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Abstract

For any two adjacent vertices v and v in graph G, a set of vertices W locally resolves a graph G
if the distance of u and v to some elements of W are distinct. The local metric dimension of G is
the minimum cardinality of local resolving sets of G. Forn € Nandi € {1,2,...,n},let H; be a
simple connected graph containing a connected subgraph J. Let H = {Hy, Hs, ..., H, } be a finite
collection of simple connected graphs. The subgraph-amalgamation of H = {H,, Hs, ..., H,},
denoted by Subgraph — Amal{#; J}, is a graph obtained by identifying all elements of H in
J. The subgraph J is called as a terminal subgraph of H. In this paper, we determine general
bounds of the local metric dimension of subgraph-amalgamation graphs for any connected terminal
subgraphs. We also determine the local metric dimension of Subgraph — Amal{H; J} for J is
either K or P.
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1. Introduction

Throughout this paper, all graphs are finite, simple and connected. Let G be a graph. We denote
the vertex set and the edge set of G by V(G) and E(G), respectively. The distance between two
vertices u and v of GG, denoted by d¢ (u, v), is the length of a shortest path from « to v in G. Let
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W = {wy, wy, ..., wy} be asubset of V(G). The representation of v with respect to W is defined as
the k-tuple r(v | W) = (dg(v,w1),dg(v,ws), . .., dg(v,wy)). The set W is called as a resolving
set of G if every two distinct vertices u and v of G has different representations. A resolving set
with minimum cardinality is called a basis of GG and its cardinality is called as the metric dimension
of G, denoted by dim(G).

The metric dimension was first studied by Slater [34] and independently by Harary and Melter
[15]. Since then, this topic has been widely investigated. All graphs with certain metric dimen-
sion have been studied in [9, 16, 18]. The metric dimension of certain classes of graph is also
determined, including trees [15, 19, 9], cycles [9], unicyclic graphs [24], wheels [6, 7, 32], fans
[7], Cayley graphs [12], Jahangir graphs [36], honeycomb networks [22], regular graphs [29],
Sierpifiski graphs [21], amalgamation of graphs [33], and fullerene graphs [2]. This topic also
has been arised in many applications, such as network discovery and verification [5], robotic nav-
igation [10, 19], and mastermind [14]. Some other results on metric dimension can be seen in
[8, 17,19, 27, 30, 31, 35, 37]

In this paper, we consider a variance of metric dimension, namely local metric dimension. In
this version, two different vertices may have the same representation with respect to an ordered
subset W of V(G). In case r(u | W) # r(v | W) for every adjacent vertices v and v in G, then
the set W is called a local resolving set of G. A local resolving set with minimum cardinality
is called a local basis of GG and its cardinality is called the local metric dimension of G, denoted
by Imd(G). Since a resolving set of G also a local resolving set of G, then trivially we have
1 <Imd(G) < dim(G).

The local metric dimension problem was introduced by Okamoto ef al. [23]. They proved
that bipartite graphs are the only graphs having local metric dimension one. Moreover, they also
showed that [md(G) = n — 1 if and only if G is a complete graph of order n. Furthermore,
they also characterized all graphs of order n whose local metric dimension n — 2. The local
metric dimension of some certain particular graphs also has been determined, including graphs
with small clique number [1], torus networks [11], regular graphs [28], block graphs [26], bouquet
graphs [26], and split graphs [13].

Determining a relation, in terms of local metric dimension, between the origin graph and the
resulting graph under a graph operation is also interesting to be considered. The local metric
dimension of Cartesian product graphs has been investigated in [23]. Meanwhile, Rodriguez-
Velazquez et al. studied the parameter for corona product graphs [25] and rooted product graphs
[26]. The lower and upper bounds on the local metric dimension of the generalized hierarchical
product are proved in [20]. Barragédn-Ramirez ef al. determined the local metric dimension of
lexicographic product graphs [3] and strong product graphs [4].

Now, forn € N and ¢ € {1,2,...,n}, let us consider a simple connected graph H; contain-
ing a connected subgraph J. Let H = {Hi, Hs,..., H,} be a finite collection of simple con-
nected graphs. The subgraph-amalgamation of H = {H,, Hs, ..., H,}, denoted by Subgraph —
Amal{H; J}, is a graph obtained by identifying all elements of 7 in .J. The subgraph J is called
as a terminal subgraph of H. In this paper, we determine general bounds of the local metric dimen-
sion of subgraph-amalgamation graphs for any connected terminal subgraphs. We also determine
the local metric dimension of Subgraph — Amal{H; J} for J is either K or Ps.
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2. Subgraph Amalgamation

Forn € Nandi € {1,2,...,n}, let H; be a simple connected graph of order k; > 2 containing
a connected subgraph .J of order p where 1 < p < k;. Let V(H;) = {hy, ha, ..., hp, hpia, ..o by}
where V(J) = {hq, ha, ..., hy}.

Now, let us consider H = {H;, H, ..., H,}. In this section, we denote H = Subgraph —
Amal{H;J}. We define V(H) = V(J) U {hupyll < i <n, p+1< 5 < k}and HY =
V(J)U{haplp+1<j <k}

H,y

A

Figure 1. Subgraph amalgamation of H,, Ho, ..., H),

In Lemma 2.1 below, we prove that every graph G € ‘H contibutes at least imd(G) — p vertices
in a local basis of H. Meanwhile in Lemma 2.2, we provide a local resolving set of subgraph-
amalgamation /, which is union of local basis of every graph in H.

Lemma 2.1. Let W be a local basis of H = Subgraph — Amal{H; J}. Then every graph G € H
contibutes at least Imd(G) — p vertices in W.

Proof. Suppose that there exists i € {1,2,...,n} such that H; contributes at most Imd(H;)—p—1
vertices in W. Let W; = W NV(H;) and S; = {h; | h(i,t) € W;}. Now, we define A; =
S; UV(J). Note that |A;| < Imd(H;). Since all vertices of .J are in A;, so there exist two adjacent
vertices hy, and by in V(H;) \ V(J) satisfying r(hy, | A) = r(h; | A), which implies 7(h( ) |
Wi) = r(huy | Wi). Since every vertex z € V(H) \ V(H;) and v € V(H;) \ V(J) satisfies
dp(z,u) = dg(z,v) + dg(v,u) for some v € V(J), it follows that 7(h¢ ) | W) = r(hay | W),
a contradiction. [

Lemma 2.2. Let B; be a local basis of H;. Then W = |J._, B; be a local resolving set of H =
Subgraph — Amal{H; J}.

Proof. Let us consider an edge xy € FE(H). Then there exists i € {1,2,...,n} such that x,y €
V' (H;). Since every two adjacent vertices in H; are locally resolved by some vertices of B;, we
obtain that W = (J!"_| B, is a local resolving set of H. ]
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By considering Lemmas 2.1 and 2.2, we obtain the lower and upper bounds for the local metric
dimension of subgraph-amalgamation graphs, which can be seen in theorem below.

Theorem 2.1. Forn > 2 and i € {1,2,...,n}, let H; be a simple connected graph containing a
connected subgraph J and H = {H,, Hs, ..., H,}. Let |V (J)| = p. Then

Zlmd(Hi) — pn < Imd(Subgraph — Amal{H; J}) < Z Imd(H.

=1

In the theorem below, we provide a property of subgraph-amalgamation graph H such that its
local metric dimension satisfies the upper bound in Theorem 2.1.

Theorem 2.2. Forn > 2andi € {1,2,...,n}, let H; be a simple connected graph containing a
connected subgraph J and H = {H1, Hs, ..., H,}. If every local basis of H; (1 < i < n) does
not contain all vertices of J and every vertex in J is adjacent to every vertex in V (H;) \ V (.J), then

Imd(Subgraph — Amal{H; J}) = >, Imd(H,).

Proof. By Theorem 2.1, we only need to show that Imd(H) > " | Imd(H;).

Suppose that Imd(H) < (>_;_,Imd(H;)) — 1 and W be a local basis of H. Let B; be a local
basis of H,. Note that B; does not contain all vertices of .J. Then there exists i € {1,2,...,n} such
that h(; ;) ¢ W where by € B;. Let B; = B;\ {Iy}. Since | B;| < Imd(H,), there exist two adjacent
vertices hs, by in H; satisfying r(hs | B;) = r(h; | B;). Let B(i)' = {h(x) | hx € B;}. Thus,
r(hiis) | BG)) = r(hgy | B()). Since di(h.s), h») dri(hig), hyj) for each h gy, hiy €
V(H)\V(J)and j € {1,2,...,p}, we obtain that 7(h; o |W) = (h(zjt)|W) a contradiction. [

In order to provide a property of subgraph-amalgamation graph H such that its local metric
dimension satisfies the lower bound in Theorem 2.1, we need to prove Theorem 2.3 below. In
this theorem, we give a property of subgraph-amalgamation graph whose local metric dimension
isequalto ) | Imd(H;) —cn where 0 < ¢ < p. If ¢ = p, then we have a subgraph-amalgamation
graph H where Imd(H) is equal to the lower bound in Theorem 2.1

Theorem 2.3. For n > 2 and i € {1,2,...,n}, let H; be a simple connected graph contain-
ing a connected subgraph J and H = {H,,Hs,...,H,}. Let |V(J)| = p > land V(J) =
{h1, ha, ... h,}. Let C be a non-empty subset of V(J) where C' = {hy, ha, ..., h.}. Letlmd(H;) >
2¢ and every local basis B; of H; contains x € V(J) if and only if x € C. If there exists a sub-
set {hpi1, hpio, ... hpie} of Bi \ C such that dy,(hj, hyy;) < dp,(hi, hptj) for every distinct
J.ke{l,2,...,c}, then Imd(Subgraph — Amal{H; J}) = > ., lmd(H;) — cn.

Proof. Suppose that W is a local basis of H satisfying |W| = imd(H) < (3.1, Imd(H;)—cn)—1.
Then there exists @ € {1,2,...,n} such that H; contributes at most Imd(H;) — ¢ — 1 vertices in
W.LetS; = WnV(H;)and W; = {h; € V(H;) | h; € S}, then |W;| < Imd(H;) — ¢ — 1.
Let A C C where every element of A, say h;, locally resolves some two adjacent vertices in H}
and there exists v € W \ H} which satisfies dy (v, hy) = min{dg(v,w) | w € C}. Since every
local basis B; of H; does not contain all vertices of V' (.J) \ C and |W; U A| < | B/, there exist two
adjacent vertices hy, h; in H; which are not locally resolved by vertices in W; U A, which implies
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hi k), h,) are not locally resolved by vertices in S; U A. It follows that h; 1), h;,;) are not locally
resolved by IV, a contradiction.

Fori e {1,2,...,n},letT; = B;\ C. We define U; = {h | v € T;} and W = |J_, U;. We
will show that W is a local resolving set of H.

We consider any two adjacent vertices h; ), h(i) € V(H) \ W in two following cases.

* There exist hg, h; in H; which are locally resolved by W;.
Let h; € T; locally resolves h, and h;. Then it is clear that h; ), ;) in H will be locally
resolved by A € W.

» Every two adjacent vertices h,, h; in H; are not locally resolved by W;.
Then there exists h; € C such that dy, (hs, hj) # dg,(he, hj). Therefore, we have dy (h(; ), hj) #
du(hap, hj). We con51der R(mptj) € Wwherem € {1,2,... ., n}\{i} and dp, (h;, hpys)) <
dp, (hi, h(pyj)) for every distinct j, k € {1,2,...,p}. We obtain

A (his), Bamp+i) = di(his), hy) + di(hy, B pes))
= dH(h(z 5> 1) + du, ( p+j)
# du (b, hy) + du,(hy, bpij)
= du(hir), hj) + du(hiys Mampti)
= du ("), Monprs))-
Then h(; ), h(iy) in H are locally resolved by vy i) € W.
Therefore, IV is a local resolving set of H. 0

Note that, in Theorem 2.3 above, we consider a graph Subgraph — Amal{#H; J} where every
local basis of H; € ‘H (1 < i < n) contains the same exactly c¢ vertices of J. In theorem below,
we can prove that the upper bound of the local metric dimension of such subgraph-amalgamation
graph is less than the upper bound in Theorem 2.1.

Theorem 2.4. Forn > 2 and i € {1,2,...,n}, let H; be a simple connected graph containing a
connected subgraph J and H = {Hy, Hs, ..., H,}. Let |V(J)| = p > 1 and C be a non-empty
subset of V(J) where |C| = c. Let every local basis B; of H; contains x € V(J) if and only if
x € C. Then

Imd(Subgraph — Amal{H; J}) < Z Imd(H;) —en + c.
i=1
Proof. Let us consider any edges zy € FE(H). Then there exists ¢ € {1,2,...,n} such that
xz,y € V(H;). Fori € {1,2,...,n},let B; be alocal basis of H;. Since every two adjacent vertices
in H; are locally resolved by some vertices in B;, we obtain that W = | J;__, B; is a local resolving
setof H. Since |B;NB;| = cfordistincti, j € {1,2,...,n}, wehave |W|=>""  |B|—(n—1)c
Therefore, we obtain

Imd(H) < Z Imd(H;) — en + c.
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Next, we will show that the upper bound in Theorem 2.4 is sharp. In order to do so, first, we
need to determine the local metric dimension of graph (G;, which can be seen in lemma below. The
graph (G and its complement are shown in Figure 2.

dz dz
d d3 d b ds
* & ’
a €y 9 €1
? Y H [ ] °
42 €2 g2 Q ® €2
. i L
g3 €3 93 H Aoes
h , fs fi ¢ fa
J2 J2

Figure 2. Graph GG; (left) and its complement (right)

Lemma 2.3. Let Gy be a connected graph as stated in Figure 2. Then Imd(G,) = 3. Moreover,
the set { f1, fa, f3} is the only local basis of G1.

Proof. Let D = {d; | i € {1,2,3}}, E ={e; | 1 € {1,2,3}}, F = {fi | i € {1,2,3}}, and
G ={g; | i € {1,2,3}}. Since GG; contains an odd cycle, we have Imd(G;) > 1. We will show
that there is no local resolving set of (G; whose cardinality is 2. Suppose that W be a local resolv-
ing set of G; with |W| = 2. We distinguish four cases.

Casel. W C DUF
Since |W| = 2, there exists ¢ € {1,2,3} such that f; ¢ W. So, we obtain that r(e; | W) =
(1,1) = r(gi | W).

Case2. WC DUEUCG
Then D\ W # @ and E\ W # (). Let d;, ¢; ¢ W. Note that d; and e; are adjacent. So, we obtain
that r(d; | W) = (1,1) = r(e; | W).

Case 3. W = {e;, f;} where i, j € {1,2,3}.
Then two adjacent vertices f, g; satisfy »(fx | W) = (1,1) = r(g; | W) with k,[ € {1,2,3} and
k#i, 1#j.

Cased. W = {fi,g;} where i, j € {1,2,3}.
Then two adjacent vertices ey, ¢; satisfy (e, | W) = (1,1) = r(e; | W) with k, [ € {1,2,3} \ {i}
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and k # [.

By all cases above, we conclude that IV is not local resolving set of G;. Since there is no local
resolving set of G; with 2 elements, we obtain that Imd(G;) > 3.

Now, we will construct a local resolving set of GG; with 3 vertices. Define B = {f1, f2, f3}.
The representation of all vertices in (G; with respect to B are as follows.

T(d1|B) = (17272) T<€2|B) = (1’271) ’r(f3|B) = (17170)
T‘(d2|B) = (27172) T<€3|B) = (17172) T(91|B) - (1’171)
’l“(d3’B) = (27271) T(fl‘B) - (07171) T(QQ‘B> - (17171)
7n(‘el‘B> = (27171) T(fQ‘B) = (17071) T(g3‘B> = (17171)
Since there are no two adjacent vertices of (G; having the same representation, we obtain that B is
a local resolving set of GG, which implies Imd(G;) < 3.

Next, we will show that there is no local resolving set of Gy with 3 vertices, except { f1, f2, f3}-
Let W/ C V(G;) with [IW’| = 3 and W’ contains ¢ vertices in F' with 0 < ¢ < 2. We distinguish
three cases.

Casel. g =0

s W'NG=10
If W' = E, then two adjacent vertices d € D and g € G satisfy r(d | W) = (1,1,1)
r(g | W’). Otherwise, let e; ¢ W (i € {1,2,3}). Then we obtain r(e; | W) = (1,1,1) =
r(gi | W').

s W'NG £
Then there exist d € D and e € E which are not element of W’. Then we obtain r(d |
W =(1,1,1)=r(e| W).

Case2.g=1

s W'NG=10
If W N D = ), then two adjacent vertices d € D and g € G satisfy r(d | W) = (
r(g | W’). Otherwise, let e; ¢ W (i € {1,2,3}). Then we obtain r(e; | W) = (
r(gi | W').

— =
N~—
I

e W'NG #0
If W' N E = (), then there exist two distinct vertices of £ which are adjacent to 1/’'. Other-
wise, all three vertices of D are adjacent to W',

Case3. ¢ =2
Let two distinct vertices f;, fr € W' where j, k € {1,2,3}.

e W'ND#0
Then for [ € {1,2,3} \ {4, k}, we have ¢, is adjacent to W’. So, for g € G, we obtain
rle | W) =(1,1,1) =r(g | W)

131



The local metric dimension of amalgamation of graphs |  D. Fitriani and S.W. Saputro

s W'NG #0
Then two adjacent vertices d;, ey, satisty r(d; | W) = r(ex | W’).

e WNE#
Lete;, € W'. If i = j, then two adjacent vertices d;, e, satisfy r(d; | W') = r(ex | W’).
Otherwise, two adjacent vertices dj, e; satisty r(dy, | W') = r(e; | W’).

By all cases above, W’ is not local resolving set of G. [l

Now, we are ready to give an existence of H = {H;, Hs, ..., H,} and a terminal subgraph
J of H;, such that the local metric dimension of Subgraph — Amal{H; J} is equal to the upper
bound of Theorem 2.4.

Theorem 2.5. Forn > 2andi € {1,2,...,n}, let H; = G4, J be a terminal subgraph of H; with
V(J)={f1, fa,es}, and H = {H,, Ho, ..., H,}. Then Imd(Subgraph — Amal{H; J}) = n+2.

Proof. In this case, C' = {f1, fo} and ¢ = |C| = 2. By Theorem 2.4, Imd(H) < > Imd(H;) —
cn + ¢ = n+ 2. Now, we will prove that Imd(H) > > " Imd(H;) —cn+ ¢ =n+ 2.

Letz; ;) € V(H) \ V(J) whenever x; € V(H;) \ V( J) and W be a local resolving set of H.
We consider two conditions below.

1. Two adjacent vertices d; and e, are not locally resolved by J. It follows that d; 1) and e; 2
in H are not locally resolved by V(H) \ H}. Since f3 is an element of local basis of G4
and f3 locally resolves d; and e,, we obtain that f; 3y locally resolves d(; 1) and e(; 5). Thus,
Jiz € Wiorl <:<mn.

2. For j € {1, 2}, two adjacent vertices e; and g, are not locally resolved by J\{ f;}. According
to Lemma 2.3, f; is an element of a local basis of ;. Note that if f; ¢ W, then ¢(; ;) and
g(,;) are not locally resolved by V' (H) \ H} since du (v, e ;) < du(v, f;) + du(fj, eq )
and dy (v, 9 j)) = du(v, f;) + du(f, 96.5)) withv € V(H) \ Hf. So, f; must be in W for

Jje{1,2}.
By two conditions above, we obtain that Imd(H) > n + 2. O
In the next theorem, we will provide an existence of H = {H;y, Hs, ..., H,} and a terminal

subgraph J of H;, such that the local metric dimension of Subgraph — Amal{H, J} is not equal
to both upper bound of Theorem 2.4 and lower bound of Theorem 2.1. In order to do so, first, we
need to determine the local metric dimension of graph GGo, which can be seen in Lemma 2.4 below.
The lemma is proved by using the similar argument of Lemma 2.3. Meanwhile, the graph G5 and
its complement are shown in Figure 2. Note that, the graph G5 can be obtained from Gy by adding

an edge f1 fs.

Lemma 2.4. Let G be a connected graph as stated in Figure 3. Then Imd(Gs) = 3. Moreover,
the set { f1, fa, f3} is the only local basis of Gbs.

Theorem 2.6. Forn > 2andi € {1,2,...,n}, let H; = G5, J be a terminal subgraph of H; with
V(J)={f1, f2,e3}, and H = {Hy, Hs, . .., H,}. Then lmd(Subgraph — Amal{H; J}) = n+ 1.
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dg dz
dl d3 dl

9 el 9

g2 e 9 @

.. i
g3 ’ 93 ¢

bi /3 ‘
1 fz f 1

Figure 3. Graph G5 (left) and its complement (right)

Proof. Inthis case, C' = {fi, fo} and ¢ = |C| = 2. Note that, >, Imd(H;) —ecn=n<n+1<
St imd(H;) —cen+c=n+2.

Now, we will prove that Imd(H) > n + 1. Letx; ;) € V(H) \ V(J) whenever z; € V(H;) \
V(J) and W be a local resolving set of H. We consider two conditions below.

1. Two adjacent vertices d; and e; are not locally resolved by J. It follows that dy; 1) and e(; 2)
in H are not locally resolved by V(H) \ H}. Since f5 is an element of local basis of G and
f3 locally resolves d; and e,, we obtain that f; 3) locally resolves d(; 1) and e(; 2y. Thus, it
must be f;3y € Wforl <i <n.

2. Two adjacent vertices e; and g; are not locally resolved by J \ {f1}. According to Lemma
2, fi1 is an element of a local basis of (5. Note that, if f; ¢ W, then e(; 1) and g(;1) are
not locally resolved by V(H) \ H} since dg(v,euny) < du(v, fi) + du(fi,eq1)) and
du(v,961)) = du(v, f1) + du(fi,96,1)) withv € V(H) \ Hf. So, f; must be in W.

By two conditions above, we obtain that Imd(H) > n + 1.
Now, we will construct a local resolving set of H with n+1 vertices. Define B = { f1}U{ f(;,3) |
1 <1 < n}. The representation of all vertices in H with respect to B are as follows.
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r(fi ] B) =(0,2,...,2) rleey | B) = (2,2,1,2,...,2)

r(fy | B) = (1,1,...,1) r(eps | B) = (1,3,1,3,...,3)

rles | B) = (1,2,...,2) r(fos | B) = (2,2,0,2,...,2)
r(day | B) = (1,2,3,...,3) r(gen | B) = (1,2,1,2,...,2)
r(dag | B) = (2,2,2,...,2) r(gey | B) = (1,2,1,2,...,2)
r(das | B)=(2,1,3,...,3) r(ges) | B) = (1,2,1,2,...,2)
r(eayy | B) = (2,1,2,...,2) r(dgy | B) = (1,3,3,...,3,2,3,...,3)
r(eqs | B) = (1,1,3,...,3) r(dga | B) = (2,2,2,...,2,2,2,...,2)
r(fas | B) =(2,0,2,...,2) r(dgs | B) =(2,3,3,...,3,1,3,...,3)
r(gan | B) = (1,1,2,...,2) rlegn | B) =(2,2,2,...,2,1,2,...,2)
(g0 | B) = (1,1,2,...,2) rlegey | B) = (1,3,3,...,3,1,3,...,3)
r(gas | B) = (1,1,2,...,2) r(fesy | B) = (2,2,2,...,2,0,2,...,2)
r(dey | B) = (1,3,2,3,...,3)  7(9wn | B) = (1,2,2,...,2,1,2,...,2)
r(deg | B) =(2,2,2,2,...,2)  7(9az | B) = (1,2,2,...,2,1,2,...,2)
r(das | B) = (2,3,1,3,...,3)  r(gws | B) =(1,2,2,...,2,1,2,...,2)

where k € {3,4,...,n} and dy(v(ry), fi,3) = da,(vi, f3) for each v, € DU E U F U G where
1 = k. Since there are no two adjacent vertices of H having the same representations, we obtain
that B is a local resolving set of H, which implies Imd(H) < n + 1. O

3. Vertex Amalgamation

Forn € Nandi € {1,2,...,n}, let H; be a simple connected graph of order k; > 2 containing
a connected subgraph J of order p where 1 < p < k;. In this section, let H = {H;, Hy, ..., H,}
where J only consists of one vertex. The graph Subgraph — Amal{H, J} then is called as a vertex
amalgamation graph.

Let V(H;) = {h,hg, ..., hy,} where V(J) = {h}. In this section, we denote H = Subgraph—
Amal{H; J}. Wedefine V(H) = {h} U{hu |l <i<n, 2< 5 <k}, H@i) ={huj2 <5<
k;},and HX = {h} U H(i). We also define:

» § ={A € H | Ais not bipartite and there exists a local basis of A containing h}
» T ={A € H | Aisnot bipartite and every local basis of A does not contain i}

Fromnowon,lets = |S|,t = |T|,and H = {Hy, Ha, ..., Hs, Hy 11, ..., Hoyy, Hoyv1, ..., Hp }
where S = {Hy, Hs,...,Hs} and T = {Hgy1, Hgyo, ..., Hgyy}.

Proposition 3.1. For s +t > 1, there exist two adjacent vertices h; ;) and hy satisfying
du(hijy, ) = du(higy, h) where i € {1,2,...,s+t}and j,k € {2,3,..., k;}.

Proof. Since s+t > 1, fori € {1,2,...,s+ t}, we have H; is not bipartite and contains an odd
cycle C'. We distinguish two cases.

Casel. h € V(C)
Then there exist two adjacent vertices h;, hy, € V(C)\ {h} satistying dy, (h;, h) = dg, (hg, h). We
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obtain that dg (h¢ jy, h) = du(ha, h).

Case2. h ¢ V(C)
Let h, € V(C) such that dy, (h;, h) = min{dy, (v, h)|v € V(C)}. Then there exist two adjacent
vertices h;, hy, € V/(C) \ {h;} satisfying dy, (h;, hy) = dg, (hg, hy) and

du,(hj, h) = dp,(hj, i) + dp, (he, )
= dg, (hi, hy) + dg,(hy, h)
— dy, (hy, h).

Therefore, we obtain that dg (h; ;), h) = d(hgk, h). O

In the next two lemmas, we provide some properties of local basis of the vertex amalgamation
graph H.

Lemma 3.1. Let W be a local basis of H. If s +t > 1, then

(i) WNH(i) # 0 foreveryi e {1,2,...,s+t}; and
(ii) WNH(j)=0foreveryje{s+t+1,s+t+2,...,n}

Proof. We distinguish two cases of proof.

(i) WnNH(i)#0foreveryi € {1,2,...,s+t}
Suppose that W N H(i) = () for some i € {1,2,...,s +t}. Let w € W. Note that w ¢
H (i). By Proposition 3.1, there exist two adjacent vertices h(; j) and h; ) in H satisfying
dp(hijy, ) = du(hg, h). So, we have

du(hi ), w) = di(hajy, h) + dg(h, w)
= du(hiiny, h) + du(h, w)

Therefore, we obtain 7(h; ;) | W) = r(hgk | W), a contradiction.

(i) WNH(j)=0foreveryj e {s+t+1,s+t+2,...,n}
Suppose that there exists j € {s +t+ 1,5+t +2,...,n} such that W N H(j) # (. Let
w € H(j) be an element of WW. We consider W' = W \ {w}. We will show that W’ is still
a local resolving set of H.
By considering (i), let S = {x € W | x € H(i), 1 <i < s+t}. Note that, by the definition
of W', we also have that S C W’. Let z, y be two adjacent vertices in V/(H) \ W’. So, there
exists i € {1,2,...,n} such that z,y € H}. We distinguish two cases.

Casel.ic {1,2,...,s+t}.

By (i), we have that x, y are locally resolved by vertices in S. It follows that both vertices
are locally resolved by W"'.
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Case2.ic{s+t+1,s+t+2,...,n}

Since every H; withi € {s+t+1,s+t+2,...,n} is bipartite, we have Imd(H;) = 1. Let
B, be a local basis of H;. Then for every v € V(H;), there exists B; where B; = {v}. Thus,
dy,(2',v) # dy,(y',v) for every two adjacent vertices =’y € V(H;) \ {v}. Letv = h, we
obtain that dy, («', h) # dy,(y', h). Consider two vertices =,y € H} which are corresponded
to ',y € V(H;) \ {v}, respectively. For any z € W/, we obtain that

dy(z,2) =dy(x, h) +dyg(h, 2)
=dy, (', h) +dy(h, 2)
£ dig (4 h) + dyg(h, 2)
=dy(y,h) +du(h,2)
=dy(y, 2).

So, r(z|W') # r(y|W’). Then every two adjacent vertices x,y € V(H) \ W’ are locally
resolved by vertices in W', In both cases, we obtain that 1/’ is a local resolving set of H, a
contradiction.

O
Lemma 3.2. Let W be a local basis of H. If s > 1 ort > 1, then h ¢ W.

Proof. Let W be a local basis of H where h € W. We consider W' = W \ {h}. We will show
that W' is also a local resolving set of H.

Let 2 and y be two adjacent vertices in V(H) \ W’. By considering properties in Lemma 3.1,
we have that = and y are locally resolved by vertices in W’. Thus, we have a contradiction. U

From proposition and lemmas above we have the following theorem.

Theorem 3.1. Forn > 2 and i € {1,2,...,n}, let H; be a simple connected graph of order at
least 2 containing a subgraph J and H = {Hy, Hs, ..., H,}. Let J = K, where V(J) = {h}.
Let S = {A € H | A is not bipartite and there exists a local basis of A containing h} and
T = {A € H | Ais not bipartite and every local basis of A does not contain h}. If s = |S
t = |T| and the first s + t elements in H are from S U T, then

1

1, s=t=0;
Imd(Subgraph — Amal{H; J}) = ¢ Imd(H,), s—1landt—0:
zfﬁ Imd(H;) —s, s>2ort>1.

Proof. Let H = Subgraph — Amal{H;J}. If s = t = 0, then every graph H; is bipartite.
It follows that / is also bipartite. Okamoto ef al. [23] have been proved that the local metric
dimension of any bipartite graphs is 1.

Now, assume s > lort > 1. Let H = {Hy,Ho,...,Hs, Hs 1, ..., Hsrt, Hsr 441, ..., Hp}
where S = {Hy, Hs,...,Hs} and T = {Hg1, Hsy2, ..., Hgyy }. We have two cases.
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Casel.s=1landt = 0.
First, we will show that Imd(H) < Imd(Hy) by constructing a local resolving set with lmd(Hy)
vertices. Let B; be a local basis of H; containing h. We define B, = B, \ {h} and W = {h s |
h, € B,} U {h}. Let us consider any two adjacent vertices h; jy, bz € V(H) \W.Ifi = s = 1,
then h; and Ay, are locally resolved by B,, which implies A j), h(1 ) are locally resolved by .
Now, we assume that i € {2,3,...,n}. We obtain that H; is a bipartite graph. Since there exists
a local basis of H; containing exactly one vertex h, then h; ;), h; ) of H are locally resolved by
h € W. Thus, W is a local resolving set of H.

Next, we will show that Imd(H) > Imd(Hs). Suppose that Imd(H) < (Imd(H,)) — 1. Let S
be a local basis of H. So, |S| < Imd(H,) — 1. By Lemma 3.1 (ii), SN H; = 0, i € {2,3,...,n}.
We define a subset U of V(H,) as {h} U {h; | h( ) € S}. Since |U| = |S| < Imd(H,) — 1,
there exist two adjacent vertices hy, h; € V(H,) satisfying r(hy, | U) = r(h; | U). It follows that
T(hespy | S) = 1(hesy | S), a contradiction.

Case2.s>2ort > 1.

First, we will show that Imd(H) < Y777 Imd(H;) — s by constructing a local resolving set with
Zfﬁ Imd(H;) — s vertices. Since s > 2ort > 1fori € {1,2,...,s+ t}, H; is not bipartite and
Imd(H;) > 1.

e s>1landi€ {1,2,...,s}
Let B; be a local basis of H; containing h. Then we define W; = {h; j)|h; € B; \ {h}}.

et>landi€{s+1,s+2,...,s+1}
Let C; be a local basis of H;. We define W; = {h(; j|h; € C;}.

Now, define W = U$+f W;. Note that IV satisfies Lemmas 3.1 and 3.2. Let us consider any two

1=

adjacent vertices x,y € V(H) \ W. Note that there exists i € {1,2,...,n} such that x,y € H}.

* s#0andi € {1,2,...,s}
If dy(x, h) # dg(y, h), then it is clear that z, y are locally resolved by vertices in W \ W;.
Otherwise, x, y are locally resolved by vertices in V.

et#0andi€ {s+1,s+2,...,s+1t}

Then z, y are locally resolved by vertices in W;.

es+t<nandi€{s+t+1,s+t+2,...,n}

Since x, y are locally resolved by the vertex h, it implies that they are locally resolved by all
vertices in .

Therefore, 1V is a local resolving set of H.

Next, suppose that Imd(H) < (377 Imd(H;) — s) — 1. Let W be a local basis of H. By
Lemma 3.1 (ii) and Lemma 3.2, we have W N H(j) = () forevery j € {s+t+1,s+t+2,...,n}
and h ¢ W. Since |W| < 3277 Imd(H;) — s — 1, we obtain two possibilities.
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1. There exists ¢ € {1,2,...,s} such that |IW N H}| < Imd(H;) — 2
Let W; = W N Hf and S; = {h; | hqj) € Wi} U{h}. Since |S;| < Imd(H;), then there
exists two adjacent vertices hy, h; in H; which are not locally resolved by S;. It follows that
R(i k), hipy are not locally resolved by W;, which implies (k¢ x) | W) = r(huy | W).

2. Thereexistsi € {s+1,s+2,...,s+t} such that |W N H| <Imd(H;)—1
Let W; =W NH?and S; = {h; | hj) € Wi} U{h}. Note that, | S;| = Imd(H,). However,
every local basis of H; does not contain h. It follows that .S; is not a local resolving set of
H;. Then there exists two adjacent vertices hy, h; in H; which are not locally resolved by
S;. It follows that h; iy, ki, are not locally resolved by W, which implies r(h¢ x) | W) =
r(hay | W).

By both possibilities above, we have a contradiction. [

4. Edge Amalgamation

Forn € Nandi € {1,2,...,n}, let H; be a simple connected graph of order k; > 2 containing
a connected subgraph .J of order p where 1 < p < k;. In this section, let H = {H;, Ho,..., H,}
where J = P,. Since P, has only one edge, the graph Subgraph — Amal{H, J} then is called as
an edge amalgamation graph.

Let V(H;) = {hy,ha, ..., hg,} where V(J) = {hy, ho}. In this section, we denote H =
Subgraph — Amal{H; J}. We define V(H) = {hy,ho} U {hujll < i < n, 3 <5 < kil

According to Theorem 2.1, we obtain the bounds for the local metric dimension of any edge
amalgamation graphs, which can be seen in theorem below.

Theorem 4.1. Forn > 2 and i € {1,2,...,n}, let H; be a simple connected graph of order at
least 3 and H = {Hy, Ho, ..., H,}. Then

Z Imd(H;) — 2n < Imd(Subgraph — Amal{H; P,}) < Z Imd(H;).
i=1

i=1

In this section, we will show that all values between the lower and upper bound in Theorem 4.1
are achievable. In order to do so, we need to determine the local metric dimension of graphs G,
G4, and G5. The graph (G5 and its complement are illustrated in Figures 4. Meanwhile the graphs
G4 and G5 can be seen in Figures 5 and 6, respectively.

First, let us consider the graph Gs. Let N3 = {ay, a2}, O3 = {as, a4}, Py = {as,a6}, R3 =
{azr,as}, and S3 = {ag, a10, a1, a12}. Now, we are ready to determine the local metric dimension
of G3.

Lemma 4.1. Let G3 be a connected graph as stated in Figure 4. Then lmd(G3) = 4. Moreover
the set {ay, as, ar, ag} is a local basis of Gi.

Proof. Since G5 contains an odd cycle, we have Imd(G3) > 1. Next, we will show that there is
no local resolving set of G5 with 2 elements. Suppose that W be a local resolving set of (G5 with
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Figure 4. Graph G35 (left) and its complement (right)

|W| = 2. We obtain two cases.

Case1l. W N S5 =10.
Then there exist two distinct vertices z,y € O3 U P3; which are adjacent to both vertices in V.
Therefore, we have r(x | W) = (1,1) = r(y | W).

Case 2. W N S5 # 0.
Let W = {z,y} where x € S3. If y € N3 U O3, then we have r(a; | W) = (1,1) = r(ag | W).
Otherwise, we have r(ag | W) = (1,1) = r(ay | W). By all cases above, we obtain that IV is
not local resolving set of GG3. Therefore, we can conclude that Imd(G3) > 3. However, we will
also show that there is no local resolving set of GG3 with cardinality 3. Suppose that 1/’ be a local
resolving set of GG3 with |IW’| = 3. Note that, at least one vertices of S5 are not in W’. Without
loss of generality, let ag ¢ W’. Let |IW’' N S3| = j where j € {0,1,2,3}. Then there exist j + 1
vertices 21,...,2;41 € Oz U P; which are adjacent to every vertex in W’. If j = 0, we have
r(z | W) = (1,1) = r(ag | W’). Otherwise, r(z; | W') = (1,1) = r(z9 | W’). Thus, W' is not
local resolving set of GG3. Since there is no local resolving set of (G with cardinality 3, we obtain
that Imd(G3) > 4.

Next, we will show that Imd(G3) < 4. Define W” = {ay, as, ar, ag}. The representation of all
vertices in G3 with respect to W7 are as follows.

r(a[W”)=(0,1,2,1) r(as|W”)=(2,1,1,1) r(ag|W”) = (1,1,1,1)
r(as|W”) = (1,0,1,2) r(aW”) = (1,2,1,1) r(ap|W”)=(1,1,1,1)
r(a7z|W”) =(2,1,0,1) r(as|W”) = (1,1,1,2) rlan|W”)=(1,1,1,1)
r(as|W”) = (1,2,1,0) r(ag|W”) = (1,1,2,1) r(apW”)=(1,1,1,1)

Since there are no two adjacent vertices of (G3 having the same representation, we conclude that
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W?” is a local resolving set of Gs. O

b;}, d3

by ————
€1 ¢ Cot—1 Cot

ds

Figure 5. Graph G4

Next, let us consider the graph G4. Let Ny = {b1,bo,b3}, Oy = {c; | 1 < i < ¢, t > 1},
P, = {d,,dy,ds}. Now, we are ready to determine the local metric dimension of Gj.

Lemma 4.2. Let G4 be a connected graph as stated in Figure 5. Then Imd(G4) = 4. Moreover,
every local resolving set of G4 contains at least two vertices of N4 and at least two vertices of Pj.

Proof. Let W be a local resolving set of Gy. If [W N Ny| < 1 (or |IW N Py < 1), then there exist
two distinct vertices z,y € Ny (or x,y € P,) which are not element of 1. Since = and y are
adjacent, and for every z € V(G4) \ {z,y}, dg,(z,2) = dg,(y, 2), we have r(x | W) = r(y | W),
a contradiction. So, it must be |WW N Ny| > 2 and |W N Py| > 2, which implies Imd(G,) > 4.
Next, we will show that Imd(G4) < 4. Define W' = {by,bs,d;,d>}. Let us consider two
adjacent vertices u,v € V(Gy) \ W'. If dg, (u, b1) # dg, (v, by), then we obtain r(u | W) # r(v |
W’). Otherwise, we have u = b3 and v = ¢;. Since dg, (u,dy) = dg,(v,dy) + 1, we also obtain

r(u | W') % r(v| W’). Thus, W' is a local resolving set of Gy. O
e es
€s €3
er €4
€6 es

Figure 6. Graph G5
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Lemma 4.3. Let G5 be a connected graph as stated in Figure 6. Then lmd(G5) = 2 where {e;, €4}
is a local basis of Gs. If a local resolving set B of G5 contains ey or es, then |B| > 3. Moreover,
the set {ey, es, e3} is a local resolving set of Gs.

Proof. Since G5 contains an odd cylce, we have Imd(G5) > 1. Next, we will construct a local
resolving set of G5 with 2 vertices. Define W = {e5, e5}. The representation of all vertices in G5
with respect to W are as follows.

rleW)=(2,1)  rles|W)=1(2,2)  r(es|W)=(0,1)  rer]W)=(1,1)
rleW) = (1,2)  rlaW)=1(2,2)  rleW)=(1,0)  res|W) = (1,1)

Since there are no two adjacent vertices having the same representation, we conclude that W is a
local resolving set of Gis.

Next, we will show that every local basis B of G5 satisfies e¢; ¢ B fori € {1,2}. Suppose that
e; € Bores € B. Ifey, es € B, then two adjacent vertices e3 and eg are not locally resolved by B,
a contradiction. Now, we assume that either e; € Borey € B. Fori € {1,2} and j € {1,2}\ {i},
lete; € Bande; ¢ B. Let D = {e3, 4, 44} If BN D # (), then two adjacent vertices e; and eg
are not locally resolved by . Otherwise, two adjacent vertices e; and e3 are not locally resolved
by B. Thus, we have that B is not local resolving set of G'5.

Now, let S = {ej, ez, e3}. The representation of all vertices in G5 with respect to S are as
follows.

r(e1]S) = (0,1,1) r(es]S) = (1,1,0) r(es]S) = (2,1,2) r(e7]S) = (1,1,1)

r(es]S) = (1,0,1) r(eq|S) = (1,1,2) r(eslS) = (1,2,2) r(es|S) = (1,1,1)

Since there are no two adjacent vertices having the same representation, we conclude that S is a
local resolving set of Gis. [l

Now, we are ready to show that all values between the lower and upper bound in Theorem 4.1
are achievable, which can be seen in theorem below.

Theorem 4.2. Forn > 2 and i € {1,2,...,n}, there exist simple connected graph H; of order
at least 3 and H = {Hy, Hs, ..., H,} such that Imd(Subgraph — Amal{H; P»}) = k for every
integer k satisfying > i, Imd(H;) —2n < k < Y., Imd(H;).

Proof. Let us consider a finite collection H = {H;, Ha, ..., H,} where H; = Gi3. Let a;as be the
terminal edge from every H; and H = Subgraph — Amal{#; P»}. We will show that Imd(H) =
> i, lmd(H;) —2n. By Theorem 2.1, we only need to show that Imd(H) < Y_" | Imd(H;) — 2n.

Define W = (J._,{aq 7, as }- Let us consider any two adjacent vertices z1,z, € V(H) \
W. Then there exists i € {1,2,...,n} such that xy,2o € H}. Let y;,y2 € V(H;) which are
corresponded to 1, xo € V(H ), respectively. It is clear that y; is also adjacent to y in H;. If a; or
ag 1s locally resolves y; and ¥, then it follows that z; and x5 are locally resolves by 1. Otherwise,
y1 and y, are locally resolved by a; or a,.
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* g and ¥y, are locally resolved by a;
Then for [ € {1,2,...,n}\ {i}, we have

di(x1,008)) = du(x1,a1) + dg(a, ags))
= dg,(y1,01) + dg, (a1, as)
# dp, (Y2, 1) + dp, (a1, as)
= dpy(xg,a1) + du (a1, ags))
= dH($2, (l,8)>-

* gy and g are locally resolved by a-
Then for [ € {1,2,...,n}\ {i}, we have

di(21,a07)) = dg(21, a2) + dg(ag, agr))
= dg,(y1, a2) + dpg,(az, ar)
# d, (Y2, a2) + dp,(az, ar)
= dg (w2, a2) + dg(az, agr))

= dH($2; a(l,7))~

Therefore, TV is a local resolving set of H. It implies that Imd(H) = >, Imd(H;) — 2n.

To obtain an edge amalgamation graph whose local metric dimensionis k = " | Imd(H;) —
2n + q for 1 < g < 2n, we replace some H; in H by G4 or (G5 according to the parity of g. For
l€{1,2,...,n}, we distinguish two cases.

Casel.q =2l
Let H' = {H}, H}, ..., H} be a finite collection which is obtain from H by replacing / elements
of H by GG4. Choose the terminal edge c;c;,1 for G4 and ayas for Gs.

Case2.g=2—1

Let H' = {H}, H),..., H!} be a finite collection which is obtain from # by replacing [ — 1 ele-
ments of H by G, and an element of H by (G5. Choose the terminal edge e;es for G5, c;ci 11 for
G4, and a109 for G3.

By Lemma 4.1, the graph (G5 has a local basis S5 containing ay, as. However, by Lemmas 4.2
and 4.3, G4 and G5 do not have a local basis containing ¢;, ¢, 1 and ey, ey, respectively. So, for G4
and G5, we consider a minimum resolving set S, and S5, respectively, containing two vertices of
| > Imd(G4) + 2 and |S5| > Imd(G5) + 1. Thus, by using the
similar argument with the proof of Lemma 2.1, the graphs GG3, G4, and G5 must contribute at least
Imd(G3)—2,Ilmd(G,), and Imd(Gs5) — 1 vertices to a resolving set of Subgraph— Amal{H', P,},
respectively.

Now, we will construct a resolving set of Subgraph — Amal{H', P>} with >_7"  Imd(H;) —
2n + q vertices. Let B3, By, and Bj; be the set of vertices in Subgraph — Amal{H', P,} which
are corresponded to vertices a; and ag of (3, vertices by, bo, di, and dy of (G4, and vertex ez of
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G, respectively. Then, define B = B3 U B, U Bs. Note that, for ¢ is even, we have Bs = (). Let
H = Subgraph — Amal{H', P,}. Let us consider any two adjacent vertices x1, 2z, € V(H) \ B.
Then there exists ¢ € {1,2,...,n} such that z1, 25 € H/*. Let H] = G; where j € {3,4,5}. If
x1, Xy are resolved by B;, then we are done. Otherwise, x1, x5 then are resolved by a vertex in
terminal edge of H.. We distinguish two cases.

Case 1. H, = G5

Let y1,y2 € V(H]) which are corresponded to z1, 25 € V(H), respectively. Then it is clear that
a; or ay is locally resolves y; and y». Note that, in H, the vertex a; of H, can be identified by ¢; or
cr1 of H where H! = G4. So, x1, x5 are locally resolved by vertices in By.

Case 2. H! = Gj

Let y1,y2 € V(H]) which are corresponded to x, 5 € V(H), respectively. Then it is clear that e;
or es is locally resolves y; and y». Note that, in H, the vertex e; of H] can be identified by a; or ay
of H/ where H| = (3, or by ¢; or ¢;1 of H] where H| = G,. So, x1, x5 are locally resolved by
vertices in Bs or By. L]

Conclusion

Let H = {H,, Hy, ..., H,} be a finite collection of simple connected graphs, where H; is a
graph containing a connected subgraph J. In this paper, we consider the subgraph-amalgamation
graphs Subgraph — Amal{H; J}. This graph is constructed by taking all elements of #, then
identifying all of them on J. We provide the lower and upper bounds of Imd(Subgraph —
Amal{H; J}) for any structures of .J. These bounds are functions of Imd(H;) (1 < i < n).
We also provide some properties of Subgraph — Amal{H; J} whose local metric dimension is
equal to some values, including the upper and lower bound values.

Furthermore, we consider Subgraph— Amal{#H; J} for certain structure of .J. For .J is a vertex
(J = K3), we determine an exact value of the local metric dimension of Subgraph— Amal{H; J}.
In case J is an edge (J = P;), we provide the lower and upper bounds of Imd(Subgraph —
Amal{H; J}). Moreover, we show that all values between those bounds are achievable.

For future work, we provide an interesting question that is whether all between the lower and
upper bounds in Theorem 2.1 are achievalbe if the order of J is at least 3. The problem is stated as
follows.

Problem 1. Let J be a connected graph of order p > 3. Does there exist H = {Hy, Hy, ..., H,}
where H; is a connected graph containing J, such that for every integer t with > ;. lmd(H;) —
pn <t <Y " lmd(H;), we have Imd(Subgraph — Amal{H; J}) = t?
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