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Abstract

A directed Toeplitz graph, denoted as 7, (s, ..., sk; t1,. .., t;) of order n, is a digraph in which an
edge (i, j) exists if and only if j — ¢ = s,ori —j = t,forsome 1 < p < kand1l < g <[
The adjacency matrix of such a graph forms a Toeplitz matrix, characterized by constant values
along all diagonals parallel to the main diagonal. In this paper, we explore the Hamiltonicity of
directed Toeplitz graphs of the form 7,,(1, 3, 6; t). We establish that T,,(1, 3, 6; t) is Hamiltonian for
= 5,10 and forall ¢ > 12, for every n. Additionally, we show that the graph remains Hamiltonian
for all n, with only a finite number of exceptions when ¢ = 3,4,6,7,8,9 and 11. Specifically, for
t = 1, the graph is Hamiltonian only when n = 7, while for ¢ = 2, it is Hamiltonian under certain
conditions on n, namely when n = 0,1,3 (mod 4).
Keywords: adjacency matrix, Toeplitz graph, Hamiltonian graph
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1. Introduction

For a graph G, let V(G) and E(G) denote its vertex set and edge set, respectively. An edge
(u, v) is called an increasing edge if w < v and a decreasing edge if u > v. The length of
an edge (u,v) is defined as |u — v|. A path is a sequence of edges that connects a sequence of
distinct vertices. A closed path is called a cycle. A Hamiltonian path is a path that visits each
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vertex of the graph exactly once. A graph that contains a Hamiltonian path is called traceable.
Similarly, a Hamiltonian cycle is a cycle that visits each vertex exactly once, and a graph containing
a Hamiltonian cycle is called Hamiltonian. A graph S is a subgraph of G if V(S) C V(G) and
E(S) C E(GQ). IfV(S) = V(G), then S is said to span G. Consequently, if S is a spanning cycle
of G, then S is Hamiltonian.

A Toeplitz matrix, named after Otto Toeplitz (1881-1940), is a square matrix in which each
diagonal parallel to the main diagonal has constant values. That is, a Toeplitz matrix has the form:

Qo ai a2 Tt Ap
a_q ao aj T Ap-2
a_2 a1 Qo o Gp-3
_af(nfl) a—(n-2) A—(n-3) °°° Qo 1
A Toeplitz matrix is called a circulant matrix if a; = a;_, fori = 1,... n — 1. Toeplitz matrices

appear in various fields of applied mathematics and engineering, including queuing theory, signal
processing, time series analysis, and integral equations. Circulant matrices, a notable subclass
of Toeplitz matrices, also have significant applications in areas such as signal processing, error-
correcting codes, image processing, cryptography, and numerical analysis.

A directed or undirected graph whose adjacency matrix is Toeplitz is called a Toeplitz graph,
while one whose adjacency matrix is circulant is called a circulant graph.

For a Toeplitz matrix of order n, the main diagonal is labeled as 0, and the n — 1 distinct
diagonals above and below it are labeled 1, 2,...,n — 1. Let sy, So,...,s; and ¢4, to, ..., t; rep-
resent the upper and lower diagonals, respectively, that contain ones, where 0 < s; < s <

< s < n, 0 <t <ty < -+ <t < n. The corresponding Toeplitz graph is denoted
by T, (s1, 82, -, Sk; t1,ta, ..., t;), where n > max{sg,t;}. This graph consists of the vertex set
{1, 2,...,n},, withanedge (7, j) ifand only if j —i = s, or i —j = ¢, for some p and ¢ satisfying
1 <p<kandl < ¢ <[ Clearly, every increasing edge has length s, for some p, and every de-
creasing edge has length ¢, for some ¢. Additionally, note that the graphs 7}, (s1, ..., S;;t1,...,t;)
and T,,(t1,...,t;;s1,...,s;) are obtained from each other by reversing the orientation of all edges.

Circulant graphs and their various properties have been extensively studied by several authors
(see [8]-[11], [20]-[21], [23], [39]-[41], and [43], among others). In particular, Boesch and Tindell
[8] conjectured that all undirected connected circulant graphs are Hamiltonian, a result later proved
by Burkard and Sandholzer [10].

Various properties of Toeplitz graphs, including colorability, planarity, bipartiteness, connectiv-
ity, cycle discrepancy, edge irregularity strength, decomposition, labeling, and metric dimension,
have been explored in [2]-[7], [13]-[17], [19], [22], [37], and [38]. The Hamiltonian properties
of Toeplitz graphs were first investigated by R. van Dal et al. [12] and subsequently studied in
[18, 36, 42]. The study of Hamiltonicity in directed Toeplitz graphs was initiated by S. Malik and
T. Zamfirescu [35] and further examined by S. Malik [24], S. Malik and A.M. Qureshi [32, 33], as
well as S. Malik in [25]-[31], and S. Malik and F. Ramezani in [34].

The Hamiltonicity of the Toeplitz graphs T,,(1, 3, 4; t) was studied in [29, 30], while [33] exam-
ined the Hamiltonicity of 7,,(1, 3, 5;¢). In this paper, we maintain s; = 1 and s = 3 but consider
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s3 = 6, focusing on the Hamiltonicity of 7),(1, 3, 6;¢). Throughout, we consider finite directed
graphs without multiple edges or loops.

Hamiltonicity results for undirected Toeplitz graphs directly influence the directed case. In par-
ticular, if 7,,(t1, to, . . . , ;) is Hamiltonian, then the corresponding directed Toeplitz graph T,,(t1, . . .,
ti;t, ..., t;) is also Hamiltonian.

For a vertex a in T},(1, 3, 6; t), we define paths P, ., .4 and Q, 44 as follow:

Pa—>a+4: (a,a—|—3,a—|—4)

Qa—>a+4 = (CL, a— 27 a + 4)
These paths are illustrated in Figure 1.

P : o o
aad a\_/a.;.+4

a—a+d " o ° a ° a:z a+4

Figure 1. Paths P, .14 and Qu— a4 in T,,(1,3,6;t).

Remark 1.1. If the Toeplitz graph 7,,(1, 3, 6;t) has a Hamiltonian cycle containing the edge (n-2,
n-1), then the extended graph 7}, ;—1)(1, 3, 6; ¢) also possesses this property. This follows because
a Hamiltonian cycle in 7),(1, 3, 6; t) can be modified into a Hamiltonian cycle in 7}, ;—1)(1, 3, 6; 7)
by replacing the edge (n-2, n-1) with the path (n-2, n+1, n+2...., n+(t-1), n-1), thereby preserv-
ing the Hamiltonian property. For instance, as illustrated in Figure 2, a Hamiltonian cycle in
Ti0(1, 3, 6; 5) is transformed into a Hamiltonian cycle in T14(1, 3, 6; 5) by replacing the edge (8, 9)
with the path (8, 11, 12, 13, 14, 9). This process can be repeated to extend the Hamiltonian cycle
to T1s(1, 3, 6;5), and so forth.

A
1 2 3 4 7 8 9 10
£ A
123 4 78 0711 12 13 14

Figure 2. Hamiltonian cycles in T1o(1, 3, 6; 5) and T14(1, 3, 6; 5).
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2. Toeplitz Graphs T,,(1,3,6;t < 8)

For t = 1, it is clear that 7,,(1, 3, 6; 1) is Hamiltonian if and only if n = 7. This is because
the only decreasing edges-edges of the form (a,b) where a > b-have length one, which is only
possible when n = 7. Moreover, it is easily verified that 7%(1,3,6; 1) has a unique Hamiltonian
cycle given by (1,7,6,5,4,3,2,1).

Theorem 2.1. The Toeplitz graph T,,(1, 3, 6; 2) is Hamiltonian if and only if n = 0,1,3 (mod 4).

Proof. If n = 0 (mod 4), then a Hamiltonian cycle in 7,,(1, 3, 6; 2) is given by (1,4) U Q4_g U
Qs—12U- - -UQp_gnU(n,n—2,n—1,n—3,n—=>5,...,1), asillustrated in Figure 3. If n = 1 mod 4,

Figure 3. Hamiltonian cycles in T76(1, 3, 6; 2).

then a Hamiltonian cycle in 7},(1, 3, 6;2) is (1,4) UQ4 s UQg 120U+ - UQy 54, 1U(n—1,n—
3,n,n —2,n —4,...,1), as shown in Figure 2. If n = 3mod4, then a Hamiltonian cycle in

SOURLCRLSIGY

Figure 4. Hamiltonian cycles in T77(1, 3, 6; 2).

Tn<1,3,6,2> is (1,7)UQ7%11UQ11H15U' : -UQn,ZH\nU(n,n—2,n—1,n—3,n—5, R ,2,3, 1),
as shown in Figure 5. Thus, 7,,(1, 3, 6; 2) is Hamiltonian for n = 0, 1, 3mod 4. ]

LA NG

Figure 5. Hamiltonian cycles in T19(1, 3, 6; 2).

Note that the Hamiltonicity of 7,,(1, 3, 6; 2) for n = 2mod 4 remains undetermined.
Theorem 2.2. T,,(1, 3, 6; 3) is Hamiltonian for all n except forn =7, 8,9, 12, 14, 16.

Proof. To prove this theorem, we will demonstrate that 7,,(1, 3, 6; 3) is Hamiltonian for all odd
n > 11, and for all even n > 18, and for n = 10. A Hamiltonian cycle in 731(1, 3, 6; 3) is (1, 2, 3,
9,10, 11, 8,5, 6,7, 4, 1). A Hamiltonian cycle in T15(1,3,6;3) is (1, 2, 3, 9, 10, 16, 17, 18, 15,
12,13, 14,11, 8,5, 6,7, 4, 1). These Hamiltonian cycles contain the edge (n-2, n-1), which allows
them to be extended to Hamiltonian cycles in 7}, 5(1, 3, 6; 3) by replacing the edge (n-2, n-1) with
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the path (n-2, n+1, n+2, n-1). This transformation preserves the Hamiltonicity property, proving
that 7,,(1, 3, 6; 3) is Hamiltonian for all even n > 18 and all odd n > 11. For n = 10, the unique
Hamiltonian cycle in T10(1, 3,6;3) is (1, 2,8, 5, 6, 3,9, 10, 7, 4, 1). This completes the proof. [

Note that the Hamiltonicity of 7,,(1,3,6;3) for n = 7,8,9,12, 14 and 16 remains undeter-
mined.

Theorem 2.3. T,,(1,3,6;4) is Hamiltonian for all n except for n = 12.

Proof. We prove it by considering cases based on n mod 3.

Case 1. Let n = O0mod 3 and n # 12.

The smallest such n is 9. A Hamiltonian cycle in Ty(1,3,6;4) is (1,2, 8,4,7,3,6,9, 5, 1),
which does not include the edge (7, 8). The next representative in this class, different from 12, is
15. A Hamiltonian cycle in T5(1, 3,6;4) is (1, 2, 8,9, 10, 6, 12, 13, 14, 15, 11,7, 3,4, 5, 1).

Case 2. Let n = 1 mod 3.

The smallest such n is 7. A Hamiltonian cycle in 7%(1,3,6;4) is (1, 4, 7, 3, 6, 2, 5, 1).
This cycle does not contain the edge (5,6). The next representative in this class is n = 10. A
Hamiltonian cycle in T14(1, 3,6;4) is (1, 2, 8,9, 10, 6,7, 3,4, 5, 1).

Case 3. Let n = 2mod 3.

The smallest such n is 8. A Hamiltonian cycle in 75(1, 3,6;4) is (1,2, 3,6,7, 8,4, 5, 1).

Forn = 8, 10, 15, these Hamiltonian cycles contain the edge (n-2, n-1). By Remark 1.1, we can
extend these Hamiltonian cycles to 7},,3(1, 3, 6;4) by replacing the edge (n-2, n-1) with the path
(n-2, n+1, n+2, n+3, n-1), which preserves the same property. Suppose, for some non-negative
integer r, if 1),_,, +3,212(1, 3,6;4) has a Hamiltonian cycle containing the edge (n-2, n-1), then
T,+3(1,3,6;4) also has the same property. Thus we conclude that 7,,(1, 3, 6; 4) is Hamiltonian for
all n # 12. [

Note that the Hamiltonicity of 712(1, 3, 6; 4) remains undetermined.

Theorem 2.4. T,,(1, 3, 6;5) is Hamiltonian for all n.

Proof. We prove it by considering cases based on n mod 4.

Case 1. Let n = 0 mod 4.

The smallest 7 in this case is 8. A Hamiltonian cycle in 75(1,3,6;5) is (1, 7, 2, 8, 3, 4, 5,
6, 1), which does not contain the edge (6, 7). The next representative in this class is 12, where a
Hamiltonian cycle in T75(1, 3, 6;5) is (1,4, 5, 8,9, 10, 11, 12,7, 2, 3, 6, 1).

Case 2. Let n = 1 mod 4.

The first two representatives in this class are n = 9 and 13, but for both, the Hamiltonian cycles
do not contain the edge (n — 2,n — 1). A Hamiltonian cycle in To(1,3,6;5) is (1,7, 2, 8, 3,9, 4,
5,6, 1). A Hamiltonian cycle in T3(1, 3,6;5) is (1,4, 10, 13,8,3,9,12,7,2,5,11,6, 1). Now, the
next representative in this class is n = 17. A Hamiltonian cycle in 7377(1,3,6;5) is (1,4, 5, 8, 9,
10, 13, 14, 15,16, 11,17, 12,7, 2, 3, 6, 1).

Case 3. Let n = 2mod 4.
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The smallest n in this case is 10. A Hamiltonian cycle in T1o(1, 3,6;5) is (1, 2, 3,4, 7, 8, 9, 10,
5,6, 1).

Case 4. Let n = 3mod 4.

The smallest 7 in this case is 7. A Hamiltonian cycle in 77(1, 3, 6;5) is (1, 7, 2, 3, 4, 5, 6, 1).

Forn = 7,10,12, 17, these Hamiltonian cycles contain the edge (n-2, n-1). Thus, these cycles
in Tne{7,10712,17}<1, 3,6;5) can be transformed into Hamiltonian cycles in T},,4(1,3,6;5) by re-
placing the edge (n-2, n-1) with the path (n-2, n+1, n+2, n+3, n+4, n-1), which preserves the same
property. Using the technique described in Remark 1.1, it follows that 7,(1, 3, 6; 5) is Hamiltonian
for all n. ]

Theorem 2.5. T,,(1,3,6;6) is Hamiltonian for all n except n = 10 and n = 14.

Proof. We prove it by considering cases based on n mod 5.

Case 1. Let n = O0mod 5 and n # 10.

The smallest such n after 10 is n = 15. A Hamiltonian cycle in T15(1, 3, 6;6) is (1, 4, 5, 11,
12, 15,9, 10, 13, 14, 8, 2, 3, 6, 7, 1), which contains the edge (13, 14).

Case 2. Let n = 1 mod 5.

The smallest such n is n = 11. A Hamiltonian cycle in 7, (1, 3,6;6) is (1, 2, 8, 9, 3, 4, 10, 11,
5, 6, 7, 1), which does not contain the edge (9, 10). The next representative in this class is n = 16.
A Hamiltonian cycle in T34(1, 3, 6; 6) is (1, 2, 5, 8, 11, 14, 15, 9, 3, 6, 12, 13, 16, 10, 4, 7, 1), which
contains the edge (14, 15).

Case 3. Let n = 2mod 5.

The smallest such n is n = 7. A Hamiltonian cycle in 77(1, 3,6;6) is (1, 2, 3, 4, 5, 6, 7, 1),
which contains the edge (5, 6)

Case 4. Let n = 3mod 5.

The smallest such n is n = 8. A Hamiltonian cycle in T3(1, 3,6;6) is (1, 4, 5, 8, 2, 3,6, 7, 1),
which contains the edge (6, 7).

Case 5. Let n = 4mod 5 and n # 14.

The smallest such n is n = 9. A Hamiltonian cycle in Ty(1, 3,6;6) is (1,2, 8,9, 3,4, 5, 6, 7,
1), which does not contain the edge (7, 8). The next representative in this class after 14 is n = 19.
A Hamiltonian cycle in T19(1, 3, 6;6) is (1,2, 3,4, 10, 11, 5, 8, 14, 17, 18, 12, 6, 9, 15, 16, 19, 13,
7, 1), which contains the edge (17, 18).

Forn = 7,8,15, 16, 19, the Hamiltonian cycles above contain the edge (n-2, n-1). This allows
us to extend the cycles to 7, 5(1, 3, 6; 6) by replacing the edge (n-2, n-1) with the path (n — 2, n+
I,n+2,n+ 3,n+ 4,n — 1), which preserves the same property. By applying the technique in
Remark 1.1, it follows that 7,,(1, 3, 6; 6) is Hamiltonian for all n exceptn = 10 and n = 14. [

Note that for n € {10, 14}, the Hamiltonicity of 7,,(1, 3, 6; 6) remains undecided.
Theorem 2.6. 7,,(1,3,6;7) is Hamiltonian for all n except n = 9 and n = 12.

Proof. We prove it by considering cases based on n mod 6.

Casel.Letn =0, 1, 2, 3, 5mod6 and n ¢ {9, 12}.
The smallest such values of n ¢ {9, 12} are n = 18, 13,8, 15, 11, respectively. Hamiltonian cycles
for these values are:
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n=18: (1,4,5,6,12,15, 18,11, 14,7, 13, 16, 17, 10, 3, 9, 2, 8,1),
n=13: (1,2,3,4,7,13,6,9,10, 11, 12,5, 8, 1),
n=8: (1,2,3,4,5,6,7,8, 1),

n=15: (1,2,3,6,9,12,5,11,4,7,10, 13, 14, 15, 8, 1),
n=11: (1,2,3,9,10,11,4,5,6,7, 8, 1).
Each of these cycles contains the edge (n-2,n-1). Thus, these cycles can be extended to 7}, 4(1, 3,6; 7)
by replacing the edge (n-2, n-1) with the path (n-2, n+1, n+2, n+3, n+4, n-1), which preserves the
same property.

Case 2. Let n = 4 mod 6.

The smallest such n is n = 10. A Hamiltonian cycle in T¢(1,3,6;7) is (1, 2, 5, 6, 9, 10, 3, 4,
7, 8, 1), which does not contain the edge (8,9). The next representative in this class is n = 16. A
Hamiltonian cycle in T3¢4(1, 3,6;7) is (1, 4, 7, 10, 13, 16,9, 2, 3, 6, 12, 5, 11, 14, 15, 8, 1), which
contains the edge (14, 15). Thus, this cycle can also be extended to 7,,,4(1, 3, 6; 7) using the same
extension technique.

By applying the technique in Remark 1.1, it follows that 7,,(1, 3, 6; 7) is Hamiltonian for all n
exceptn = 9and n = 12. [l

Note that for n € {9, 12}, the Hamiltonicity of 7,,(1, 3, 6; 7) has not yet been determined.
Theorem 2.7. T,,(1, 3, 6;8) is Hamiltonian for all n # 10.

Proof. We prove it by considering cases based on n mod 7.

Casel.n =0, 1, 2, 3, 5, 6 mod 7 and n # 10.

The smallest such values of n # 10 are n = 14, 15,9, 17, 12, 13, respectively. Hamiltonian cycles
for these values are:

n=14: (1,4,5,8,11,12,13,14,6,7,10,2,3,9, 1),

n=15: (1,4,5,8, 11,12, 13,14, 15,7, 10,2, 3, 6,9, 1),

n=9: (1,2,3,4,5,6,7,8,9, 1),

n=17: (1,2,5,6,12,15,16,8,11,3,4,7,10, 13,14, 17,9, 1),

n=12: (1,2,3,6,7,10,11,12,4,5,8,9, 1),

n=13: (1,2,3,4,10,11,12,13,5,6,7,8,9, 1).

Each of these cycles contains the edge (n-2, n-1). Thus, these cycles can be extended to
T..+7(1,3,6;8) by replacing the edge (n — 2,n — 1) with the path (n — 2,n + 1,n + 2,n +
3,n + 4,n — 1), which preserves the same property.

Case2.n =4mod7.

The smallest such n is n = 11. A Hamiltonian cycle in 71, (1, 3,6;8) is (1, 7, 8, 11, 3, 4, 10, 2, 5,
6, 9, 1), which does not contain the edge (9, 10). The next representative in this class is n = 18.
A Hamiltonian cycle in T15(1, 3,6;8) is (1,4, 5, 11, 12, 13, 14, 15, 16, 17, 18, 10, 2, 3,6, 7, 8, 9,
1), which contains the edge (16, 17). Thus, this cycle can also be extended to 7;,,.7(1, 3, 6; 8) using
the same extension technique.

By applying the technique in Remark 1.1, it follows that 7,,(1, 3, 6; 8) is Hamiltonian for all
n # 10. ]

Note that the Hamiltonicity of T¢(1, 3, 6; 8) has not yet been determined.
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3. Toeplitz Graphs T,,(1,3,6;t > 9)
Theorem 3.1. Lett € {9,11}. For all n # 13, the graph T, (1, 3, 6; t) is Hamiltonian.

Proof. Casel.t =9
We analyze values of n mod 8.
Ifn=0,1,2, 3,5, 6, 7mod8and n # 13.
The smallest such values of n # 13 are n = 16, 17,10, 11,21, 14, 15, respectively. Hamiltonian
cycles for these values are:

n=16: (1,5,6,12,13, 14, 15,16, 7,8, 11, 2, 3,9, 10, 1),
n=17: (1,4,7,13, 14, 15,16, 17,8, 11, 2,5, 6, 12, 3,9, 10, 1),
n=10: (1,2,3,4,5,6,7,8,9, 10, 1),

n=11: (1,4,5,11,2,3,6,7,8,9, 10, 1),
n=21: (1,7,8, 14, 15, 16, 17, 18, 19, 20, 21, 12, 13, 4,5, 11,2, 3,6, 9, 10, 1),
n=14: (1,2,3,4,7,8,11,12, 13, 14,5,6,9, 10, 1),
n=15: (1,2,3,4,5,11,12,13, 14,15, 6,7, 8, 9, 10, 1). Each of these cycles contains the edge
(n-2, n-1). Thus, these cycles can be extended to 7,,,5(1, 3, 6;9) by replacing the edge (n-2, n-1)
with the path (n-2, n+1, n+2, n+3, n+4, n-1), which preserves the same property.

(i) If n = 4mod 8.
The smallest such n is n = 12. A Hamiltonian cycle in T35(1,3,6;9) is (1, 7, 8, 11, 2, 5, 6, 9,
12, 3, 4, 10, 1), which does not contain the edge (10, 11). The next representative in this class is
n = 20. A Hamiltonian cycle in T5y(1,3,6;9) is (1,4, 5, 8,9, 12, 13, 14, 15, 16, 17, 18, 19, 20,
11, 2, 3, 6,7, 10, 1), which contains the edge (18, 19). Thus, this cycle can also be extended to
T,+s(1,3,6;9) using the same extension technique.

Case2. t =11
We analyze values of n mod 10.

Ifn=0,1,2,3 5 7,8 9mod10 and n # 13.
The smallest such values of n £ 13 are n = 20,21, 12,23, 15,17, 18, 19, respectively. Hamiltonian
cycles for these values are:
n=20: (1,2,3,4,5,6,7,10, 13, 14, 20,9, 15, 16, 17, 18, 19, 8, 11, 12, 1),

n=21: (1,4,5,6,7,8, 14, 15,16, 17, 18, 19, 20, 21, 10, 13, 2, 3,9, 12, 1),

n=10: (1,2,3,4,5,6,7,8,9,10, 11, 12, 1),

n=23: (1,2,8,9,15,21,22, 11, 14,3, 4, 5,6, 7, 10, 13, 16, 17, 18, 19, 20, 23, 12, 1),
n=15: (1,2,3,13,14,15,4,5,8,9, 10, 11, 12, 1),

n=17: (1,2,3,4,10,13, 14,15, 16,5, 11, 17,6,7,8,9, 12, 1),

n=18: (1,2,3,4,5,6,9,10, 13, 14, 15, 16, 17, 18, 7,8, 11, 12, 1),

n=19: (1,2,3,4,5,6,7,13, 14, 15, 16, 17, 18, 19, 8,9, 10, 11, 12, 1).

Each of these cycles contains the edge (n-2,n-1), allowing extension to 7,,,10(1, 3, 6; 11) using the
same method.

(ii) If n = 4, 6 mod 10.
The smallest such values are n = 14 and n = 16, with Hamiltonian cycle (1, 2, 5, 6, 9, 10, 13, 14,
3,4,7,8,11,12, 1)and (1, 2, 8,9, 15, 16, 5, 6, 7, 13, 14, 3, 4, 10, 11, 12, 1), respectively. These
cycles do not contain the edge (n-2, n-1). The next representative in these classes are n = 24 and
n = 16, with Hamiltonian cycles (1, 7, 8, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 13, 2, 3, 4, 5,
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6,9, 10, 11, 12, 1) and (1, 2, 8, 9, 10, 11, 17, 18, 24, 25, 14, 3, 4, 5, 6, 7, 13, 16, 19, 20, 26, 15,
21, 22, 23, 12, 1), respectively, containing the edge (n-2, n-1), and thus allow extension using the
same technique.

By applying the extension technique in Remark 1.1, we conclude that for ¢ € {9, 11}, the graph
T,(1,3,6;t) is Hamiltonian for all n # 13. ]

Note that for n = 13, the Hamiltonicity of 7,,(1, 3, 6;9) and 7,,(1, 3,6; 11) has not yet been
determined.

Now we prove that for t = 10 or ¢t > 12, the graph T,,(1, 3, 6; ¢) is Hamiltonian for all n.
Theorem 3.2. Lett = 10 ort > 12. Then T,(1, 3, 6;t) is Hamiltonian for all n.

Proof. Lett = 10 ort > 12. We prove it by considering cases based on n mod ¢ — 1.

Case 1. n = 0mod (t — 1).

The smallest value of n distinct from ¢ — 1, is n = 2t — 2. We analyze values of ¢ mod 4.

(i) If t = 0 mod 4, we construct a Hamiltonian cycle in the graph T,—o; (1,3, 6;t) as P, _,5 U
P5_>9U---UPt_7_>t_3U(t—3,t,t—|—3,t+4,...,n—Q,n—l,n,n—t = t—2,t—1,t+2,2,3)U
Py s UP 11 U---UP,_g 5U (t—5,t+ 1,1). See Figure 6 for an illustration of the cycle.

(i) If t = 1 mod 4, a Hamiltonian cycle in T;,—o; 2(1, 3, 6;¢) is given by Py_,5 U P59 U -+ - U
Pgy qgU(t—4,t4+2,2,3)UPs s UP; 3 U -UP, 196U (t—6,t—3,t+3,t+4,...,n—
2n—1,nn—t=t—2,t—1,t,t+1,1). See Figure 7 for an illustration.

(iii) If t = 2mod 4, a Hamiltonian cycle in T,,—o; 5(1, 3,6;¢) is given by (1,2,3) U P37 U
ProiU-- UP 157Ut =7t =1t +5)UPis 410U Prprost414 U - U Py 73U (0 —
3nn—t=t—2,t4+4,45UPs gUPy13U---UP, g, 55U (t—5t—4,t+2t+3)U
P yrUP 7 iU UP 5, 1 U(n—1,n—1—t=t—-3t,t+1,1). See Figure 8 for
an illustration.

(iv) If t = 3mod4, a Hamiltonian cycle in the graph T,,—o; 5(1,3,6;¢) is given by P 5 U
P5_>9 U---u Pt—14—>t—10 U (t - 10,t - 4,t - 3,t,t + 3,t —|—4,...,TL - 2,7’L - 1,n,n —t =
t—2,t—1,t4+2,23)UPs ;7 UP 11 U---UP, 194 gU (t—8,t—7,t—6,t —5,t+1,1).
See Figure 9 for an illustration.

These Hamiltonian cycles in each class contain the edge (n-2, n-1). Suppose that for some
non-negative integer r, the graph 7}, (2¢—2)4,(t—1)(1, 3, 6; t) has a Hamiltonian cycle containing the
edge (n-2, n-1). Then, by Remark 1.1, the graph 7, 1(1, 3,6;¢) also has a Hamiltonian cycle
with the same property. Thus, 7,,(1, 3, 6;¢) is Hamiltonian for all n = 0mod (t — 1).

Case 2. n = 1mod (t — 1).

The smallest n, distinct from ¢, is n = 2t — 1. We analyze values of ¢t mod 4.

(i) If ¢ = 0mod4, a Hamiltonian cycle in the graph T,—o; 1(1,3,6;¢) is given by Py ,5 U
P5_>9U---UPt_7_>t_3U(t—3,t,t+3,t—|—4,...,n—2,n— 1,n,n—t :t—l,t—|—2,2,3)U
Py s UP 1 U---UP, g 5U (t—5,t—2,t+ 1,1). See Figure 10 for an illustration.

(ii) If t = 1mod4, a Hamiltonian cycle in the graph 7,,_o;1(1, 3, 6;¢) is given by (1,2) U
Py g UPFPs 10U -UP,_ 15 11Ut —11,t =5t —4,t+2,t+3,3,4) UPy s UPs ,1oU---U
P13 oU (t—9,t—8,t—7,t—6,t—3,t—2,t+4,t+5,... ,n—2,n—1,n,n—t =t—1,t,t+1,1).
See Figure 11 for an illustration.
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1 30 32

Figure 8. A Hamiltonian cycle in Tx6(1, 3, 6; 14) .

2 4 5\6 7 M8 9\ 10 11121314115 16 121 22 23 35 36

Figure 9. A Hamiltonian cycle in T36(1, 3, 6; 19).

(iii) If t = 2 mod 4, a Hamiltonian cycle in T,,—9; 1 (1, 3, 6; t) is given by (1,2)UP,_,sUFPs_,10U
o UPg g Ut —4t+2,t+3,3,4)UP,sUPs 12U~ UP, g4 02U (t—2,t+4,t+
5...,n—=2n—1,nn—t=t—111t+1,1). See Figure 12 for an illustration.

(iv) If t = 3 mod 4, a Hamiltonian cycle in T,,—o; 1 (1, 3, 6; t) is given by (1, 2)UPo_cU Ps_10U
o UP gy sU(t—=5t—2t+4,t+5,....,.n—2n—1,nn—t=t—1,t+2,t+3,3,4)U
Py s UPs y12U-+-UP_3,41U (t+1,1). See Figure 13 for an illustration.

The Hamiltonian cycles in 7;,— ;1) (1, 3,6;t) that contain the edge (n-2, n-1) can be extended
to cycles in T{g—1)4(:—1)(1,3,6;t) while preserving this property. Suppose that for some non-
negative integer r, the graph 75— (2 1)4r-1)(1, 3, 6;¢) has a Hamiltonian cycle containing the
edge (n-2, n-1). Then, by Remark 1.1, the graph 7,,,; 1(1, 3, 6;¢) also has a Hamiltonian cycle
with the same property. Thus, 7,,(1, 3, 6; ¢) is Hamiltonian for all n = 1 mod (t — 1).

Case 3. n =2mod (t — 1).

The smallest n in this case is ¢+1. A Hamiltonian cycle in T},—;, (1, 3, 6; t) is given by (1,2, 3, ..., n—
2,n—1,n, 1), which contains the edge (n — 2,n — 1). Suppose that for some non-negative integer
r, the graph T),—41)4r(—1)(1, 3, 6; ) has a Hamiltonian cycle containing the edge (n — 2,n — 1).
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Figure 10. A Hamiltonian cycle in T3 (1, 3, 6; 16).

1 3 445 g\7 8 9 1011 A21 14 15 1 17 18M19 20 21 22 30 33

Figure 11. A Hamiltonian cycle in T33(1, 3,6; 17).

Then, by Remark 1.1, the graph T,,,, 1(1, 3, 6; t) also preserves this property. Thus, T},(1, 3, 6;¢)
is Hamiltonian for all n = 2mod (t — 1).

Cased.n =4mod (t — 1).
The smallest n in this case is ¢t 4+ 3. We analyze values of ¢ mod 4.

(i) If t = 0mod 4 and t # 12, then a Hamiltonian cycle in T,,—¢,3(1,3,6;¢) is (1,2) U Py, U
P6_>10U---UPt_18_>t_14U(t— 14,t—8,t—7,t—6,t—5,t—4,t—|—2,n == t—|—3,3,4)UP4_>8U
P8_>12U s UPt—16—>t—12 U (t— 12,t— ].1,t— 10,t—9,t—3,t—2,t— 1,t,t—|— 1, 1), as illustrated
in Figure 14.

A Hamiltonian cycle in T5(1, 3, 6; 12) is given by (1,7,10,11,14,2,8,9,15,3,4,5,6,12,13,1).

(i) If t = 1 mod 4, a Hamiltonian cycle in T},—;,3(1, 3, 6; ) is given by (1,2)U Ps_,¢ U Ps 10U
s 'UP,5_11_>,5_7U(t—?,t—G,t—5,t—4,t+2,TL = t+3,3,4)UP4_>8UP8_>12U' . 'UPt_13_>t_9U
(t—9,t—3,t—2,t—1,t,t+1,1), see Figure 15.

(iii) If t = 2 mod 4, a Hamiltonian cycle in 7,,—;,3(1, 3, 6;¢) is given by (1,2)U Pa_,s U Ps_,10U
s UP gy gU(t—4,t+2,n = t+3,3,4)UP; ,sUPs 10U~ -UP, gy oU (t—2,t—1,1,t4+1,1),
as illustrated in Figure 16.

(iv) If t = 3mod 4, a Hamiltonian cycle in T,,—; 1 3(1, 3, 6; ¢) is given by (1,2)U Py ,sU Ps_,10U
o UP 13U (t+3,3,4)UP; s UPs 19U+ -UP,_3,.1U (t+1,1), as illustrated in Figure
17.

All these Hamiltonian cycles in 7,—;,3(1, 3, 6;¢) do not contain the edge (n-2, n-1). The next
representative in this class is n = 2¢ 4+ 2. We again analyze values of ¢ mod 4.

(i) If ¢ = 0mod 4, a Hamiltonian cycle in T,,—9;12(1, 3,6; ) is given by P;_,5 U P5_,o U -+ - U
Pt_11_>t_7U(t—7,t— 1,t,t+3,t+4,...,n—2,n— 1,n,n—t = t+2,2,3)UP3_>7UP7_>11U
o UP gy s5U (t—=5,t—4,t—3,t—2,t+1,1), as illustrated in Figure 18.

(i) If t = 1 mod 4, a Hamiltonian cycle in T;,—o;12(1, 3, 6;¢) is given by Py_,5 U P59 U - U
Py U(t+4,t+5,....,n—2n—1nn—t=t+223)UP; sUP,;1;U---UP,_ g4 oU
(t —2,t+1,1), as illustrated in Figure 19.

(iii) If £ = 2 mod 4, a Hamiltonian cycle in T},—9;.2(1, 3, 6;t) is given by Py ,5 U Ps_,o U --- U
P sy Ut —1,t+5,t+6))UPissit10U Prpromtr1a U U Py_19mm—6U (n—6,n,n —t =
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1 A3 4 6\7 829 10\J1 12 13 14 15 M 17 18 19 20 26 27

Figure 12. A Hamiltonian cycle in T57(1, 3, 6; 14).

aﬂ 18719 20 28 29

1 N3 4 6\g 879 10\J1 12MN14

Figure 13. A Hamiltonian cycle in Tog(1, 3, 6; 15).

3 4 5 7v891011113141516171819

Figure 14. A Hamiltonian cycle in T19(1, 3, 6; 16).

t4+2,2,3)UPs sy UPr oy U UP 743U (t—=3,t,t+3,t+4) U Py yirs U Prig 12 U
- UP, g paU(n—4,n—-3n—2n—1,n—1—t=t+1,1). See Figure 20 for reference.
(iv) If £ = 3mod 4, a Hamiltonian cycle in T},—o;12(1,3,6;¢) is given by P 5 U P59 U --- U
P 1410V (t—10,t—4,t—3,t—2,t—1,t,t+3,t+4,...,n—2n—1,nn—t=1t+2,2,3)U
Py o UP; 11U UP, 145-gU (t—8,t—T7,t—6,t —5,t+1,1), see Figure 21 for reference.

Since, in all these cases, the edge (n-2, n-1) appears in the Hamiltonian cycles of Ty, 5 (1, 3, 6; ¢),
the cycle can be extended to a Hamiltonian cycle in 75404 —1)(1,3,6;t). Thus, by applying
the technique described in Remark 1.1, we conclude that 7,(1,3,6;¢) is Hamiltonian for all
n=4mod(t —1).

Case5.n=1t—8mod(t—1).
Clearly, this applies for ¢ > 13, since the cases for ¢ € {10, 12}, have already been analyzed in
Cases 2 and Case 4, respectively. The smallest possible n satisfying this condition is n = 2t — 9.
We analyze values of ¢ mod 4.

(i) If t = 0mod 4, a Hamiltonian cycle in T},—o;_o(1,3,6;¢) is given by P, ,5 U Ps g U - -+ U
P sy Ut —11,t =10t —4,t+2,2,3) UPs 7 UPr sy U~ UP 175 13U (t—13,t —
T t—6,t—3,t—2,t—1,t,t+3,t+4,....n—2,n—1nn—t=t—9t—-8t—5t+1,1),
see Figure 22 for reference.

(i) If t = 1mod4 and t # 13, a Hamiltonian cycle in T,,—o; o(1, 3, 6;¢) is given by P;_,5 U
Py ygU---UP_16-12U(t—12,t—11,t =5, t—4,t—3,t+3,t+4,t+5)UPrs 510U Prrg 13U
"'UPn_7_m_3U (n—3,n,n—t:t—9,t—6,t,t+6,t+7)uPt+7_>t+11 U]Dt+11_>t+15U"'U
P s aUn—1n—-1-t=1t—-10,t—7,t—1,t+2,2,3)UP; ;yUP; ,;;U---UP, 18 4 14U
(t —14,t —8,t —2,t+ 1,1), see Figure 23 for reference.

For ¢ = 13, a Hamiltonian cycle in T1,(1, 3, 6; 13) is (1,7, 10, 16, 3,9,15,2,8,11,17,4,5,6,12, 13,14, 1),
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12 3 4\& 67 8\9 10AM11 12\13 14715 16 17 18 19 20 21

Figure 16. A Hamiltonian cycle in T; (1, 3, 6; 18).

Ve

1.2 3 4NG 6,07 8\ 1011 12\I3 1475 198\17 18419 20 21 22
Figure 17. A Hamiltonian cycle in T52(1, 3, 6; 19).

which does not contain the edge (15, 16). The next representative in this class is n = 29, where a
Hamiltonian cycle in To(1, 3,6; 13) is (1, 4,5,8,9,10, 11,12, 18, 19, 20, 21, 22, 25, 26, 29, 16, 17, 23, 24, 27, 28 1
which contains the edge (27, 28).

(iii) If t = 2mod 4 and t # 14, a Hamiltonian cycle in T,—s; (1, 3,6;t) is given by P;_,5 U
P5_>9U' : 'UPt_21_>t_17U(t—17,t—11,t—10,t—7,t—1,t,t+3,t+4, ce ,n—2,n—1,n,n—t =
t—9,t—8,t—5,t—4,t4+2,2,3)UP;,; UP; 11 U---UP;,_19 4 15U (t—15,t —14,t — 13, —
12,t —6,t —3,t —2,t + 1, 1), see Figure 24.

For ¢ = 14, a Hamiltonian cycle in T19(1, 3, 6; 14) is (1,7,13,19,5,8,11, 14, 17,18, 4,10, 16, 2,3,6,9,12, 15,

(iv) If t = 3mod 4, a Hamiltonian cycle in T,,—9; ¢(1, 3,6;t) is givenby P;_,5s U Ps_,gU--- U
Pyy10U(t—10,t—7,t—1,t,t+3,t+4,...,n—2,n—1,nn—t=t—9,t—8,t—5t—
4,t42,2,3)UPs 7 UP; 1 U UP, 16512 U (t—12,t—6,t —3,t —2,t+ 1, 1), see Figure
25.

All these Hamiltonian cycles in 7},(1, 3, 6;¢), which contain the edge (n-2, n-1), can be ex-
tended to Hamiltonian cycles in 7T, ;—1y(1, 3, 6; ). Thus, by applying the technique from Remark
1.1, it follows that 7,,(1, 3, 6; ¢) is Hamiltonian for all n = ¢ — 8 mod (t — 1).

Case 6. n =1t — 5mod (t —1).

The smallest n in this case is n = 2t — 6. We analyze values of ¢ mod 4.

(i) If t = 0mod 4, a Hamiltonian cycle in T,,—9;_¢(1, 3,6;t) is given by P;_,5 U Ps_,o U -+ - U
Py s Ut =T, t—1,t,t+3,t4+4,....,.n—2n—1,nn—t=t—6,t—5t—4,t+2,2,3)U
Py s UP, 11U~ UP 135 oU (t—9,t—3,t—2,t+ 1,1), see Figure 26.

(ii) If t = 1 mod 4, a Hamiltonian cycle in T;,—o; (1, 3,6;¢) is P UP5_oU---UP, 19y gU
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/ﬁw
1 2 3 6 7 8 910 i3 14 15 16 17 25 26

Figure 18. A Hamiltonian cycle in Txs(1, 3, 6; 12).

BT

1 2 N4 506 7\ 8 9101\ 12 1314 15 16 17 18 27 28

Figure 19. A Hamiltonian cycle in Tbg(1, 3, 6; 13).

(t—8,t—5,t—2,t— 1,t+2,2,3)UP3_>7UP7_>11UUPt_14_>t_10U(t— 10,t—7,t—4,t—
3, t+3,t+4,....n—2n—1,nn—t=t—6,t,t+1,1), see Figure 27.

(iii) If t = 2mod 4 and t # 10, a Hamiltonian cycle in 7,—9; (1, 3,6;t) is Pj_,5 U P59 U
o UP 435 90Ut =9t —=3,t+3,t4+4,t+5)UPy53190UPg 13U UP, 74, 3U (n—
3,7’L,7’L—t == t—6,t,t—|—6,t+7)UPt+7_>t+11UPt+11_>t+15U- . 'UPn_5_m_1U (n—l,n—l—t =
t—7,t—4,t—1,t4+2,2,3)UPs .7UP; ;11U -UP,_ 15 11U (t—11,t—=8,t—5,t—2,t+1,1),
see Figure 28.

For ¢t = 10, a Hamiltonian cycle in T4(1, 3, 6; 10) is (1, 7,10,13,3,6,9,12,2,8,14,4, 5,11, 1),
which does not contain the edge (12, 13). The next representative in this class is n = 23, where a
Hamiltonian cycle in T53(1, 3,6; 10) is (1, 2, 8, 14, 20, 21, 22,12, 18,19, 9, 15,16, 17, 23,13, 3,4, 5,
6,7,10,11, 1), which contains the edge (21, 22).

(iv) If t = 3 mod 4, a Hamiltonian cycle in T,,—o; (1, 3,6;t) is P,_,5UP5_oU- - -UP;_18 414U
(t—14,t—8,t—T,t—1,t,t+3,t+4,....n—2,n—1,nn—t=t—6,t—5,t—4,t+2,2,3)U
P3%7UP7611 U"‘UPtflﬁﬁt,uU (t— 12,t— 11,t— 10,t—9,t—3,t—2,t+1,1), seeFigure
29.

All these Hamiltonian cycles in 7,,(1, 3, 6;¢), which include the edge (n-2, n-1), can be ex-
tended to form Hamiltonian cycles in 7}, ;—1)(1,3,6;¢). Therefore, by applying the technique
from Remark 1.1, 7},(1, 3, 6; ) is Hamiltonian for all n = ¢ — 5mod (t — 1).

Case7.n=t—4mod(t —1).

The smallest possible value of n is n = 2t — 5. We analyze values of ¢ mod 4.

(i) If t = 0mod 4, a Hamiltonian cycle in T},—o; 5(1,3,6;t)is P;_,s UP5 oU---UP; 174 7U
(t—?,t—1,t,t+3,t+4,...,n—2,n— l,n,n—t:t—5,t—4,t+2,2,3)UP3_>7UP7_,11U
o UP13509U (t—9,t—6,t —3,t —2,t+ 1, 1), see Figure 30.

(i) Ift = 1mod4 and t ¢ {13,17}, a Hamiltonian cycle in T},—9;_5(1,3,6;t) is P;_,5U P5_,oU
s UP 90— 16U(t—16,t—15,t—14,t—13,t—7,t—6,t—3,t+3,t+4,...,n—2,n—1,n,n—t =
t—5,t—4,t+2,23)UP; s UP; ;1 U--UP, 99y 18U (t— 18t — 12/t — 11,¢t — 10,t —
9,t—8,t—2,t—1,t,t+1,1), see Figure 31.

For ¢t € {13,17}, Hamiltonian cycles in 75 (1,3, 6;13) and T59(1,3,6;17) are (1,4, 7,10,
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’\

1 2 A4 576 7\8 9Mo\1 12713 1N15 16 M7 18 19 20 21 22

Figure 20. A Hamiltonian cycle in T22(1, 3, 6; 10).

DY

1 2 6 17 18 19 20 31 32

Figure 21. A Hamiltonian cycle in T32(1, 3, 6; 15).

13,16,3,6,9,12,15,2,5,11,17,18,19, 20,21, 8,14,1) and (1,4,7,10,13,16,19,2,5,8, 11, 14,
17,20, 3,6,9, 15,21, 22,23, 24, 25,26, 27, 28,29, 12, 18, 1), respectively.

(iii) If t = 2mod 4 and t # 10, a Hamiltonian cycle in T,,—o; 5(1,3,6;%) is P, ,5s U P5_oU- - -U
Py 13U (t—13,t—7,t—6,t —3,t+3,t+4,....n—2n—1nn—t=t—51t—4t+
2,23)UPs s UPr U UP g5 11 U(t—11,t —10,t —9,t —8,t —2,t — 1,¢,t +1,1),
see Figure 32.

For t = 10, a Hamiltonian cycle in 75(1, 3, 6; 10) is (1, 2,8, 14, 15,5,6,9, 12,13, 3,4, 7,10, 11,
1), which does not include the edge (13, 14). The next representative in this class is n = 24, where
a Hamiltonian cycle in T54(1,3,6;10) is (1,2,3,4,5,6,12, 15,18, 24,14, 20,21, 22,23,13,19,9,
10,16, 17,7,8,11, 1) which includes the edge (22, 23).

(iv) If t = 3 mod 4, a Hamiltonian cycle in T},—o; _5(1,3,6;t) is Py ,5UPs_,oU---UP,_ 194U
(t—6,t—3,t+3,t—|—4,...,n—2,n—l,n,n—t:t—5,t—4,t+2,2,3)UP3_>7UP7_>11U
s UP 9y sU (=8t —2,t—1,t,t+1,1), see Figure 33.

All Hamiltonian cycles in 7,,(1,3,6;t) that include the edge (n-2, n-1) can be extended to
Hamiltonian cycles in 7}, 4_1)(1,3,6;t). Thus, by applying the technique from Remark 1.1,
T,(1,3,6;t) is Hamiltonian for all n = ¢ — 4 mod (t — 1).

Case 8. n = smod (t — 1), where s € {0,1,2,...,t—2}\{0,1,2,4,t —8,t —5,t —4}. The
smallest n for each s is n = s + ¢ — 1. We further analyze values of n mod 4, with even and odd ¢.

(1) If (n = Omod4 and t is even) or (n = 2mod4 and t is odd). Then a Hamiltonian cycle
in Tn<1,3,67t> is (1, 2, ey S = 2) U P372*>5+2 @) Ps+2*>3+6 y---uU Ptff)g)tfl @) (t — 1,t + 2,t +
3,...,n—2n—1nn—t=s—1,8)UPs g UPsyy sisU---UP_35,1U(t+1,1),see
Figure 34.

(i) If (n = 1mod 4 and ¢ is even) or (n = 3mod 4 and ¢ is odd), then a Hamiltonian cycle in
T,(1,3,6;t)is (1,2,...,8—=2)UPs_9 s 0UPsio 516U -UP gy 4U(t—4,t+2,t4+3,...,n—
2n—1nn—t=s—1,8)UP s34 UPyyssU--UP g5 2U (t—2,t—1,t,t+1,1),
see Figure 35.

(iii) If (n = 2mod 4 and ¢ is even) or (n = 0 mod 4 and ¢ is odd), then a Hamiltonian cycle in
Tn<1,3,6,t> is (1, 2, ey, S = 2) U P5_2_>S+2 U Ps+2—>s+6 y---u Pt—15—>t—11 U (t - 11,t - 5,t -
4t+2,t+3,....n—2,n—1,nn—%t=s— 1,8) U PsysiaU Py ysig U+ U P13 9 U
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Figure 23. A Hamiltonian cycle in To5(1, 3, 6; 17).

(t—9,t—8,t—7,t—6,t—3,t—2,t—1,t,t+1,1), see Figure 36.

(iv) If (n = 3mod 4 and t is even) or (n = 1 mod 4 and t is odd), then a Hamiltonian cycle in
Tn<]-’ 37 6, t> is (1, 2, e, S = 2) U Ps—2—>s+2 U Ps+2—>s+6 y---u Pt—18—>t—14 U (t - 14,t - 8,t -
T t—6,t—5,t—4t+2t+3,...n—2n—1nn—t=s5—1,8)UPs,s14UPsig 58U
o UP1p5-12U (t—12,t — 11, —10,t — 9,t — 3,t — 2,t — 1,t,t + 1, 1), see Figure 37.

Since in all these cases the edge (n-2, n-1) is present in the Hamiltonian cycles of 7,,(1, 3, 6;¢),
applying the technique from Remark 1.1 ensures that 7),(1, 3, 6;¢) remains Hamiltonian for all
n=smod(t — 1), where s € {0,1,2,...,t —2}\{0,1,2,4,t — 8t —5,t — 4}.

This completes the proof. 0

Conjectures and concluding remark

We propose the following conjectures.

T, (1,3, 6;2) is non-Hamiltonian for n = 2 mod 4.

T, (1,3, 6; 3) is non-Hamiltonian for n € {7,8,9,12, 14, 16}.
T15(1,3,6;4) is non-Hamiltonian.

T,(1,3,6;6) is non-Hamiltonian for n € {10, 14}.

T.(1,3,6;7) is non-Hamiltonian for n € {9, 12}.

T10(1,3,6;8), T13(1, 3,6;9) and T15(1, 3,6; 11) are non-Hamiltonian.

SN

The next step, in our view, is to complete the investigation of Hamiltonicity in Toeplitz graphs
T.(1,3,6, 84,85, .., Sk; 1,12, ..., t;) by solving the stated conjectures.
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Figure 25. A Hamiltonian cycle in T (1, 3, 6; 19).
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Figure 33. A Hamiltonian cycle in Tb5(1, 3, 6; 15).
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Figure 34. A Hamiltonian cycle in T24(1, 3, 6; 18), where s = 7.
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Figure 35. A Hamiltonian cycle in T5(1, 3, 6; 18), where s = 8.
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Figure 36. A Hamiltonian cycle in T2g(1, 3, 6; 23), where s = 6
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Figure 37. A Hamiltonian cycle in To9(1, 3, 6; 23), where s = 7.
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