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Abstract

This is a survey of results obtained during the last 45 years regarding the intersection behaviour
of all longest paths, or all longest cycles, in connected graphs. Planar graphs and graphs of higher
connectivity receive special attention. Graphs embeddable in the cubic lattice of arbitrary dimen-
sion, and graphs embeddable in the triangular or hexagonal lattice of the plane are also discussed.
Results concerning the case when not all, but just some longest paths or cycles are intersected, for
example two or three of them, are also reported.
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1. Empty intersection of all longest paths

In a connected graph (undirected and without loops or multiple edges), two longest paths meet.
This is easily seen. Do all longest paths meet? This problem was raised by Gallai [12] in 1966,
when hypotraceable graphs had not yet been uncovered.

This paper is a survey about Gallai’s problem and variants of it involving conditions on connec-
tivity, planarity or embeddability on other surfaces, and also considering cycles instead of paths.
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Reducing the number of longest paths or cycles to be intersected, leads to other challenging prob-
lems, also surveyed here. For a previous, shorter survey, see [51].

We call P1 the question: “Do there exist graphs, in which any vertex is missed by some longest
path?” Walther was the first who found such a graph in 1969 [42]. A few years later, an example
with 12 vertices only was (independently) found by Walther and the third author, see [43, 14, 50]
and Fig. 1(a).

The P1 problem restricted to planar graphs, generated several examples, each smaller than the
previous one. Walther’s first example with 25 vertices was planar, but the smallest so far was found
by Schmitz [31] in 1975 and has 17 vertices, see Fig. 1(b).

It was conjectured [48] that the orders 12 and 17 are smallest possible for the problem P1 in the
arbitrary and planar case, respectively. Brinkmann and Van Cleemput [5] proved (using computers)
that in the arbitrary case the order 12 is minimal.
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Figure 1.

The examples become naturally larger if higher connectivity is requested. The first 2-connected
example constructed in 1972 for P1 had 82 vertices and was planar [47]. Currently, the smallest
known 2-connected graph answering P1 has 26 vertices and was found by Skupien [37] in 1996,
while the smallest known planar example has order 32 and was found by the third author [50] in
1976, see Fig. 2.

Figure 2.

The same problem for 3-connected graphs received its first answer in 1974 through Griinbaum’s
example with 484 vertices [14]. But the best answer so far, again provided by the third author [50],
is a graph with 36 vertices obtained by opening up Petersen’s graph at some vertex and introducing
it at all vertices of K.
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Concerning the problem P1 for 3-connected planar graphs, with the help of his hypohamil-
tonian planar graph, Hatzel [15] obtained in the same way a 3-connected planar graph satisfying
P1, of order 224. Exhibiting smaller planar hypohamiltonian graphs, the second and the third au-
thor [46] decreased the order to 188; then Araya and Wiener [44] lowered it to 164, and finally (so
far!) Jooyandeh, McKay, Ostergéird, Pettersson, and the second author [20] decreased it to 156.

Impulses coming from fault-tolerant designs in computer networks (for fault-tolerance prob-
lems in Graph Theory see, for example, [16, 45, 18, 8, 28, 29]) led to considering P1 in lattices. Let
T, L and H be the usual triangular, square and hexagonal lattice in the plane, respectively. Notice
that H C £ C 7. The connectivity of any finite connected graph in 7 is at most 3, while in £ or H
it is at most 2. Unfortunately, the previously mentioned graphs are not embeddable in 7. We prove
this here for Schmitz’ graph S of Fig. 1(b). Indeed, the vertices 12 and 13 of .S must be interior to
one of the two regions bounded by the cycles (6,7,8,9,10,11,6) and (5,6,11,10,9,14,5). But
no hexagon in 7 has more than one interior vertex.

Dino and the third author [11] established the existence of a graph in 7 with 30 vertices verify-
ing P1, see Fig. 3(a). In 2012, Nadeem, the first and the third author [27] found a subgraph of £ of
order 46 answering P1, see Fig. 3(b). As an example in H, the three authors presented in the same
paper a graph of order 94, see Fig. 3(c). These three graphs (of order 30, 46, and 94, respectively)

are in fact homeomorphic.
i
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Figure 3.

[11] and [27] provide, for P1 in 7 and L, 2-connected graphs homeomorphic to the graph Z
(see Fig. 2(b)), of order 92 (a non-bipartite graph) and 126, respectively, see Figs. 4(a) and (b). A
graph of order 244, embedded in ‘H, appears in [27], see Fig. 4(c). This graph is not homeomorphic
to Z (which has vertices of degree 4).

No 3-connected graph satisfying P1 seems to exist in 7.

The torus also admits lattices of the above three kinds.

Consider an (m+1) x (n+1) parallelogram (with (m+1)(n+1) vertices) in 7. By identifying
opposite vertices on the boundary as indicated on Fig. 5(a), we obtain the toroidal triangular lattice
7;2”. It has mn vertices. The toroidal square lattice ng and the toroidal hexagonal lattice Hﬁn
are defined similarly, see Figs. 5(b) and (c), respectively.

In [35], the first and the third author succeeded to embed the graph W of Fig. 1(a) in 7233 as a
spanning graph, see Fig. 6(a). In [33], the same authors proved the existence of examples in ,C:;)FA
and 7—[{26 by embedding two homeomorphic graphs of order 20 and 58, respectively, as shown in
Figs. 6(b) and (c). The first graph is a spanning subgraph of Eg 4 1t first appeared in [48].
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The first and the third author [35] provided an answer to P1 for 2-connected graphs in triangular
toroidal lattices by exhibiting a graph of order 48 homeomorphic to Z in 7'7T , see Fig. 7(a). In the
case of square toroidal lattices, the same authors [33] embedded another homeomorphic copy of
Z, of order 80, in L], ,,, see Fig. 7(b).

Just like on the torus, lattices of these three kinds are well defined on the Mdbius strip and
Klein bottle, too.

A triangular lattice on the Mobius strip 7',%” is defined according to Figs. 8(a) and (b), with
respective orders mn and % (2m+1). The square lattice on the Mébius strip L)), with mn vertices
is defined as indicated in Fig. 8(c), and the hexagonal lattice on the Mobius strip ”H% ,, of order
mmn is defined according to Figs. 8(d) and (e).
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The first and the third author [35, 33] proved that Schmitz’ graph S with 17 vertices is em-
beddable in 7;"{ and L3%, respectively, see Figs. 9(a) and (b). But it is not realizable in H,)/, for
any values of m and n, because in S the cycles (3,8,7,6,5,4,3) and (9,8,7,6, 11, 10,9) of length
6 meet at three vertices, while in H any two intersecting hexagons meet exactly at two vertices.
[33] shows a graph homeomorphic to S, with 46 vertices, answering P1 and embeddable in ’H%,
see Fig. 9(c).

The same authors provide in [35] a 2-connected graph homeomorphic to Z, of order 64, an-
swering P1 and embeddable in 7;%{‘{1 (shown in Fig. 10(a)). In [33], they show such a graph of order
112 embedded in £L]] ,, see Fig. 10(b).
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A triangular lattice on the Klein bottle Tnﬁfn of order mn is defined according to Fig. 11(a).
And, according to Figs. 11(b) and (c), we define the square lattice on the Klein bottle £ﬁ7n and the
hexagonal lattice on the Klein bottle Hfg,n of order mn.
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The first author [32] succeeded to embed the graphs W and S of Figs. 1(a) and (b) in 7:@ (see
Fig. 12(a)) and Eéil (see Fig. 12(b)), respectively. In the same paper, a graph of order 58 verifying
P1 and embeddable in 7—[{;6 is presented (see Fig. 12(c)).
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Figure 12.

In [32] the first author showed how the 2-connected examples answering P1, of order 48 and
80, and embeddable in 75 and L] , can also be embedded in 7§ and L1} ,,, respectively. See
Figs. 13(a) and (b).

The last result about P1, which we are recording here, is an embedding of S in the 3-dimensional
cubic lattice £ found by Bashir and the third author, see [4] and Fig. 14.
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2. Empty intersection of all longest cycles

The Ck problem, i.e. the existence of graphs in which any k vertices are missed by some
longest cycle, was completely solved, in the sense that the provided example has the smallest
possible number of vertices (namely 3k + 3), by Thomassen [39]. See Fig. 15.

Figure 15.

However, it can be said that the appropriate frame while working with longest cycles demands
connectivity at least 2, and in that case the smallest known example for the C1 problem remains,
as for connectivity 3, Petersen’s graph. That this graph is smallest possible among all 2-connected
graphs, was verified by Brinkmann and Van Cleemput [5].

For the C1 problem and 2-connected planar graphs, Thomassen found an example with 15
vertices (see [50] and Fig. 16).

Figure 16.

Again, Brinkmann and Van Cleemput proved its optimality [5]. For 3-connected planar graphs,
the first example was found by Griinbaum [14] in 1974 and had 124 vertices. Two years later,
Thomassen [40] found the first planar hypohamiltonian graph of 105 vertices. In 1979, Hatzel [15]
found such graph on 57 vertices only. In 2007, the second and the third author [46] decreased this
to 48, and in 2010, Araya and Wiener [44] further improved it to 42. The hypohamiltonian planar
graph with 40 vertices recently found by Jooyandeh, McKay, Ostergérd, Pettersson, and the second
author [20], is the smallest example known to date.

The graph of Fig. 15 is clearly embeddable in 7 and obvious modifications of it, of order 4k +4
and 6k + 6, can be embedded in £ and H, respectively. See [34].

For 2-connected graphs, the first answer to C1 in any lattice is due to Wegner, who found a
graph in £ of order 95 (see [25, p. 202]). Nadeem, the first and the third author [27] found a
subgraph of H satisfying C1, of order 170. An example with 60 vertices in 7 is presented by the
first and the third author in [35]. Later on, these three results were improved by Dino, the second
and the third author [10], their examples being homeomorphic to Thomassen’s graph 7' of Fig. 16,
and having order 33 in 7, 35 in £ and 89 in . See Fig. 17.
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Figure 17.

The first and the third author [33] discovered that the graph 1" spans 553 (see Fig. 18(a)), and
consequently also 7?3 Moreover, they embedded a homeomorphic copy of 7' of order 30 verifying
C1in My 4, see Fig. 18(b).

T

Figure 18.

The 2-connected graph Y of Fig. 19(a), of order 12, found by the third author (see [19]), also
answers C1. The first and the third author [33] embedded Y in £fg as a spanning graph, see
Fig. 19(b). This result is best possible. Indeed, Brinkmann and Van Cleemput [5] verified using
computers that the only graph on less than 12 vertices verifying C1 is the Petersen graph, which
is not embeddable in E% ,, for any m, n. Indeed, the Petersen graph has two disjoint 5-cycles, but
no E%n contains two disjoint 5-cycles. Clearly, Y spans 71% , too. In [33], the first and the third
author presented a graph homeomorphic to Y of order 32 verifying C1, which spans H%, see
Fig. 19(c).

The first author [32] embedded Y in 7;15 Lé; and ’Hé&, as a spanning graph, see Figs. 20(a),
(b) and (c), respectively. The latter two are smallest possible (see the argument above).

The first graph embeddable in £3 and verifying C1 was found by Bashir and the third author [4].
It has order 40. A smaller such graph (of order 17) is shown in Fig. 21, and was found by Dino, the
second and the third author [10]. This graph has also smaller order than a graph with 20 vertices
embeddable in £*, previously found by Bashir and the third author [4].
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Figure 21.

3. Avoiding arbitrary pairs of points

The C2 problem, received — for 2-connected graphs — a positive answer as well. The first
2-connected example was presented already in 1970 by Walther [42] and had 220 vertices.

The chronologically first 3-connected example was found in 1974 by Griinbaum [14]. The up-
to-date smallest such example known was presented in 1976 and has 75 vertices. It is obtained by
opening up the Petersen graph P at a vertex, inserting it in place of every vertex of a copy P’ of P,
and eventually contracting all original edges of P’'.

Concerning planar 2-connected graphs, an example constructed by the third author [48] in
1975 is still the smallest known. It has 135 vertices. If the graph should be 3-connected, the first
example, with 14818 vertices, was found by the third author [50] in 1976.

By providing and using smaller and smaller planar hypohamiltonian graphs, the results im-
proved. In 1979, Hatzel [15] found an example with 6758 vertices. In 2007, the second and the
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third author [46] improved this bound by showing the existence of a graph of order 4277. Three
years later, Araya and Wiener [44] found one with 3701 vertices. Recently, Jooyandeh, McKay,
Ostergﬁrd, Pettersson, and the second author got the smallest to date, with 3525 vertices.

Schauerte and the second author have shown that there also exist cubic 3-connected planar
graphs satisfying C2 [30]. They provided an example of order 8742. Araya and Wiener [1] found
an example of order 4830 only.

In [35], the first and the third author provided a graph of order 375 answering C2 and embed-
dable in 7 (see Fig. 22), while in [34], they established the existence of such graphs in £ and H,
of order 490 and 950, respectively. See Figs. 23 and 24.
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Figure 24.

In the same paper, the authors embedded a graph verifying C2 with 235 vertices in 7'2'1;11,
see Fig. 25. [34] shows graphs of order 315 and 600, which are embedded in £2T6716 and 7—[50732,
respectively. See Figs. 26 and 27.

Figure 25.

In [34, 35], the first and the third author also established the existence of graphs answering C2
in all these three types of lattices on the Mobius strip. See [35] and Fig. 28 for an example of C2
of order 235 embedded in 7;%4,33. See [34] and Figs. 29 and 30, where two graphs verifying C2 of
order 350 and 670 are embedded in £3] s and Hj ,s, respectively.

[32] shows that 2-connected examples answering C2, can be found in 7;?11, 556716 and HgT()’gQ,
with respective order 235, 315 and 600, and are also embeddable in Ti¥,;, L5 5 and H ,,,
respectively. See Figs. 31, 32 and 33.

Bashir [3] presents a 2-connected graph answering C2, of order 210, in L3, see Fig 34.

The problem P2 of finding graphs in which every pair of vertices is missed by some longest
path, was solved by Griinbaum in 1974, see [14]. His graph was 3-connected and had 324 vertices.
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Now the smallest such examples are a graph with 93 vertices and a 3-connected graph with 270
vertices, found by the third author [50] in 1976. Concerning planar graphs, a graph of order 308
and a 2-connected graph of order 914, found in 1975 by the third author [49] are still the smallest
known. For 3-connected graphs, the first example with 57838 was given by the third author [50]
in 1976. Hatzel [15] in 1979 improved this bound to 26378. The second and the third author [46]
in 2007, and Araya and Wiener [44] in 2010, further consecutively reduced this bound to 16926,
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respectively 14694. Currently, the best known bound is 10350, proven by Jooyandeh, McKay,
Ostergﬁrd, Pettersson, and the second author [20].

In the family of lattices, we can report only one result of the above type, obtained by Bashir [3].
He found a graph verifying P2 with 207 vertices, embedded in £3; see Fig. 35.
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Figure 32.
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4. Non-empty intersection of all longest paths or cycles

There are several families of graphs in which all longest paths (or cycles) must have a common
point. An important such family is that of all trees. In every tree, each longest path contains its
centre. In 1990, Klavzar and Petkovsek [21] proved that split graphs and cacti negatively answer
P1 as well. Very recently, de Rezende, Fernandes, Martin and Wakabayashi [9] strengthened a
result of Axenovich and showed that outerplanar graphs also never answer positively P1. They
also extended this property, shared — as we mentioned above — by all trees, to the class of all 2-
trees. Menke [25] proved in 2000 that in any grid graph all longest cycles must have at least four
common points (see also [26]).
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Figure 35.

5. Intersecting three longest paths

What happens if we do not intersect all longest paths, but just some of them? The intersection
does not decrease. If they are few enough, will the intersection become non-empty? Yes, if you
take just two of them, it is easily seen to be non-empty. What, if you take three? This is unknown,
and intriguing. Anyway, there must exist a minimal number p such that, in any connected graph,
any family of p longest paths has non-empty intersection. Find p. This short question was asked
by the third author in the eighties, see Voss’ book [41, p. 78].

What is known about p? In Schmitz’ graph of Fig. 1(b), there are 7 longest paths whose
intersection is void. So,

2<p<e6.

Regarding the analogous number c¢ defined in 2-connected graphs only, in the same way as p, but
with “cycles” instead of “paths”, a small graph we already met in a previous section, see Fig. 19(a),
has 8 longest cycles with no common point. However, Jendrol’ and Skupien [19] have shown that

2<c<6

holds, by exhibiting a graph having only 7 longest cycles with empty intersection, see Fig. 36.
Perhaps any 6 longest paths (or cycles) always meet. But this should be even more difficult to
prove than the variant with 3 instead of 6.
Since no proof is in sight yet, several results have been obtained about special classes of graphs.
So, in 2009 Axenovich [2] showed that in outerplanar graphs any 3 longest paths meet, but
— as mentioned in the previous section — in fact all of them meet. Later de Rezende, Fernandes,
Martin, and Wakabayashi [9], starting from Axenovich’s result, proved that in every (connected)
graph with hamiltonian non-trivial blocks, any 3 longest paths meet.
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Figure 36.

6. Intersecting two longest paths or two longest cycles

Consider two longest paths in a connected graph. It is easy to show that they must meet. Also
quite easy to see is that in any 2-connected graph any two longest paths or cycles have at least two
points in common. In fact the following old conjecture from 1984, attributed to Scott Smith, is
known: In a k-connected graph, k£ > 2, any two longest cycles meet in at least k vertices.

Grotschel [13] proved Smith’s conjecture for £ < 6. In the general case, Burr and the third
author [6] showed that in a k-connected graph, k > 2, every two longest cycles meet in at least vk
vertices. A proof of this result can be found in [17]. Chen, Faudree, and Gould [7] asymptotically
improved this as follows. Consider a k-connected graph, £ > 2. Then every two longest cycles
meet in at least ck3/3 vertices, where ¢ ~ 0.2615.

Concerning longest paths, we have an analogous conjecture stated by Hippchen [17]: In a k-
connected graph, £ > 2, any two longest paths meet in at least k vertices. Kj, o5+2 shows that the
conjecture is tight. It was proven by Hippchen [17] for k = 3.

We recall that W C V/(G) is an articulation set, if deleting W renders G disconnected.
Grotschel [13] proved that, if £ < 5 and G is a graph of order at least £ + 1, in which two
longest cycles meet in a set I of cardinality %, then W is an articulation set.

Grotschel [13] showed that the “5” in above theorem is best possible. Grotschel [13] went
on to conjecture that if one adds the condition that G has circumference at least k£ + 1, then this
restricted version of his theorem holds for & € {6, 7}. (The Petersen graph shows that this “7” is
best possible.) Stewart [38] proved this conjecture; he showed that if & € {6, 7}, and G is a graph
of circumference at least k£ + 1, and furthermore C' and C” are distinct longest cycles in G meeting
in a set W of cardinality k, then 1V is an articulation set of G.

Sheppardson [36] studied the following version of the Smith conjecture: If C' and D are
largest bonds (i.e. minimal, non-empty sets of edges whose removal disconnects the graph) in
a k-connected graph G, then the number of components in G — (C'U D) is atleast k +2 — [C'N D).
Both this conjecture and Smith’s original conjecture have been proven only for small k. Sheppard-
son proves a linear lower bound on the number of components of G — (C'U D) which holds for all
values of k£ > 7. For more background on this, see [24, 22, 23].
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