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Abstract

Let G = (V(G), E(G)) be a graph with the nonempty vertex set V' (G) and the edge set E(G).
Let Z,, be the group of integers modulo n and let k£ be a positive integer. A modular irregular
labeling of a graph G of order n is an edge k-labeling ¢ : E(G) — {1,2,...,k}, such that
the induced weight function o : V(G) — Z, defined by o(v) = >_,y(,) ¢(uv) (mod n) for
every vertex v € V(@) is bijective. The minimum number & such that a graph G has a modular
irregular k-labeling is called the modular irregularity strength of a graph G, denoted by ms(G). In
this paper, we determine the exact values of the modular irregularity strength of some families of
flower graphs, namely rose graphs, daisy graphs and sunflower graphs.
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1. Introduction

Let G = (V(G), E(G)) be a graph with the nonempty vertex set V' (G) and the edge set E(G).
In this paper all graphs are simple of order n. The degree of a vertex v is denoted by deg(v) and
we shall denote the maximum degree of G by A(G). A graph is called regular if degree of each
vertex is equal, while a graph with the different degree for all vertices is called an irregular graph.
A biregular graph is a graph having vertices either of degree d; or of degree d,. In this paper we
consider two families of biregular graphs.

A mapping which sends a set of graph elements to a set of numbers is called a labeling. In
1988, Chartrand et al. in [7] defined an irregular labeling as an edge k-labeling ¢ : E(G) —
{1,2,...,k}, where k is a positive integer, such that the vertex weights are different for all vertices.
The function w(v) = >, cn(,) P(uv) is called the weight of a vertex v € V/(G) and N(v) stands
for the neighborhood of the vertex v. The minimum number £ such that a graph G has an irregular
k-labeling is called the irregularity strength of a graph G and is denoted by s(G). This graph
invariant has attracted much attention see [1, 2, 6, 8, 9, 11, 12]. People alsi study the variation on
irregular labeling, as an example total irregular labeling where the label is definied for vertices and
edges, see [10, 13] as examples.

In 2020, Baca et al. [5] introduced a variation of an irregular labeling which is called a modular
irregular labeling. Let GG be a graph of order n and let Z, be a group of integers modulo n.
A modular irregular labeling of a graph G is an edge k-labeling ¢ : E(G) — {1,2,...,k}
such that the induced function o : V(G) — Z,, defined for every vertex v € V(G) by o(v) =
> uen(w) P(uv) (mod n) is bijective. The sum o (v) = wt,(v) is called the modular weight of the
vertex v. The minimum number k such that a graph GG has modular irregular k-labeling is called
the modular irregularity strength of a graph G, denoted by ms(G). If there exists no such labeling
for the graph G then we put ms(G) = oc.

For some classes of graphs their modular irregularity strength is known. Baca et al. in [5]
obtained the precise values of this graph invariant of paths P, for n > 3, stars K, , for n > 2,
triangular graphs 7}, for n > 3, cycles C), for n > 3, and gear graphs G, for n > 3. In 2021, Baca
et al. [4] characterized the modular irregularity strength of fan graphs £, for n > 2. In the same
year, Baca et al. in [3] found the modular irregularity strength of wheels IV/,,. Sugeng et al. in [14]
provided the results for the modular irregularity strength of double-stars .Sy, 5, and friendship graphs

fn
2. Known Results
Chartrand et al. in [7] proved the following lemma.

Lemma 2.1. [7] Let GG be a connected graph of order n > 3 and let G have n; vertices with degree
1, then

s(G) > max {"=+1}.
1<i<A(G) v

Baca et al. in [5] stated the following theorem.
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Theorem 2.1. [5] Let G be a graph with no component which has order < 2. Then
s(G@) < ms(G).

Theorem 2.2. [5] If G is a graph of order n, n = 2 (mod 4), then G has no modular irregular
k-labeling, i.e., ms(G) = oo.

3. New Results

In this section, we determine the modular irregularity strength of three families of flower
graphs, which are the rose graphs (also known as the middle graph of cycles), daisy graphs and
sunflower graphs.

Rose Graphs

The rose graph is also known as a middle graph of a cycle. The middle graph M(G) of a
connected graph G is a graph whose vertex set is V(G) U E(G) where two vertices are adjacent if
and only if either they are adjacent edges in & or one is a vertex in G and the other is an edge in G
incident with it. Let vy, vo, . . ., v, be the vertices of the cycle C),, n > 3 and let the n edges of C),

be v1vs, Va3, . . ., Up_1Uy, Vv1. Thus the rose graph M (C),) can be constructed from the cycle C,,
with vertices vy, vo, . . ., v, and n isolated vertices wq, ws, . .., w, and then connecting every two
vertices v;, v; 11 with w;, fori = 1,2,... n where v, = v1. Thus M (C,,) contains n vertices of

degree 2 and n vertices of degree 4. Thus according to Lemma 2.1 and Theorem 2.1 we have that
ms(M(Cy)) > s(M(C,,)) > max {251 + 1,272 + 1} = 2L
As the irregularity strength is an integer we get
ms(M(C,)) > s(M(Cy)) > [*] . (D
Theorem 3.1. Let M (C,,) be a rose graph with n > 3, then

ms(M(C,)) = {% + 1, when n is even,

00, when n is odd.

Proof. We consider two cases according to the parity of n.

Case 1. When n is odd then |V (M (C,,))| = 2n = 2 (mod 4). Thus, following Theorem 2.2,
the graph does not have a modular irregular labeling.

Case 2. When n is even we label the edges of M (C,,) as follows.

Qol(vivi—l—l) = %, for: = 1,2,...,’)1— 1,
o1(v1vn) = 3,
1, fore =1,2,...,5 +1,
1 (viw;) = . . n
n—|—2—2, f0r2:§+2,§+3,...,n,
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1, fore=1,2,..., 3,
n+1l—i fori=%5+1,5+2,...,n—1,

O1(Vipw;) = {

e(viwy,) = 1.

It is easy to see that the maximal edge label is § + 1. Thus ¢, is an (5 + 1)-labeling of M (C,,).
Now we check the induced modular weights of the vertices in M (C,,). For the vertices v;,
1 =1,2,...,n we have the following:

to, (V1) = @1(v1v2) + @1 (v10,) + 1 (viwr) + @1 (v1wy,) = st +1l+1l=n+2,
forz—2,3, NS |
Wiy, (Vi) = P1(Vivig1) + e1(vimvi) + p1(vaw;) + pr(viwi—1) = §+ 5 +i+ (i — 1)
=n+2—1,
i.e., the corresponding modular weights are 1,n +3,n+5,...,2n — 1,
Wi, (U§+2> 901(””+2 +3) + ¢ (U" g+2) + 901(U§+2w%+2) + gpl(vg+2w%+1)
=2+—+——|—5:2n:0 (mod 2n),
forz—§+3 +4,...,n—1
ty, (vi) = (Uzvz+1) + @1(vic1vi) + pr(viwi) + @1 (viwi—1) = 5+ 5+ (n+2 — 1)
—l—(n—|—2—z’) =3n+4 — 24,
i.e., the corresponding modular weights are n +6,n +8,...,2n — 2,
Wy, (Vn) = ©1(V100) + ©1(Vn-105) + @1 (vawn) + @1 (VwWn—1) =5+ 5 +2+2=n+4.

Now we check the weights of the vertices w;, 7 = 1,2,...,n.

Fori=1,2,...,3
wty,, (w;) = p1(viw;) + o1 (vig1w;) =i +1i = 24,
i.e., the corresponding modular weights are 2,4, ..., n,
whey (wn ) = r(ve ywn ) + (v ywn ) = (F+1) +5=n+1,
fori=5+23+3,...,n—1,
wty, (w;) = @1 (viw;) + e1(Vipw;) = (N +2—14i)+ (n+1—14) =2n+ 3 — 24,
1.e., the corresponding modular weights are 5,7,...,n — 1,

wt%’l (U)n) =¥ (vnwn) + ®1 (Ulwn) =2+1=3.

Combining the previous we get that the modular weights of all vertices constitute the set
{0,1,...,2n — 1}. Thus according to (1) we have ms(M(C,,)) = 5 + 1forneven,n > 4. [

Figure 1 illustrates a modular irregular 5-labeling of M (Cg).
Immediately from the previous theorem we get the result for the irregularity strength of the
rose graph M (C,,) for even n.
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Figure 1. A modular irregular 5-labeling of M (Cy).

Corollary 3.1. Let M (C,,) be a rose graph with n even, n > 4, then

s(M(Cy)) =5 + 1.

Daisy Graphs

The daisy graph DK, is constructed from the complete graph K, with vertices vy, vo, ..., v,
and n isolated vertices wy, wo, . .., w, such that the vertices v;, v;1 are connected to w; for ¢ =
1,2,...,n where v,,; = v;. A daisy graph DK, has n vertex of degree 2 and n vertices of degree
n + 1. Based on Lemma 2.1 and Theorem 2.1 we have that

ms(DK,) > s(DK,) > max {5 + 1,24 + 1} = =L,

Since s(DK,) is an integer so
ms(DK,) > s(DK,) > [*]. )
Theorem 3.2. Let DK, be a daisy graph with n > 3, then

5+ 1, whenniseven,

00, when n is odd.

ms(DK,) = {

Proof. We again distinguish two cases, when n is odd and when 7 is even.

Case 1. When n is odd then |V (DK,,)| = 2n = 2 (mod 4). By Theorem 2.2 we obtain that
there does not exist a modular irregular labeling of D K, in this case.

Case 2. When n is even we define a suitable edge labeling ¢, of DK, in the following way.

1, fort =1,3,...,n—1,
2, fort=2,4,...,n—2,

@2(Uivz‘+1) = {
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Pa(v1vn) = 2,
p2(v1v5) =1, forj =3,4,...,n—1,
wa(vv) =1, fori=2,3,...,n—2andi+2 < j <mn,

1, fori =1,2,...,5 +1,
n+2—i, fori=%+2,5+3,...,n

( ) 7, fori =1,2,..., 7,

Vip1W;) = .

p2llint n+1l—i fori=5+1,5+2,...,n—1,
1

Evidently the labeling ¢, is an (% + 1)-labeling.
Now we evaluate the modular vertex weights under the labeling ¢,. We use the fact every

vertex v;, ¢ = 1,2,...,n, is in the subgraph K,, of DK, incident with one edge labeled by 2 and
with n — 2 edges labeled by 1. Thus

Wi, (v1) ZQOQ (019;) + p2(viwr) + o(1w,) =n+1+1=n+2,
J#1
fori =2,3,...,5+1

Wi, (V;) ngz v;v;) + 2 (viw;) + a(viw;—) =n+i+ (1 —1) =n+2i—1,
J#i

i.e., the corresponding modular weights are 1,n 4+ 3,n+5,...,2n — 1,

Wi, (v%+2) = Z <p2(v%+2vj) + g02(v%+2w%+2) + (,02<U%+2U)%+1) =n+5+45=2n
A5 +2
=0 (mod 2n),
f0r2—§+3,%+4 n—1

(v;) = ngz vzvj)—i—gog(vzwz)+<p2(wwZ =n+Mn+2—-0)+n+2—1)

JF
=3n+4— 2,
i.e., the corresponding modular weights are n +6,n +8,...,2n — 2,

Wiy, (Vy) Zgog UpV;) + Pa(Upwy) + a(VpWn_1) =n+2+2=n+4,
J#n
fori=1,2,...,%

Wig, (W) = @2(viw;) + pa(vVip1w;) =i+ 1 = 2i,
i.e., the corresponding modular weights are 2,4, ..., n,
wtm(wgﬂ) = 902(11%“10%“) + QOQ(U%+21U%+1) =(5+1)+5=n+1,
fori=35+25+3,...,n—1
Wiy, (w;) = o(viw;) + 2 (vig1w;) = (N +2—1i)+ (n+1—14) =2n+ 3 — 24,
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1.e., the corresponding modular weights are 5,7,...,n — 1,

wty, (wn) = @a(Vpwy) + P2(viw,) =241 =3.

Therefore, the modular weights of vertices constitute the set {0, 1,...,2n — 1}. By combining this
result with (2) we conclude that ms(DK,,) = § + 1 forevenn > 4. ]

Figure 2 gives an example of a modular irregular 4-labeling of D K.

Figure 2. A modular irregular 4-labeling of D K.

From Theorem 3.2 we have also the following result for the irregularity strength of DK,,.
Corollary 3.2. Let DK, be a daisy graph with n even, n > 4, then
s(DK,) = % + L.

Sunflower Graphs

A wheel W,,, n > 3, is a graph obtained by joining all vertices of a cycle on n vertices to a
further vertex c. Let us denote the vertices of degree 3 in W, by vy, vs, ..., v, such that the edges
of W, are cvy, cvs, ..., cv,, 01U, VoVs, . . ., Up_1U, and v1v,. A sunflower graph S f, is a graph
constructed from a wheel W,, and n additional vertices w;y, ws, . .., w, where w; is adjacent to v;
and vy, ¢ = 1,2,...,n with v,41 = v;. A sunflower graph Sf, has one vertex of degree n, n
vertices of degree 5 and n vertices of degree 2. According to Lemma 2.1 and Theorem 2.1 we
obtain the following lower bound

ms(Sf,) > s(Sf,) > [H]. 3)
Theorem 3.3. Let S f, be a sunflower graph, n > 3, then

3, whenn = 3,
ms(Sf,) =< 4, whenn =5,
’_i
2

W , otherwise.
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Proof. The proof consists of five cases.

Case 1. By (3) we get that ms(Sf;) > 2. By a contradiction we prove that ms(Sf;) # 2.
Assume that S f, admits a modular irregular 2-labeling. Then as S f; contains three vertices of
degree 2 their weights must be 2, 3 and 4. On the other side the maximal vertex weight is at most
10 and can be obtained only on a vertex of degree 5. Because Sf; has 7 vertices we get that the
set of the vertex weights must consists of numbers 2, 3, ..., 8, i.e., the modular vertex weights are
0,1,...,6. As the sum of the weights 2+ 3 + - - - +8 = 35 we get a contradiction because the sum
of all vertex weights must be even as every edge label contributes twice to the vertex weights.

Case 2. According to (3) we have that ms(Sf;) > 3. Assume that S f; has a modular irregular
3-labeling. Under this labeling the five vertices of degree 2 must have weights 2, 3,4, 5 and 6. The
other vertices have degree 5 and thus the maximal vertex weight is at most 15 and can be obtained
as the sum of five labels 3. The graph S f; is of order 11. Thus the set of the vertex weights must be
{2,3,...,12}, i.e., the modular weights are 0, 1, ...,10. A contradiction as the sum of the vertex
weights is 77.

Case 3. When n = 7 we consider the modular irregular 4-labeling of S f - illustrated on Figure
3.

Figure 3. A modular irregular 4-labeling of S f-.

Case 4. When n is even, n > 4, we define an edge labeling ¢3 of S f, such that

p3(cv;) = 2, fori=1,2,...,n,
5 fori =1
27 s
V;U; = )
©3(Vivi41) {%—1, fori =2,3,...,n,
5+1, fori=1,
ps(vipw;) =L 24+2—1d, fori=23,...,2+1,
i— 5, fori=5+2,5+3,...,n,
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%7 fOI‘Z:L
903(in¢): %—1—2—1', fori:2737‘”7%_|_1’
’i—%—l, fori:%+2,%—|—3,...,n

As the maximal edge label is § + 1 we get that 3 is an (5 + 1)-labeling. The corresponding
modular edge weights are the following.

Wiy, (V1) = @3(cvr) + @3(vav1) + @3(vive) + w3(wpvr) + @3(wiv) =2+ (5 — 1)+ 5+ §
+5=2n+1=0 (mod (2n+1)),
Whe, (V2) = @3(cva2) + p3(v1v2) + p3(v2v3) + P3(wiv2) + p3(wove) =2+ 5 + (5 — 1)
+(E+)+5=2n+2=1 (mod (2n+1)),
fori =3,4,...,5+1
wtpy (Vi) = p3(cvy) + @3(vi1v;) + w3(Vivigr) + 3(wi1v;) + p3(wivy) =2+ (5 — 1)
+ (5 -+ (E+3-0)+(5+2—14) =2n+5—2i,
i.e., the corresponding modular weights are n + 3,7+ 5,...,2n — 1,
wtm(vgw) - 903(CU2+2> + 903(”%+1“%+2) + 903(”%+2”§+3) + 903(w§+1”§+2)
+ps(wn pn ) =24+ (B -1+ (G -D+1+1=n+2,
forz—%+3 5+4,...,n
b (Vi) = @3(cvi) + 3(vim1vi) + @3(vivigr) + e3(wim1vi) + s(wivi) =2+ (5 — 1)
+(§—1)+(z’—1—g)+(i—g— ) =2i—2,
i.e., the corresponding modular weights are n +4,n 4+ 6,...,2n — 2,
Wi, (w1) = @3(vawy) + s(viwy) = (5 +1) + 3 =n+1,
fori =2,3,...,5+1
Wt (w;) = @3(Vigp1w;) + @s(viw;) = (5 +2—10) + (5 +2—1i) =n+4 — 24,
1.e., the corresponding modular weights are 2,4, ..., n,
fori=4+242+3,...,n
Wi, (wi) = p3(vipiw;) + ps(viw;) = (1 —5)+ (-5 —-1)=2i—n—1,
1.e., the corresponding modular weights are 3,5,...,n — 1,

c) = Z p3(cv;) = 2n.

Thus the modular vertex weights are 0, 1, . .., 2n which means that for even n > 4 the labeling 3
is a modular irregular (% + 1)-labeling of S f,..
Case 5. When n is odd, n > 9, we consider the following labeling ¢4, of S'f,,

(cv) 5, fori=1,2,%H,
palch) = 4, otherwise,
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( ) 23, fori =1landi= "2 282
904 /Ui’U’L+1 n—3 . n—1
5 fOI‘ZZQ,g,...,T,
n+1 ; ;o n—1
(Vi) = = =i, fori=1,2,... ",
SN o e e N e ©_ nt+l nt3
1= 5, fOfZ—T,T,...,n,
n+3 ; ;o n—1
gp(vw)— T—Z, fOfZ—l,Q,...,T,
ANV = . p—1 ; n+l n+3
1= =5, fOI‘Z:T,T,...,n.

Evidently ¢, is an ”T“-labeling. Now we evaluate the modular edge weights induced by the
labeling ;.

Wiy, (V1) = @a(cvr) + @a(vyv1) + @a(v1v2) + @a(wpv1) + @a(wivy) =5+ ”7_5 + ”7_5 + "TH
+2 =2 +1=0 (mod (2n+1)),
Wiy, (V2) = @a(cva) + pa(v1v) + @a(v2v3) + @a(wW1v2) + Pa(wove) =5 + ”775 +
n—1 n—1 __
o5 g =12,
for@':3,4,...,"7_1
Wiy, (v;) = Palcvy) + @a(vio1v;) + Pa(Vivis) + a(wi—1v;) + Ea(wiv;) = 4 + 252
3 (B ) (2 ) = 2n 44— 24,
1.e., the corresponding modular weights are n +5,n+7,...,2n — 2,

Wty (Vn41) = @a(cvns1) + @a(Vn—1Vnt1) + ©a(Vnt1Vnt3) + Pa(Wn-1Vn+1)
2 2 2 2 2 2 2 2

w

n—

w|

Fer(wmpvan) =5+ 270+ 20 1+ 1=n+3
2 2

nt3 nts
$S, nd0 L.
Wiy, (v;) = Pa(cvy) + a(vio1v;) + Pa(Vivis) + alwi—1v;) + Ea(wiv;) = 4 + 252

25—+ (-2 =2 -1,

for: = ,n

1.e., the corresponding modular weights are n +2,n+4,...,2n — 1,
fori =1,2,..., 254
Wt (0i) = pa(vip1w;) + pa(viw) = (U5 — i) + (%52 — i) = n +2 — 21,
1.e., the corresponding modular weights are 3,5, ..., n,

W, (Wnt1) = @3(Vna3Wnt1) + @3(Vntiwpi ) =1+ 1 =2,
2 7 2 7 2

fori:”T”,"TH,...,n
Wiy, (wi) = pa(vigrw;) + pa(viw;) = (i — nT_l) + (i - nT_l) =2i—n+1,
i.e., the corresponding modular weights are 4,6, ..., n + 1,

wty, (c) = igpdcm} =5-34+4-(n—3)=4n+3=1 (mod (2n+1)).

i=1
According to the previous we get that the modular vertex weights are 0,1, ...,2n. Thus for odd
n > 9 the labeling ¢, is a modular irregular ”T“—labeling of S f,,. This concludes the proof. 0
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We conclude the results with the following corollary.

Corollary 3.3. Let S f, be a sunflower graph, n = 4 or n > 6, then
s(Sfa) =[],

4. Conclusion

In this paper, we determined the modular irregularity strength for three families of flower
graphs which are rose graphs, daisy graphs and sunflower graphs. The first two of these families
of flower graphs are biregular. For the future research we propose to find the modular irregularity
strengths of other biregular graphs.
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