.

Furthermore, the previous two theorems can be generalized inductively, and we obtain the
following.

Theorem 2.3. Let m be a positive integer. Let G be a graph on n vertices with maximum degree

A. If G = K, or G is distance antimagic withn > A + 1 + LH— VS(AJFW)HJ , then G + K, is

2

also distance antimagic.

Proof. The proof will be by induction on m. For m = 1, the statement is true by Theorem 2.1.
Now, assume that the statement is true for m = p — 1, and we shall show that the statement is also
true for m = p.

If G = K, then G + K,, = K, which is obviously distance antimagic. Thus consider &

as a distance antimagic graph withn > A + 1 + TV V8(2A+p)+1

labeling of G and V(K,) = {u1,us,...,u,}. Define f : V(G + K,) — {1,2,...,n+ p} with
f(z) = g(z) forz € V(G) andf(u;) = n+ifori € {1,2,...,p}. For two distinct vertices x,y
in G, w(z) # w(y) since wg(z) # we(y) and wg(x) + np + @ # we(y) +np + @. For
two distinct vertices u;, u; in [, it is clear that w(u;) # w(u;).

Based on the induction hypothesis, w(z) # w(u;), forevery x € V(G) andi € {1,2,...,p —
1}. The proof is complete if w(z) # w(u,), for every x € V(G). We shall show this by using
contradiction. For the contrary, assume that there exists a vertex x in G such that w(z) = w(u,).
This leads to

. Let g be a distance antimagic

+1 nin—+1 —1
wG<x)+np+p(p ) _n( )+p(p )+n(p_1)

2 2 2
nP—-n—2p

2

weg(T)

Since GG has a maximum degree A, then

n? — (14+2A)n —2p+ A% + A <0.
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1-— A 1 1 A 1
At &2+m+ <n<A4 + &2+m+’

a contradiction. O]

In the following, we can see examples of the application of Theorem 2.3.

Example 2.3. 1. Forn > 2, K, + K,, is distance antimagic.
2. Let G be a distance antimagic disjoint union of paths. For(n > Tand4 < m < 7)or(n > 8
and 8 < m < 12), G + K,, is distance antimagic.
3. Let G be a 2-regular graph. For (n > Tand 4 < m < T)or(n > 8and 8 < m < 12),
G + K,, is distance antimagic.

Note that if G’ does not contain two vertices with the same neighborhood, then neither does
G + K,,. Considering Conjecture 1.1, it is natural to suspect that the sufficient conditions in
Theorem 2.3 are not necessary, so we pose the following question.

Problem 2.2. Let m be a positive integer. Let G be a graph on n vertices with maximum degree
Aand A+2<n< A+ {H— Vg(ﬁﬂnmJ. If G is distance antimagic, is G + K,, also distance

antimagic?

3. Distance Antimagic Labelings of Corona Product Graphs

In [7], Kamatchi and Arumugam proved that the G® K is distance antimagic for arbitrary graf
G. Thus G © K, is distance antimagic if and only if n = 1 [8]. Other results for corona product
graphs are sufficient conditions for K1 © G, Ky © G, G ® P,, and P, ® G to be distance antimagic
[8].

Our first result for corona product graphs is constructing a distance antimagic labeling for the
corona product of two complete graphs. To do so, we shall utilize the elements of the following
matrix.

Definition 3.1. Let m, n be integers with odd m. Define matrix A as follows:

1 2 3 ... n—1 n
2n 2n —1 2n — 2 ... n+2 n+1
2n+1 2n + 2 2n + 3 .. 3dn—1 3n
A=laiy) =
| n(m+1) n(m+1)—-1 nm+1)—-2 ... nm+2 nm+1 |

(m~+1)(nm+n+1)
(2) '

Theorem 3.1. If n and m are integers with odd m, then K,, © K,, is distance antimagic.

Notice that the sum of each column in A is equal to
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Proof. Let V(K, © K,;,) = {v1,ve,...,0,} U{v; [t =1,2,....,n,5 = 1,2,...,m} where {vy,
Vg,..., U} = V(K,) and E(K, ® K,,) = E(K,) U{vv;li =1,2,....n;5 =1,2,...,m} U
{vigvipli =1,2,...,n;a,b=1,2,... ,m;a # b}.

Define f : V(K,, © K,,,) — {1,2,...n(m + 1)} with f(v;) = a1, and f(v;;) = a;41, for

1=1,2,....,n
Since the sum of each column in A is %W then w(v;) = ”(”;1) + (m+1)(”2m+"+1) -

2f(v;), and so w(v;) # w(v;). Additionally, since w(v; ;) = w — f(vi ;) and f(v,p) #
f(veq) forevery v, # veq, then w — f(vap) # w — f(vea), orw(vgp) #
wW(Veq)-

Next, we will prove that w(v;) # w(v,y) for every v;, v, . Denote by o = min{w(v;)} =
n(n+1) + (m+1)(nm+n+1) Qf('Uz) 91 — and 6 max{w(va b)} _ (mAD)(nmintl) (TL + 1) We

2 2
shall prove that o > f3. For the contrary, suppose that 5 > «. Thus,

(m+1)(nm+n+1) n(n+1)+(m+1)(nm+n—l—1)

5 —(n+1)> 5 5 — 2n,or
(n+1)
1>
2 )
a contradiction with n > 1. This completes the proof. [

Theorem 3.1 only provides distance antimagic labelings K,, ® K, only when m is odd, so we
ask the following question.

Problem 3.1. Is K,, ® K,, a distance antimagic graph for even m?

In [5], Handa et al. provided sufficient conditions for the corona product of arbitrary two graphs
to be distance antimagic, as stated in the following theorem. One condition is for one of the graphs
to be arbitrarily distance antimagic.

For a bijection f : V(G) — {1,2,...,n} and a positive integer k, define a bijection f :
V(G) = {k+1,k+2,....,k+n} by fu(xr) = f(xz) + k. A graph G of order n is said to be
arbitrarily distance antimagic if there exists a bijection f : V(G) — {1,2,...,n} such that for
any k > 0, wy, (r) # wy, (y) for any two distinct vertices = and y. To conclude this section, we
present Theorem 3.3 that provides other sufficient conditions for the corona product of arbitrary
two graphs to be distance antimagic.

Theorem 3.2. [5] Suppose that GG is a distance magic graph of order ny with magic constant k and
G is an r-regular graph of order ny with an arbitrarily distance antimagic labeling f. Let K be
the maximum weight of a vertex in G under f. If k+"(no+2n,+1) > nlr(1+w)+(K—l—n1)
then Gy ® G4 is distance antimagic.

We shall utilize the following definition that was introduced in [8]. Although originally defined
as monoton, in this paper, we use the notion of monotonic increasing to avoid confusion with
monotonic decreasing, which will be used in the next section.

Definition 3.2. Let G be a graph on n vertices. G is said to be monotonic increasing if there
exists a bijection g : V(G) — {1,2,...,n} such that wg(x) > wqg(y) for every g(z) > g(y).
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13) 3(5) 4(5) 2(4)
® & & @

Figure 1. An example of a monotonic increasing graph. The weights of the vertices are written in brackets.

Theorem 3.3. Let n, m, r be integers withn > 2. Let G be a graph on n vertices that is monotonic
increasing under a bijection g and let H be an r-regular graph on m vertices, which is distance
antimagic. Denote by k and K the minimum and maximum weight of a vertex in G under the
bijection g, respectively. If

—14+V4r2n2 —8r2n+4rn+8n+ 8 — 8k + 1
m>rn—r-+ 7 or

—2n — 1+ /4n? +20n + 7+ (8 — 16n) K + 16rn® + 8r2n — 4r2 — 4r

1< <
r+1<m 12 ,

then G ® H is distance antimagic.

Proof. Let V(G) = {v1,ve,...,v.}, V(H) = {u1,ug,...,un}, and h be a distance antimagic
labeling on H.

Denote by V(G ® H) = V(G) U {v; i = 1,2,...,n,j = 1,2,...,m}and E(G O H) =
E(G)U{(vi,vi)i=1,2,...,n;5 =12, ... m}UH{(vij,vip)li = 1,2,...,n;j, k where (u;j, uy) €
E(H)}. Define f : V(G® H) = {1,2,...n(m + 1)} by f(v;) = g(v;) and f(v;;) = n+ (i —
)m+ h(uj) fori =1,2,...,nand j =1,2,...,m

Due to the fact that (v;,v; ;) € E(G ® H), then w(v;) = wg(v;) + m(n+ (i — 1)m) + W
Since g is monotonic increasing and m(n+ (i —1)m) + M is distinct for every i then w(v;) <
w(ve) < ... < w(vy,). The fact that for any distinct vertices x,y in H, wy(x) # wg(y), leads to
rin+ (i —1)m)+wy(z) +i#£r(n+ (@ —1)m) +wa(y) +ior w(v;,) # w(vy).

Denote by x,,,;, and x,,,, the vertices in A with minimum and maximum weight under the
labeling h, respectively. Thus, it is clear that w (Tmee) — WE(Timin) < rm — 12 < rm+ 1, and so

wH(xmax) —rm < wH(wmm) + ]-7
r(n+ (i — 1)m) + wg(Tmaez) +1 < r(n+ (0)m) + wg(Tmin) + 7 + 1, for every i
max{w(v; ;) } < min{w(v;11;)}, for every i,

which means w(v,,) # w(v.q) for any two distinct vertices v, p, Ve, 1 < a < ¢ < n and
1<b<d<m.
Lastly, we will prove that w(v;) # w(v,p), forany i,a € {1,2,...,n} and b € {1,2,...,m}.
We consider the following two cases.
—1+V4r?n2—8r2n+drn+8n+8r—8k+1
Casel. m >rn—r+ T B

m(m+1 m(m+1

Denote by @ = min{w(v;)} = ( 1) = wg(vy) + mn + =k + mn + and
by 8 = max{w(vgp)|la = 1,2,...,n,b = 1,2,...,m} = max{w(vn,b)|b = 1,2,.. ,m} <
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r(n+ (n—1)m) +n+nm — @ We will prove that o > 3. For the contrary, assume that
a < 3, and so
2k +m? + m+ < 2rn+2rnm—2rm~|—2n—r2—|—r,0r

m? + (1 —2rn+2r)m + 2k — 2rn — 2n +r> —r < 0.

11— 20282 — _ 25282 —
Thus, rn —r -+ 1—4r2n2—8r n;4rn+8n+8r 8k+1 <m<rn—r+ 1+v4r2n2—8r nJ2r4rn+8n+8r 8k+1’

Since

—1—VA4r2n2 —8r2n+4rn+8n+8r — 8k +1
rm—r -+ 5 <r+1,

— 21,2 Qn2 — N .
thenr +1<m < rn —r + —1EV/irin-8r nt drnt8nt8r—k+l o contradiction.

Case2.r+1<m< —Qn—1+\/4712+2Dn+7+(i;1_62n)K+16rn2+8r2n—4r2—4r.
Denote by 0 = max{w(v;)|i = 1,2,...,n} =w(v,) = K+m(n+(n—1)m)+ w and vy =
min{w(vgp)la=1,2,...,n,b=1,2,...,m} = min{w(vp)|b=1,2,...,m} > rn4 14t

2
We will show that § < ~ by contradiction, which leads to the following.

m(m + 1) r(r+1)

K+ m(n+ (n—1)m)+ 5

>rn—+1+ , Or

(2n —m? +2n+1)m —2rn +2K —2 —7* —r > 0.

Thus,
< —2n—1—/4n2 +20n 4+ 7 + (8 — 16n) K + 16rn2 + 8r2n — 4r2 — 4r
or
= dn — 2
L 21+ VAn2 +20n + 7+ (8 — 16n) K + 16rn2 + 8r2n — 4r2 — 4r
m .
- 4n — 2
Since —2n—1—\/4n2+2On+7+(84;1_62n)K+lﬁrn2+8r2n—4r2—47” < 0 then
- —2n — 1+ /42 +20n + 7+ (8 — 16n)K + 16rn? + 8r2n — 4r2 — 4r
e in — 2 ’
a contradiction. [

The following are some examples of corona product graphs that are distance antimagic due to
Theorem 3.3.

Example 3.1. Let GG be a 2-regular graph with order m.

1. Form > 12, Cy ® G is distance antimagic.
2. Form > 8, P; ® G is distance antimagic.
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4. Distance Antimagic Labelings of Cartesian Product Graphs

In this last section, we present our results for Cartesian product graphs. Recall that Kamatchi
and Arumugam [7] asked the following question.

Problem 4.1. [7] If G is distance antimagic, is it true that the Cartesian product GUK is distance
antimagic?

Partial answers for the problem were given in [1] and [8], where it was proved that P,[L1K>,
for n # 2, C,,00K,, and K, ,00K,, for n # 1, are distance antimagic. We shall provide a more
general answer to the question in Theorem 4.1. To do so, we shall utilize the following definition
of a monotonic decreasing graph.

Definition 4.1. Let G be a graph on n vertices. G is said to be monotonic decreasing graph if there
exists a bijection g : V(G) — {1,2,...,n} such that we(x) > wa(y) for every g(z) < g(y).

An obvious example of a monotonic decreasing graph is the complete graph K, that is mono-
tonic decreasing for any bijection on /.

Theorem 4.1. Let n,r be integers with r > /2n — 1. Let GG be an r-regular graph on n vertices.
If G is monotonic decreasing then GUK, is distance antimagic.

Proof. Let g be abijection from V (G) to {1,2,...,n} with g(v;) = iforeveryi = 1,2, ...,n such
that we(v1) > we(ve) > ... > wea(vy,). Denote by V(GOK,) = {v;]1 <i < njuU{vi|l <i<n}
and E(GUK>) = E(G)U{(vi, v)|1 <1 <njU{(vj,v})|1 <i<j<nwhere (v;,v;) € E(G)}.
Define a bijection f : V(GOK,) — {1,2,...,2n} with f(v;) = g(v;) =i and f(v]) =2n+1—1.
It is clear that, w(v;) = we(vi) + f(v)) = we(vi) +2n + 1 — i and

w) = Y fla)= Y f)+ fo) =r@n+1) — wel(v;) +i.

(v,x)eGOK> (viw)EV(G)

Since wg(v;) > wa(vip1), then wa(v;) +2n + 1 —i > we(vigr) +2n+1— (i + 1), or
w(v;) > w(vi1). Similarly, 7(2n + 1) — wg(v;) + 1 < r(2n + 1) — wg(viy1) + 7 + 1, or
w(v)) <w(vi,,),forl <i<n—1

To complete the proof, we will show that w(v;) # w(v}) fori # j. For the contrary, assume
that there exist i # j such that w(v;) = w(v}). Thus,

we(v) +2n+1—i=r2n+1) —we(vj) +Jj
we(v;) +we(v;) =r@Cn+1)—2n+1)+i+j=2nr+r—-2n—14+i+j.
Since we(v;) + we(vy) < 2nr —r? + r, then
2nr+r—2n—1+i+j<2nr—r’+r
r?—2n—1+ (i+j) <0.

Due to the fact that 2 < i + j, we have r?> — 2n 4+ 1 < 0, or r < v/2n — 1, a contradiction. OJ
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An example of the application of the previous theorem is presented in the following.
Example 4.1. Forn > 4, K,[1K, is distance antimagic.

Note that the sufficient conditions in Theorem 4.1 are not necessary as it has been shown that
C,0Ks, is distance antimagic, although the cycle C,, is not monotonic decreasing. Therefore it is
natural to ask the following.

Problem 4.2. Find necessary and sufficient conditions for G such that GUK, is distance an-
timagic.

Other results for the Cartesian product graphs are presented in [8] and [2], where it was proved
that P,,[1K3 is distance antimagic, for m > 1, and C,,,[JK3 is distance antimagic, for any odd
integer m > 3. There is also a result for the Cartesian product of two complete graphs of the same
order as presented in the following theorem. We conclude by generalizing this result in Theorem
4.3.

Theorem 4.2. [2] K,,[1K,, is distance antimagic if and only if n # 2.

Theorem 4.3. For m,n positive integers, K,[1K,, is distance antimagic if and only if m # 2 and

n # 2.

Proof. Forn = 1 or m = 1, it is clear that K,[]K,, is distance antimagic. For n > 4, K,[JK,
is distance antimagic (Example 4.1). Now, consider n > 3 and m > 3. Let V(K,0K,,) =
{vi;Il1 <i<m,1<j<n}and E(K,0K,,) = {(vij,vig)]l <i<ml<jk<mnj#
kY U{(vij,on)|l <i,h <m;i# h;1 <j<n} Define f: V(K,OK,,) — {1,2,...,nm}
with f(v; ;) = (i — 1)n + j, for odd i and f(v; ;) = in + 1 — j, for even i.

Case 1. For even m.

Z:f(v17j>+f(v2,j)+...—|—f(ym’j)

h=1
=j+Cn+1—+Cn+)+Un+1—5)+...+4(m—-2n+j+mn+1—j
:%(mnle).

Thus the vertex weights are as follows.
For odd 4,

w(vig) =Y f(vir) + Y f(vny)

kA j hti
= Zf(vi,k) — f(viy) + Z fong) = f(vig)

k=1 h=1
(= )+ D ) 26— n ).

2 2
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For even 1,

k#j h#i |
= fin) = fvig) + Y flong) — f(vig)

k=1 h=1
_n(in+1)_@_F%(anrl)—Q(erl—j).

Therefore, it is clear that w(v; ;) # w(vy ) for every distint 4, h with the same parity.

Next, we will prove that w(v; ;) # w(vpy) forevery 1 < i,h < mand 1 < j,k < n with
(i,5) # (h, k).

Case 1.1 Forn = 3.
Suppose that there are (i, j) # (h, k) such that w(v; ;) = w(vp ), then ¢, h must be of a different
parity. WLOG, suppose that ¢ is odd and h is even, then

(n+1)

n((i = 1) + 2 nn+1)

—2((i — D +j) = n(hn + 1) — > (hn+1—k),

3(i—h—1) + 11 = 2j + 2k.

Because i is odd and h is even then i — h — 1 is even. Since 3(i — h — 1) + 11 is odd, then j + k is
not an integer, a contradiction.

Case 1.2 For n > 4.
Note that max{w(v; ;} — min{w(v;11;} = —n* + 4n — 2. Since n > 4, then —n? + 4n — 2 < 0,
and so max{w(v; ;} — min{w(vi+1,} <O0.

Case 2. For odd m.
Note that,

D fong) = Flrg) + fvag) + o+ f(vmy)
h=1
=j+2n+1—-H+Cn+j)+Un+1—5+...4(m—1)n+1-
J+mn+j
m— 2 .
:T(mn—n—i—l)—i—mn—l—].

Then the vertex weights are as follows.
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For odd 7,
w(vig) =Y f(vik) + Y F(vny)
oy hti
_ Z (0 = Flos) + i Flung) — Fluis)
— n((i — )n) + ”(”; D, " 2 (mn —n+ 1)+ mn+j — 2/(vi,)
(= 2)(i— n+ ”<”2+ b, "2~ + 1)+ mn
For even 1,
w(vig) = > fwie) + Y f(vny)
k#j h#i
_ Z F(uis) = Foig) + i Flong) - £(u1)
—n(in+1)— n(”; b, m2— Z(mn —n+ 1)+ mn + j — 2f(viy)
= (n—2)(in+1)— n<n2+ DN m2_2(mn—n—|—1)+mn+3j.

Therefore w(v; ;) # w(vyy) for every ¢ # h with the same parity. Next, we will prove that
w(v; ;) # w(vp) forevery 1 <i,h <mand1 < j, k < n where (4, j) # (h, k).

Note that max{w(v; ;} — min{w(v;41,;} = —n* —2n — 6. Since n > 3, then —n? + 4n — 2 < 0,
and so max{w(v; ;} — min{w(v;41,,;} < 0. This complete the proof. O
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