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Abstract

Let G be a graph with vertex set V' (G) and diameter diam(G). Let D C {0,1,2,3,...,diam(G)}
and ¢ : V(G) — {1,2,3,...,|V(G)|} be a bijection. The graph G is called D-distance magic,
if 3o np ) P(5) is a constant for any vertex ¢ € V/(G). The graph G is called («v, §)-D-distance
antimagic, if {3y, p(s) 1t € V(G)}isaset {a,a+ B, a+26,...,a+ (|[V(G)|-1)5}. In
this paper, we study D-distance (anti)magic labelings of shadow graphs for D = {1}, {0, 1}, {2},
and {0, 2}.
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1. Introduction

We follow the terminologies and notations introduced in [11, 12, 15]. Let G be a simple
graph with vertex set V' (G) and diameter diam(G). For two vertices s,t € V(G), the distance
between s and ¢ is denoted by d(s, t). Let D be a set of distances in {0, 1,2,3,...,diam(G)}, and
v V(G) = {1,2,3,...,|V(G)|} be a bijection. The neighborhood of a vertex t € V(G) under
Dis Np(t) = {s € V(G) : d(s,t) € D}, and its weight is wp(t) = > cn, @ ¢(s). If D = {1},
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Npy(t) = N(t) = {s € V(G) : st € E(G)} and wny (1) = w(t) = 2y (). If D = {0,1},
Nio13(t) = {t} UN(t) and wyo 13 (t) = p(t) + w(t).

In the two next definitions, in case the graph G is a disconnected graph, diam(() is the maxi-
mum diameter of its components.

Definition 1. [11] A bijection ¢ : V(G) — {1,2,...,|V(G)|} is called a D-distance magic (DM)
labeling of a graph G, if wp(t) = > .cn, 1 ¢(8) is a constant k for every vertex t € V(G). A
graph which admits a D-DM labeling is called a D-DM graph

The constant & is called vertex sum of the labeling . If D = {1}, a {1}-DM labeling and a
{1}-DM graph are called a DM labeling and a DM graph, respectively [16]. These notions were
independently introduced in [10, 17].

Definition 2. [15] Let ¢ : V(G) — {1,2,...,|V(G)|} be a bijection.

i). If wp(s) # wp(t) for every s,t € V(G), then ¢ is called D-distance antimagic (DA) labeling
of G and G is called a D-DA graph.

ii). If {fwp(t) : t € V(G)}is{a,a+ B,a+28,...,a+ (|V(G)| —1)8}, where 5 > 0 and o > 0
are fixed integers, then @ is called an (o, 3)-D-DA labeling of G, and G is called an (o, 3)-D-DA
graph

If D = {1}, a {1}-DA labeling (resp. a {1}-DA graph) is called a DA labeling (resp. a DA
graph) [7]. If D = {1}, an («, 5)-{1}-DA labeling (resp. an («, 5)-{1}-DA graph) is called an
(o, B)-DA labeling (resp. an («, 3)-DA graph) [1].

Many results on these subjects have been published. Some results on D-DM labeling can be
seen in [2, 4, 12, 13, 14, 16], results on D-DA labeling can be seen in [1, 3, 5, 8, 13, 14], recent
results on {0, 2}-DM labeling on shadow graph of some graphs can be seen in [9], and the complete
results can be seen in [6].

Let G be a graph with no isolated vertices. The shadow graph of a graph G, denoted by Ds(G),
is the graph constructed from 2G by joining each vertex in the second component to the neighbors
of the corresponding vertex in the first component. We denote the first component by G with vertex
set V(G) = {u; : 1 < i < |V(G)|} and the second one by G’ with the corresponding vertex set
V(G') ={u] : 1 <i < |V(G)|}. From the definition of Dy(G), every vertex u and u’ has the
same neighbors, namely N(u) = N ('), in Dy(G), and d(u, u’) = 2. Examples of shadow graphs
of P, and Cj are given in Figures 1 (a) and 1 (b), respectively.

In this paper, we give some necessary conditions for Dy(G) to be D-DM as well as D-DA,
where G is a regular graph. Also, we prove the existence and nonexistence of the D-DM labeling
and the (o, 3)-D-DA labeling of shadow graph of cycles and complete bipartite graphs for D =

{1}, {0, 1}, {2}, and {0, 2}.

2. Main Results

Our first result shows the relationship between a D-DM graph and an («, 1)-D’-DA graph for
some D, D’ € {1,2,3,...,diam(G)}.
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(a)

(b)

Figure 1. The graphs Do (Py) and Do (Cly).

Lemma 2.1. Let G be a graph with p vertices and diameter diam(G). Let D* C {1,2,3,...,
diam(G)} and D = D* U {0}.

i). If G is a D*-DM graph with vertex sum k, then G is a (k + 1,1)-D-DA graph.

ii). If G is a D-DM graph with vertex sum k, then G is a (k — p,1)-D*-DA graph.

Proof. 1). Letp be a D*-DM labeling of G with vertex sum k. Then wp-(t) = > cn,. 1y P(s) =k
for every t € V(G). Now, {wp(t) : t € V(G)} = {o(t) + Dsen,.yels) 1 T € V(G)} =
{pt)+k:t € V(G)}. Since p(t) € {1,2,3,...,p}, then {wp(t) : t € V(G)} = {k+ 1,k +
2,k+3,...,k+p}

ii). Let ¢ be a D-DM labeling of G with vertex sum k. Then {wp«(t) : t € V(G)} =
(S @(5) = 9(t) - t € V(G)} = {k—p(t) : 1 € V(G)} = {k—pk—p+ Lk —
p+2,....k—1}. O]

The next results show that the graph D, (&) has no a D-DA labeling as well as a D-DM labeling
for some D.

Lemma 2.2. Let G a graph with no isolated vertices.
i). The graph Dy(QG) is not a DA graph and it is not a {0, 1}-DM graph.
ii). The graph Dy(G) is not a {0,2}-DA graph and it is not a {2}-DM graph.

Proof. 1). Assume that Dy(G) is a DA graph with a DA labeling ¢. Let us consider vertices u
dan «'. Since N(u) = N(u'), then w(u) = >y (V) = D penw) V) = w(w). Itisa
contradiction to the fact that w(u) # w(w’).

Next, suppose that Dy(G) is an {0, 1}-DM graph with a {0, 1}-DM labeling ¢. Then ¢(u) +
e #(0) = Wiy (1) = wion (W) = G() + X yeng @(v). Since N() = N(u), then
o(u) = @(u'). It is a contradiction, since ¢ is a bijection.

ii). Notice that Nyo2y(u) = Nyo23(v') = {u, v’} U{v € V(G) : d(u,v) =2} U {v' € V(G') :
d(u',v") = 2}, Nygy(u) = {u'} U{v € V(G) : d(u,v) = 2} U {v' € V(G') - d(u/,v") = 2}, and
Ny (v') = {uU{v e V(G) : d(u,v) = 2} U{v' € V(G) : d(v/,v") = 2}. By similar argument
as in the first part, we can show that Dy (G) is not {0, 2}-DA and it is not {2}-DM. O

The following results provide some necessary conditions for Dy (G) to be a D-DM graph or an
(o, B)-D-DA graph for some D.
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Lemma 2.3. Let G be a graph with p vertices,
V(QG).

i). If Do(G) is a DM graph, then its vertex sum is k = r1(2p + 1).

ii). If D3(G) is a {0,2}-DM graph, then its vertex sum is k = (ro +1)(2p + 1).

Proof. 1). The graph D,(G) has 2p vertices and | N (u)| = 21 for each u € V(Do(G)). If Do(G)
is DM with vertex sum is k, then 2pk = 2r (1 +2+ 3+ --- 4+ 2p) = 2pr;(2p + 1).

ii). For each u € V(Dy(G)), |[Nyooy(u)| = Hu, v’} + [{fv € V(G) : d(u,v) = 2}| + {v' €
V(G : d(u',v') = 2} = 2ry + 2. So, If Dy(G) is {0,2}-DM with vertex sum is k, then
pk = (2ry +2)(1+ 243+ +2p) = 2p(ra + 1)(2p + 1). =

N(u)| = r, and |Nggy(u)| = ro for each

N(u)| = 1y, and [Ny (u)| = ra for each u €

Theorem 2.1. Let G be a graph with p vertices,
u € V(Q).

i). If Do(G) is an (a, 51)-{0, 1}-DA graph, then (3, is odd and for ry << p, f; < 2r; — 1.
ii). If Do(G) is an (cw, B2)-{2}-DA graph, then (3, is odd and for ro << p, By < 2r9 — 1.

Proof. i). Notice that, for every u € V(D2(G)), [Ny (u)| = [{u} U N(u)| = 2r; + 1. Next, let
D, (G) be an (o, 51)-{0, 1} DA graph. Then {wo 1y (u) : u € V(D(G))} = {ar, a1 + B, a0 +
281, ...,a1 + (2p — 1)B1}. The sum of all vertex weights is oy + (ay + B1) + (o +261) + - -+ +
(aq + (2p —1)B1) = 2pay + B1p(2p — 1). This sum contains 27, + 1 times each vertex label, since
|Nio,13(u)| = 2 + 1 for every u € V(Dy(G)). So,

2pay + Bip(2p — 1) = (2r; + 1) (1 +2+ -+ +2p) = (2r, + 1)p(2p + 1)
or
200 + B1(2p— 1) = (2r + 1)(2p + 1). (1)

Since (211 + 1)(2p + 1) is an odd integer and 2a; is an even integer, then 1(2p — 1) must be an
odd integer. Hence, (3; is an odd integer.

Next, the minimum possible (vertex)weight is 1 + 2 + 3 + -+ + (2r; + 1) and its maximum
is2p+(2p—1)+(2p—2)+(2p—3)+ -+ (2p — 2r1). Hence, ay > (r; + 1)(2r; + 1) and
a1+ (2p—1)81 < (2r1 +1)(2p — 11). So,

2r1(2r; + 1)

<2 1-— 2
B <21 + p— 1 ()
For a small r; and a large p, then 0 < % < 1. Hence, #; < 2ry — 1, since (3 is an odd

integer.
ii). For every u € V(Dy(G)), |Nggy(u)| = {v'} U {v € V(G) : d(u,v) =2} U {v' € V(G') :
d(u',v") = 2}| = 2ry+ 1. By the same argument as in the first part, we have the desire results. [

Lemma 2.4. Let G be a graph with p vertices and d be a positive integer.

i). If o1 is an (o, B1)-{0, 1}-DA labeling of Dy(G), then |p1(u) — ¢1(u')| = dB; for every pair u
and v' in V(Do (G)).

ii). If po is an (aq, B2)-{2}-DA labeling of Dy(G), then |ps(u) — wo(u')| = dBs for every pair u
and u' in V(Dy(Q)).
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Proof. ). For every pair u and v’ in V' (Da(G)), wio,13(w) = ¢1(w) + 3 ey £1(v) = a1+ dif
and wyo 1y (v) = ¢y (u') + ZUGNW) 1(v) = ay + do 3y for some dy,dy € {0,1,2,3,...,2p— 1}.
Since 3,cnn #1(0) = Sewury 21(0), then o1(u) — o1 (u) = (ds — da)fh = dfy or g1 (') —
p1(u) = (d2 — d1) By = —dp.

ii). For every pair v and v’ in V/(D3(G)), wigy(u) = @a(v') + > coug ©2(v) = ag + d3f; and
wiay(u') = pa(u) + 3 csug P2(V') = a4+ dyfy for some ds, dy € {0,1,2,3,...,2p— 1}, where
S ={veV(GQ) :du,v) =2}and §' = {v' € V(G’) : d(v/,v") = 2}. Since, ) ¢ p2(v) =
Dwesus P2(V), then [oa(u) — pa(u)| = [(ds — dy)|Ba. O

Next, we consider m copies of the graph Dy(G), namely mDy(G), where G = C,, and K, ,,.
Notice that mDy(G) = Dy(mG). By Lemma 2.2, the graphs mDs(C,,) and mDs (K, ,) are not
DA and {0, 2}-DA. Also, they are not {0, 1}-DM and {2}-DM. In the next theorem, we show that
mDs(C,,) has DM and {0, 2}-DM labelings for every integer m > 1 and n > 3.

Theorem 2.2. For every integer m > 1 and n > 3, the graph mD5(C,,) is DM and {0, 2}-DM.

Proof. Let V(mDy(Cy)) = {uij,ui;: 1 <i <n,1 <j<m}and E(mDy(Cy)) = {us juiya g,
Uy UGy gy Wi i1 gy Uiy jUigy s 1< <m—1,1 < j <mpU{up jun g, uy, ) 5, Uy, U1 g, U U
1 <j<m} Forl <j<mletA;j = {{uij,u;;} 1 <i<n}andB; = {{(j —1)n+
i,2nm+1—(j—1)n—i}:1 <i<n} Itisclearthatfork # 1, AyNA = and BN B, = &.
Also, A = UL | A; = V(Dy(Cy)) and B = UTL, B; = {1,2,3,...,2nm}. Hence, A is a partion
of {1,2,3,...,2mn} and B is a partition of V(D5 (C,,)).

Next, one can check that, for 1 < j < m, and any bijection ¢ : A — B we have w(ul,j) =
w(th)) = @luny) + 9t ) + () + plus,) = dmm + 2, wluy) = wlel,) = plur ) +
(Ui ;) + @uivry) + (Ui ;) = 4mn +2for 1 < i < n—1 and wu,;) = wlu,;) =
O(un—15) +p(uy,_y ;) +p(ur;) +o(uy ;) = 4mn+ 2. Therefore, ¢ is a DM labeling of m Dy (C,
with vertex sum 4mn + 2.

Now, we show that ¢ : A — B is also a {0,2}-DM labeling of mD,(C,,). To do this, we
consider three the following cases:

Casen = 3. For 1 < j <mand1 < i < 3, wyoo(uij) = wion(u];) = p(uiy) + o(uj;) =
6m + 1. Thus, ¢ is a {0, 2}-DM labeling of m D, (C35) with vertex sum 6m + 1.

Case n = 4. For 1 < j < m, wpogy(ui;) = wpoo(uy;) = wioo(us;) = wiozy(us,;) =
o(u ;) +o(uy ;) +@(us ;) +@(us ;) = 16m 42, and wyo 2y (ua,;) = w02y (U ;) = wyo2y(Ua;) =
wio2y () ;) = p(ug ;) + o(uh ;) + (ua;) +@(uy ;) = 16m + 2. Thus, @ is a {0,2}-DM labeling
of mDy(Cy) with vertex sum 16m + 2.

Casen > 5. For 1 < j < m, wio2y(u1;) = wyooy (v ;) = ©(u1;) +@(uy ;) +p(us;) +o(us ;) +
P(un—1,5) + Uy, 1 ;) = 6mn + 3, wioay(uz;) = wiozy(us ;) = p(uzy) + p(uh;) + e(uay) +
P(uf ;) +o(un;) +o(uy ;) = 6mn+3, w2y (ui;) = wioey(us ;) = (ui;) +o(u ;) +e(uive;)+
P(Uirg ;) +p(Uizz) + (Ui ;) = 6mn+3for3 < i <n—2, wiogy(un-1;) = wiogy(us,_1 ;) =
P(un-17) + @y, ;) +p(ur;) + (U ;) + P(un—s;) + (us_5 ;) = 6mn+3, and wio2y (un,;) =
w01 (1) = @tng) + 9l ) + 9(tiny) + p(tty ) + @tn-27) + plut, ) = 6mn + 3. Thus,
@ isa{0,2}-DM labeling of mD5(C},), n > 5, with vertex sum 6mn + 3. O

As an example, let consider the case m = 1. In this case, we redefine vertex and edge sets
of Dy(Cy) as follows: V(Dy(C)) = {us,u; : 1 < i < n}and E(Dy(Cr)) = {uwsttipr, wju, -
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1 < <n—1}U{uyur,upui b U {ujui, wpqu 0 1 <4 < n— 1} U {uur, vju,}. Also,
A={{u,ul}:1<i<n}and B={{i,2n+1—i}:1<i<n}.

Next, let o({u;, ui}) = {i,2n+1—i} for1 <i < n. Thenw(uy) = w(u}) = [p(u,)+e(u,)]+
[o(ug) +p(up)] = [n+n+ 1]+ 2+ 2n — 1] = 4n + 2, w(u;) = w(u;) = [p(ui-1) + @(u;_)] +
[o(uip1) +o(ui )] =li—14+2n+1—i+1]+[i+1+2n+1—-i—1] =4n+2for1 <i<n-—1,
and w(un) = w(uy,) = [P(un—1)+@(u, )]+ [p(u)+e(u)] = [n—14+n+2]+[142n] = dn+2.
Hence, ¢ is a DM labeling of D,(C,,) with vertex sum 4n + 2.

Next, we show that ¢ is also a {0, 2}-DM labeling Dy (C,).

Case n = 3. wyo 23 (w;) = wyo2y(u;) = (u;) + ¢(uf) = 7for 1 <i < 3.

Case n = 4. wyoz}(u1) = wozy(uy) = wiogy(us) = wiozy(us) = (ur) + (uh) + @(us) +
p(us) = 18 and wyo 2y (u2) = w02y (uy) = w02y (ua) = w02y (uy) = p(uz) + p(uj) + (ua) +
i) = 18,

Case > 5. w(oa1 (11) = wioap (1) = (1) -+9(0s ) i) +p(us) o 1)+, ) = Gt
3, 0102y (12) = W01 (1h) = )+ (1) +p (1) 1) ) +:p(1) = 643, i (1) =
o) (1) = 9(00) + (1) + 9 1452) + 90 20) + p(02) +(ul_o) = 6n+3 for 3 < 1 < n—2,
wi0,2} (tn-1) = w023 (Us,—1) = P(tn-1)+p(uj,_ 1)+<P(u1)+90(u1)+90(un 3)+o(us_s) = 6n+3,
and o) (1) = wioy () = p(1tn) + () + (1) + p(u) + P(tn ) + Pt ) = 6+ 3.
Hence, ¢ is a {0, 2}-DM labeling of D(C'3), Do(Cy), and Do(C,,), n > 5, with vertex sum 7, 18,
and 6n + 3, respectively.

Next, we consider the («, 5)-{0, 1}-DA and («, 3)-{2}-DA labelings of the graph m Dy (C,,).

Lemma 2.5. Let m > 1 and n > 3 be integers.

i). If the graph mD5(C,,) is (a1, 51)-{0,1}-DA, then 5, = 1, o = 4nm + 3 and p; = 3,
o = 2nm + 4.

ii). If the graph mD5(C,,) is (v, B2)-{2}-DA graphs, then 55 = 1, ag = 4nm + 3 and [ = 3,
a9 = 2nm + 4.

Proof. By Theorem 2.1 and equation (1), we have the desire results. [
As a consequence of Lemma 2.1 and Theorem 2.2, we have the following result.

Corollary 2.1. i). For every integer m > 1 and n > 3, the graph mDs(C,,) is (dnm+3,1)-{0, 1}-
DA.

ii a). For every integer m > 1, the graph mD(Cs5) is (1,1)-{2}-DA.

ii b). For every integer m > 1, the graph mDy(Cy) is (8m + 2,1)-{2}-DA.

ii ¢). For every integer m > 1 and n > 5, the graph mD(C,,) is (4mn + 3,1)-{2}-DA.

Lemma 2.6. If mn = 1,2 (mod 3), then the graph mDs(C,,) is not (ay, 3)-{0, 1}-DA and it is not
(a2, 3)-{2}-DA for some integer a; and .

Proof. Due to Lemma 2.4, if ¢ is an («, 3)-{0, 1} (resp. («a, 3)-{2})-DA labeling of mD,(C,,),
then |¢(u) — p(u’)| = 3d for some positive integer d and for every pair u,u’ € V(mDy(C,)).
Hence, 2nm = 0 (mod 3) or nm = 0 (mod 3). L]

30



On D-distance (anti)magic labelings of shadow graph of some graphs | A.A.G. Ngurah et al.

Next, let us consider the graph D4(C),), where n = 0 (mod 3). It is not easy for us to prove
whether D5 (C),) is (2n + 4, 3)-{0, 1}-DA or not. We only have the following results. By equation
(2), the graph D5(C3) is not (10,3)-{0, 1}-DA. Let Dy(Cs) is (16,3)-{0,1}-DA, then {w(u) :
u € V(Do(Cg))} = {16,19,22,25,28,31,34,37,40,43,46,49}. Since there is a unique way to
express 16 and 49 as a sum of five numbers in the set {1,2,3,...,12}, thatis 16 = 1+2+3+4+6
and 49 = 7+9+ 10+ 11+ 12, and due to Lemma 2.4, we have two possibilities to label of vertices
of Dy(C) as in the Figure 2. We can verify that the labelings do not lead to a (16, 3)-{0, 1}-
DA labeling of Dy(Cs). So, the graph Dy(Cy) is not (16, 3)-{0, 1}-DA. By the same arguments,
Dy (C3) is not (10, 3)-{2}-DA and D5(Cj) is not (16, 3)-{2}-DA.

Figure 2. The possibilities to label of Dy (Cp)

Problem 1. Decide if there exists a (2n + 4,3)-{0, 1} (resp. (2n + 4,3) — {2})-DA labeling of
Dy (C,,) for every integer 9 < n = 0 (mod 3).

Next, we consider the shadow graph m Dy (K, ). In the next result, we show that m Dy (K, ,,)
is a DM graph as well as a {0, 2}-DM graph.

Theorem 2.3. For every integer m,n > 1, the graph G = mDs(K,, ,) is DM and {0, 2}-DM.

Proof. For 1 < j < m,let V(G) = Vi;UVo; UV) ;U VS, and E(G) = Vi Vo UV VYU
Vo Vi UViVa,, where Vij = {u;; 0 1 < i <n}, Vo = {vi; 0 1 < <njf, V[, = {u, :
1 <i<mn}, VQ’J = {UZ‘J : 1 <i < n}, and V; ;Vj,; means that every vertex in V; ; is adjacent to
each vertex in Vj,; and vice versa. Next, for 1 < j < m,let S;; ={(j —1)n+i:1 <i <n},
Sej={mn+(G—-—In+i:1<i<n} S;;={83mn+1—-(G—n—i:1<i<n} and
Syj = {4dmn+1—(j—1)n—i: 1 <i < n}. Itisclearthat, for 1 < j < m, 5 ;US, ;US55 ,;USy; =
{1,2,3,....4mn}, > g s = n(2n(j—1)+n+1), D osess, S = n(2mn+2n(j—1)+n+1),
ZSES3J 5= %n(6mn —2n(j —=1) =n+1), and Zse&d §= %n(Smn —2n(j—1)—n+1).
Next, for 1 < j < m, label each vertex in V) ; by every number in S ;, each vertex in
Va,; by every number in S5 ;, each vertex in V}'; by every number in Sy ;, and each vertex in
V5 ; by every number in Sz ;. Then, for 1 < i < nand 1 < j < m, w(u;) = w(uj,;) =

31



On D-distance (anti)magic labelings of shadow graph of some graphs | A.A.G. Ngurah et al.

tn(2mn +2n(j — 1) + n+ 1) + sn(6mn — 2n(j — 1) —n + 1) = n(4mn + 1), and w(v; ;) =
w(v] ;) = 5n(2n(j —1)+n+1)+3n8mn—2n(j —1)—n+1) = n(4mn+1). Thus, mDy (K, ,,)
is a DM graph.

Next, we show that the labeling is also a {0, 2}-DM labeling of m D4 (K, ,,). For 1 < i < nand
1<j<m,w(u;) =w(u ;) = 5n(2n(j—1)+n+1)+3n(8mn—2n(j—1)—n+1) = n(4mn+1),
and w(v; ;) = w(v] ;) = n(2mn+2n(j—1)+n+1)+3n(6mn—2n(j—1)—n+1) = n(dmn+1).
Hence, mDy (K, ) is a {0,2}-DM graph. O

Next, we provide an illustration of the proof of Theorem 2.3 for m = 1. First, redefine vertex
and edge sets of Dy(K, ) as follows: V(Dy(K,,)) = Vi U Vo U V] U V] and E(Dy(K,,)) =
ViVouVIVJUVIVou ViV, where Vi = {u; 1 <i<nh, Vo={v;: 1 <i<n} V] ={u,:1<
i<n}, Vi={v]:1<i<n} Also,S; ={1,2,3,....,n},Se={n+1,n+2,n+3,...,2n},
S3={3n,3n—1,3n—2,...,2n+ 1},and Sy = {4n,4n — 1,4n — 2,...,3n + 1}. Obviously,
Does, 5= 3n(n+1), 3 cq, s = 3nBn+1), > o 5 = sn(dn+1),and Y- g s = sn(Tn+1).

Finally, label every vertex in V; by each member of 5;, every vertex in V5, by each member
of Sy, every vertex in V] by each member of S, and every vertex in V; by each member of Sj.
Under this labeling, for 1 < i < n, w(y;) = w(u}) = tn(3n + 1) + in(dn + 1) = n(4n + 1),
and w(v;) = w(v]) = sn(n +1) + in(Tn+ 1) = n(4n + 1). So, Dy(K, ) is a DM graph. Next,
for1 <i<n,w(y)=w) =3inn+1)+in(Tn+1) = n(4n + 1), and w(v;) = w(v)) =
tn(3n+1) + in(5n+ 1) = n(4n + 1). So, Dy(K,, ) is a {0, 2}-DM graph.

As a consequence of Lemma 2.1 and Theorem 2.3, we have the following result.

Corollary 2.2. The graph mDs(K,, ,,) is (n(4mn+1)+1,1)-{0,1}-DA and (n(4mn—4m-+1),1)-
{2}-DA for every integer m,n > 1.

By a similar argument as in the proof of Lemma 2.6, we have the following lemma.

Lemma 2.7. If mn = 1,2 (mod 3), then the graph mDy (K, ,,) is not (a1, 3)-{0,1}-DA and it is
not (o, 3)-{2}-DA for some integer oy and a.

The problem related to these results are as follows.

Problem 2. Decide if there exists a (c,3)-{0,1} (resp. (o, 3)-{2})-DA labeling of (D2(K,,,))
for every integer n = 0 (mod 3).

Problem 3. For every integer m > 1 and ny # ny > 1, find a DM labeling and an («, 3)-{0, 1}-
DA labeling of the graph m Dy (K, n, ).

3. Conclusion

In this paper, we study D-DM labeling and («, 3)-D-DA labeling of shadow graphs for D €
{{1},4{0,1},{2},{0,2}}. We provide some necessary conditions for the shadow graph of a regular
graph to be D-DM or («, 5)-{D}-DA. Also, we prove the existence and nonexistence of D-DM
labeling and (a, §)-{ D}-DA labeling for the graphs mDs(C,,) and mDs(K,, ). Our results also
give an example if Do(G) is D-DM, G needs not to be D-DM. Namely, Dy(C,,) is DM for every
n > 3, however, C,, is not DM for n # 4.
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