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Abstract

In 2010, Kim, Park and Sano studied the competition numbers of Johnson graphs. They gave the
competition numbers of J(n,2) and J(n,3). In this note, we consider the competition number of
J(n,4).
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1. Introduction

The notion of a competition graph was introduced by Cohen [1] as a means of determining the
smallest dimension of ecological phase space. The competition graph C'(D) of a digraph D is a
simple undirected graph which has the same vertex set as D and an edge between vertices x and y
if and only if there exists a vertex v € D such that (x, ) and (y, u) are arcs of D. For any graph G,
G together with sufficiently many isolated vertices is the competition graph of an acyclic digraph.
Roberts [7] defined the competition number k(G) of a graph G to be the smallest number & such
that GG together with k isolated vertices is the competition graph of an acyclic digraph. Opsut [4]
showed that the computation of the competition number of a graph is an NP-hard problem. In the
study of competition graphs, it has been one of important problems to determine the competition
numbers for various graph classes. In [3], Kim, Park and Sano studied the competition numbers of
Johnson graphs. In particular, they gave the following results.

Received: 22 December 2015, Revised: 22 August 2017,  Accepted: 8 September 2017.

241



The competition numbers of Johnson graphs with diameter four |  Kijung Kim

Theorem 1.1 (See [3]). For n > 4, we have k(J(n,2))

2.
Theorem 1.2 (See [3]). Forn > 6, we have k(J(n,3)) = 4.

They also asked about the exact value of the competition number of J(n,4). In this note, we
give a partial answer to the question. Our result is the following.

Theorem 1.3. For n > 8, we have k(J(n,4)) € {7,8,9}.

2. Preliminaries

Throughout this note, we use the notations given in [3]. We denote an n-set {1,...,n} by [n]
and the set of all d-subsets of n-set by ([Z]). The Johnson graph J(n,d) is an undirected graph

whose vertex set is {vx | X € ([Z])}, and two vertices vy, and vy, are adjacent if and only if
| X1 N X5| =d— 1. Since J(n, d) is isomorphic to J(n,n — d), we always assume n > 2d.

For a digraph D, a sequence vy, . .., v, of the vertex set V(D) is called an acyclic ordering of
D if (v;,v;) € A(D) implies ¢ < j. It is well known that a digraph D is acyclic if and only if there
exists an acyclic ordering of D.

For a digraph D and a vertex v of D, we define the out-neighborhood Pp(v) of v in D to be
the set {w € V(D) | (v,w) € A(D)}. A vertex in the out-neighborhood of a vertex v in a digraph
D is called a prey of v in D.

For a graph G and a vertex v of G, we define the neighborhood Ng(v) of v in G to be the set
{u e V(G) | uv € E(G)}. We also use Ng(v) to stand for the subgraph induced by its vertices.

For a clique S of a graph G and an edge e of G, we say e is covered by S if both of the endpoints
of e are contained in S. An edge clique cover of a graph G is a family of cliques such that each
edge of G is covered by some clique in the family. The edge clique cover number 0i(G) of a
graph G is the minimum size of an edge clique cover of G. An edge clique cover of G is called a
minimum edge clique cover of G if its size is equal to 05 (G). A vertex clique cover of a graph G is
a family of cliques such that each vertex of G is contained in some clique in the family. The vertex
clique cover number 0y, (G) of a graph G is the minimum size of a vertex clique cover of G.

A minimum edge clique cover of .J(n, d) is given in [3] as follows. For each Y € ("), we
define

Sy ={vx | X =Y U{j} forj € [n]\ Y}

Then {Sy | Y € ("))} is the collection of cliques of maximum size. We denote it by F. Note
that 77 is an edge clique cover of .J(n, d).

Lemma 2.1 (See Section 3 of [3]). We have 0p(J(n,d)) = (,",), and F} is a minimum edge
clique cover of J(n, d).
3. Main results

In this section, we give a lower bound for the competition number of J(n,d) and an upper
bound for the competition number of J(n, 4).

Lemma 3.1 (See Lemma 3 of [3]). We have 0y (N g (x)) = d.
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Lemma 3.2 (See Theorem 4 of [3]). For any two adjacent vertices vx, and vx, of J(n,d), we
have |Pp(vx,) \ Pp(vx,)| > d— 1.

Theorem 3.1. Forn > 2d > 8, we have k(J(n,d)) > 2d — 1.

Proof. We denote k(J(n,d)) by k. Then there exists an acyclic digraph D such that C(D) =
J(n,d) U Iy, where I, = {z1, 22, ..., 2.} is a set of isolated vertices.
Letxy, 2o, ... ,x(n), 21, %9, . . ., 2, be an acyclic ordering of D. Put vy = x(n) Vg = x(n)fl and
d d d
U3 = T(m) . It follows from Lemma 3.1 that 0y (N j(,.q)(7;)) = dfor 1 <7 < (Z) So, v; has at
d
least d distinct prey in D, that is,

| Pp(v)| = d. (1)
Since z1, 7o, . .. ,x() , 21, %2, - - -, 2 18 an acyclic ordering of D, we have
d
PD(Ul)UPD(Ug)UPD(Ug) g[kU{Ul,Ug}. (2)

First of all, we assume that v; and v, are not adjacent in J(n, d). Then v; and v, do not have a
common prey in D, that is,
Pp(v1) N Pp(v2) = 0. (3)

It follows from (1), (2) and (3) that
k’+ 1 Z ’PD(Ul) UPD(/UQ)‘ = ’PD(Ul)‘ -+ ‘PD('UQ)’ 2 2d.

So, we have k > 2d — 1.
Next, we assume that v; and v, are adjacent in J(n,d). Then v; and v, have at least one
common prey in D, that is,
’PD(Ul) N PD(?}Q)| 2 1. (4)

Now we divide our consideration into four cases:

vy and vz are not adjacent, and v, and v3 are not adjacent;
vy and vz are adjacent, and v, and w3 are not adjacent;
vy and vz are not adjacent, and v, and v are adjacent;

o e

vy and v3 are adjacent, and v, and vs are adjacent.

In the first case, we have

k+2 > [Pp(v1)U Pp(va) U Pp(uvs)| (by (2))
= |Pp(v3)| + |Pp(v1) \ Pp(va)| + [Pp(v2) \ Pp(v1)| + [Pp(v1) N Pp(vs)]
> d+d—1+d—1+1 (by(l), Lemma3.2 and (4))

3d — 1.

So, we have k > 3d — 3.
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In the second case, we have

k+2 > |Pp(vi) U Pp(v2) UPp(uvs)| (by (2))
= |Pp(vs) \ Pp(v1)| + |Pp(v2) \ Pp(v1)] + [Pp(vi) \ Po(vz)| + [Pp(v1) N Pp(va)]
> d—1+d—-1+d—-1+1 (by Lemma3.2 and (4))
= 3d—2.

So, we have k > 3d — 4.
In the third case, we have

k+2 = [Pp(v1)UPp(v2) U Pp(uvs)| (by (2))
= [Pp(vs) \ Pp(va2)| + [Pp(v1) \ Pp(ve)| + [Pp(v2) \ Pp(v1)] + [Pp(vi) N Pp(v2)]
> d—1+d—-14+d—-1+1 (by Lemma3.2 and (4))
= 3d—2.

So, we have k > 3d — 4.
In the fourth case, we have

k+2 > [Pp(vn) U Pp(vs) UPp(us)| (by (2))

> [Pp(vs) \ Pp(va)| +[Pp(v2) \ Pp(vi)| +[Pp(v1) \ Pp(vs)|
d—14+d—-1+4+d—-1 (by Lemma3.2)
= 3d-3.

So, we have k > 3d — 5.
Since d > 4, it holds 3d — 5 > 2d — 1. Therefore, we have k(J(n,d)) > 2d — 1. O

Now we give an order < on the vertex set of .J(n, d) as follows. Take two distinct elements vy,
and vy, in {vy | X € ([Z’})}. Let Xy = {i1,...,iq} and Xo = {j1,...,Ja}, where i; < --- < i4
and j; < --- < jq. Then we define vx, < vy, if there exists ¢t € {1,...,d} such that iy = j, for
1<s<t—T1and i < .

Theorem 3.2. Forn > 8, we have k(J(n,4)) <9.

Proof. We define a digraph D as follows:

V(D) = V(J(n,4)) U Ly
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where Iy = {z1,..., 2}, and
n—4 n—3 n—2
AD) = U {(z, v jrrihe2y) | T € Spigry € Fi'}
i=1 j=i+1 k=j+1
n—4 n—3

{(z, v 41,5425+8)) | © € Stijm—1y € Fi'}
1

-
I

<.
Il

3
A
7

I

U {(z,vgige154254ay) | 7 € Stijny € Fi'}

Jj=i+1

+

<.
I

3
Loe

U {(z,vi41,02048044)) | © € Spin—sny € Fi'}

~.
I

[« N

U {(@, vii41020430461) | T € Spin—1.0y € F4'}
1

1=

3

U {(3?, Zg) | T &€ S{n75,n717n} € FZ}

6
U {(, vir1iv2irairey) | © € Spin—omy € Fi'}

i=1
U {(ZL’, Zg) | T &€ S{n75’n727n} - JT"Z}
n—>5
U U{(ZU, V(it1,i42,i+3,i45}) | T € Stim—2n-1} € F'}
i=1

3
U U{(xa Zz) ’ VIS S{n75+i,n71,n} € ‘F‘Zf}

i=1
2

U U{(l”, ziy3) | T € Stn-srin-—2n € F)'}
i=1
2

) U{(% Zits) | T € Stn-stim—2n-13 € Fi}-

=1

It is easy to see that

Fi o= {Sujmli=1....n—4j=i+1,....n=3k=j+1,...,n—-2}
U {Sujn-13,%jm |i=1,...,n—4j=i+1,...,n—3}
U {Sun-1n}s Stin—2n}s Stim—2n-1y |1 =1,...,n =5}
U {Stm-am-1n} Sin-3n-1n}> Sn-2,n-1,n} }
U {St-an-2n} Stn-3n-2n} } U{Stn-tn-2n-1}, Stn-3n-2n-1} }-

By the definition of <, for z in the cliques in F' one can check that (z,y) € A(D) if and
only if either v = vx and y = Vy with X <Y, orz = vy and y = z; with X € Sy, 4 p—1ny U
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S{n—S,n—l,n}US{n—Q,n—Ln}US{n—4,n—2,n}US{n—3,n—2,n}US{n—4,n—2,n—1}US{n—?),n—Q,n—l}US{n—S,n—Ln}U
Sin—sn-2n and 1 < i < 9. Thus, we have C(D) = J(n,4) U Iy. This completes the proof. [

By Theorems 3.1 and 3.2, we have Theorem 1.3.
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