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Abstract

We investigate the total vertex irregularity strength of trees with specific characteristics. Initially,
we categorize trees into three distinct groups: types A, B, and C. Subsequently, we calculate tvs(7")
for all type A trees T' where the maximum degree is at least three. Additionally, we provide the
value of tvs(7T") whenever T is a tree of types B or C with maximum degree at least three and
large number of exterior vertices. Finally, we propose a conjecture related to tvs(7') where T is a
non-path tree of types B or C with few exterior vertices.
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1. Introduction

Throughout the paper, all graphs are assumed to be simple, finite, and undirected. We follow
[6] for terminologies and definitions not mentioned here. For a graph G = (V, E), V represents
its set of vertices and F its set of edges. We denote the degree of a vertex v in G by deg(v). The
minimum and maximum vertex degrees in G are denoted by d and A, respectively. For a graph G
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and a positive integer k, a function ¢ : VU E — {1,2,... k} is called a vertex irregular total
k-labeling of G if the vertex-weights,

wt(v) = p(v) + Y p(uv)

uwveE

are all distinct. The total vertex irregularity strength of GG, denoted by tvs(G), is the smallest
integer k such that GG admits a vertex irregular total k-labeling.

The concept of total vertex irregularity strength of graphs was proposed by Baca et al. [3] as
a variant of the irregularity strength initially described by Chartrand et al. [5]. In connection with
these irregularity parameters, studies have also examined the modular irregularity strength, which
was introduced by Baca et al. [4], as an alternative means of evaluating the irregularity of graphs
based on modular arithmetic constraints. For recent developments in this area, refer to [11, 12]. A
comprehensive overview of irregularity in graphs can be found in [2], while a detailed survey on
graph labelings is available in [7].

Determining the total vertex irregularity strength for any given tree is generally an intricate and
complex task. Nurdin et al. [8] established a general lower bound for the total vertex irregularity
strength of a tree with maximum degree A as follows:

tvs(T) > max{t; : i € [1, A]},
where

ti =

Loni41
{%“ andn; = [{v € V : deg(v) = j}|.
Subsequent work by Susanto et al. [13] refined this lower bound for tvs(7") by expressing it solely
in terms of the number of vertices with degrees one, two, and three.

Lemma 1.1 ([13]). Let T be a tree. Then tvs(T) > max{ty,ts,t3}.

Moreover, Nurdin et al. [8] conjectured that the lower bounds described in Lemma 1.1 apply
universally to all trees, that is, for any tree 7',

tvs(T') = max{ty, t2, t3}. (1)

Although this condition holds for many trees such as complete n-ary trees [9], subdivisions of
various trees like stars, caterpillars, firecrackers, and amalgamations of stars [9, 16], irregular
subdivisions of trees [15], trees without vertices of degree two [8], certain trees with a significant
number of vertices of degree two [10], and some trees with maximum degrees four and five [17,
18], the conjecture is generally false as Susanto et al. [14] discovered infinite counterexamples
disproving it.

In this work, we investigate the total vertex irregularity strength of trees with specific properties.
To begin, let us define three families of trees as follows.

ni1+1

(a) A tree of type A is a tree that satisfies either (ny < 5= and n3 < "IT“) or(ng <n;y—ng+1

and ng > "),
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2t and ng < 25 or (ng > 3ng —ng — 1

(b) A tree of type B is a tree that satisfies either (ny >
and nz > "),

(c) A tree of type C is a tree that satisfies ny —n3 + 1 < ny < 3ng —ny — 1 and ng > "1“

Itis evident that trees of types A, B, and C form a partition of all trees. In this study, we demonstrate
that the Equation (1) is valid for all trees of types B or C' with a maximum degree of at least three
and a significant number of exterior vertices. Additionally, we establish the same result for all trees
of type A with a maximum degree of no less than three.

2. Preliminaries

In a tree 7, a vertex is called a pendant if it has degree one. An edge incident to a pendant
vertex is a pendant edge. A vertex in T" with degree at least two is an exterior vertex if adjacent to
a pendant, otherwise an interior vertex. Any non-pendant edge is called an interior edge.

An exterior path is a path from a pendant vertex to the nearest vertex with a degree of at least
three. An interior path is a path between two vertices of degree at least three, passing only through
vertices of degree two. Note that every pendant edge incident to an exterior vertex of degree at
least three is an exterior path of length one, and every interior edge that connects two vertices of
degree at least three is an interior path of length one.

Given an edge (total) labeling ¢ of a tree T', the temporary weight of a vertex v of T' under the
labeling ¢ is given by

For: € [1,A] and j € [1,n;], denote by v?;- a vertex of degree i with the jth smallest temporary
weight under ¢.

The next three lemmas establish key properties of trees of types A, B, and C, which are essential
for evaluating their total vertex irregularity strengths.

Lemma 2.1. Let T be a tree of type A. Then t; = max{ty,ts, t3}.

Proof. We divide two cases.
Case 1: ny < "LH and ngy < ™. Because ny < "Lt we obtain 3n3 — ny — 1. Then

1 + (M) + 1 1
tz:’rnl_’_;?—’_ —‘é ’an <32 ) —‘:’ang_ —‘:tl

and

ny+ng+n3+1 g+ () 4+ () + 1 ny+ 1
t3 = < — = tl.
4 4 2
Therefore, max{t,, to, t3} = t;.
Case 2: ny < ny —nz+1and ng > "17“ Since ny < ny —n3z+ 1, we get ng < ny —ng + 1.
Then

ny +ng +nz+1 ni+ne+(np—ng+1)+1 ny+1
ts = < = = 1.
4 4 2
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Furthermore, as ns > ”IT“, it follows that 3ng —n; — 1 > n; —n3 + 1 > ns. So

3 12
<[4n1+3n2+(3n3—n1—1)+4_‘_[nl%—m—kn?,—kl
- 12 B 4

= [nl—i—ng—l—l-‘ . [4n1+3n2+n2+4—‘
g =|—| =

wztggtl.

Hence, max{tl, tg, tg} = tl. OJ
Lemma 2.2. Let T be a tree of type B. Then to = max{ty,ts,t3}.

Proof. We consider two cases.
Case 1. ny > ”IT“ and n3 < ”17“ Because ny > MTH we have n; < 2ne — 1, and so
7L1+1 2n1+n1—|—3 2n1+(2n2—1)—|—3 n1+n2+1

ni+1

Moreover, since n3 < "12“, we obtain “= < ny —nz+ land3ng —ny — 1 <ny —n3z + 1.

Ifnggnl—n3+1then”17+1<n2<n1—n3—|—1,andso

by = ny+ng +ns+1 < ny+ng+(np—mng+1)+1 _ ny+1 -
4 4 2
Ifn2>n1—n3—|—1thenn2>3n3—n1—1,thus
n1+n2+n3+1 3n1+3n2+3n3+3
t3: —
4 12
<[3n1+3n2+(n1+n2+1)+3-‘_[nl—i—ng—i—l—‘_t
= 12 I T

Thl,lS, max{tl, tg, tg} = tg.
Case 2. ny > 3n3 —n; — 1 and ng >

ny

L Asny > 3ng —ng — 1, we get 3ng < nq +no + 1.

Then
n1+n2—|—n3+1 3n1+3n2+3n3+3
t3: —
4 12
o [3n1+3n2+(n1+n2+1)+3-‘ B [nl—i-ng—l—l—‘ _,
= 12 - 3 o

Also, since ng > ”12“, it holds that ny — n3 + 1 < 3n3 — n; — 1 < ny. Hence

o= ’an—i-]_-‘ . ’Vn1+n1+2-‘ < ’Vn1+(n2+n3—1>+2
1 — — | ;5 | x

=13 < 9.
5 1 1 —‘ t3 < 1o

Consequently, max{ty,t2,t3} = to. O
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Lemma 2.3. Let T be a tree of type C. Then t3 = max{ty,ts,t3}.

Proof. We know that ny —ng + 1 < no < 3ng —n; — 1. Then

b= n1+1 N n1+n1—|—2 < n1+(n2+n3—1)—|—2
2 | 4 = 4

= 3.

Further, we also know that nz > 2. Thenny — ng + 1 < 2t and 22 < 3ng —ny — 1.

If?’LQ < n12+1 then n; —ns+1<ny < "12“,and SO

o [mne 1] [ () 1] [+l
2 3 = 3 T2

-‘:t1<t3.

Ifn2>"1T+1then”17+1<n2<3n3—n1—1,thus

o — n1+n2+1 . 4n1—|—3n2—|—n2—|—4

2 3 B 12

<[4n1+3n2+(3n3—n1—1)+4-‘_[nl—i—ng—l—ng—l—l—‘_t
= — U3.

N 12 4
SO, max{tl, t2, tg} = t3. ]

Lemma 2.4. Let T be a tree.

1. If T is of type A then t; < n;.
2. If T'is of type B then ty < nq if and only if ny < 2n,.
3. If T'is of type C then t3 < n.

Proof. 1f T is of type A then it is clear that t; < ny, andif T"is of type C, we have no, < 3nz3—n;—1
by the definition, so

, "n1+n2+n3—|—1_‘<{n1+(3n3—n1—1)—|—n3—|—1
3 = S

1 1 —‘:n3<n1.

Now let 7" be a tree of type B. Then

’an‘f‘nQ“r‘l
ty = T

—‘ < S ng < 2n4.

]

A vertex of degree two in a tree 7' with maximum degree at least three is called a special vertex
if it meets one of the following conditions:

(a) It belongs to an exterior path of length two.

(b) It belongs to an exterior path of length at least three, and both of its neighbors have degree at
most two.
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(c) It belongs to an interior path, and both of its neighbors have degree two.

For positive integers k and ¢, let P! represents an interior path of length £ — 1 in 7', and PF
denotes an exterior path of length £ — 1 in 7. The terms n(P/) and n(PF) indicate the number of
P! and PF in T, respectively.

Lemma 2.5. Let T be a tree of type B with ny > 2ny. Then the number of special vertices must be
greater than to — ny.

Proof. By definition, the number of special vertices in 7" is

S= (k=4 n(P)+nPf)+(-3)> n(PP).

k>4 >4

As ny > 2nq, we may write ny = 2ny + ¢ for ¢ > 0. Our aim is to show that S > t; —n; = (%W
for 2 > 0. We know that for : > 0,

2ny +i=(k—=2)) n(P)+({—=2)) n(Pf)=S+S5+n(P)+2n(P]) +n(P)),

k>3 03

where S = 23", n(P[)+ > ,.,n(PF). Note that the number of interior paths in 7" must be at
least half the sum n(P}) + 2(n(P}) + n(Pl)), that is,

n(P) +2(n(P)) +n(P))) <2)_n(Fy)

k>2
A A
=2 (Zni—1> =2n; + » (6 —2i)n; — 6 < 2ny — 6,
i=3 i=3
and so S + S’ > i + 6. Note also that S — S’ > 0. Combining both of these inequalities,
S >H0 > [, O
Suppose that Vg, = {v1,vs,...,v.} be the set of exterior vertices of a tree such that for

1 <7 < j < ¢, the following properties hold:

(a) deg(v;) < deg(v;).

(b) If deg(v;) = deg(v;) = 2 then d(v;, z;) > d(v;, z;), where z; is a vertex of degree at least three
closest to v;.

(c) If deg(v;) = deg(v;) > 3 then |Ep(v;)| > |Ep(v;)|, where Ep(v;) denotes the set of all
pendant edges incident to v;.

Fori € [1,¢] and j € [1,|Ep(v;)]], let e;; denotes the jth pendant edge incident to the exterior
vertex v;. Set s = max{|Ep(v;)| : i € [1,€]}. For j € [1,s], let EJ represents the ordered
set {eij : 1 € [l,e]and [Ep(v;)| > j}, and Ep the ordered set formed by the union (J;_, EZ,
preserving the original order of each Ef;. For instance, considering a tree depicted in Figure 1,
we observe Ellg = {611,621, €31, 641}, EJZD = {622,632, 642}, E?; = {633,643}, E;lp = {634}, and
Consequently EP = {611, €21, €31, €41, €22, €32, €42, €33, €43, 634}.
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A

€31 €21 s ear

f; ® -0

€33 €43

74 8> &

Figure 1. A tree and denotation of its exterior vertices and pendant edges.

For a non-negative integer /K, consider the interior paths Pkl, sz, cee P,fK in 7', each having
a length of at least four, and ordered such that &y > ko > --- > kg. Similarly, for L > 0, let
PP, PZ, ... P denote the exterior paths in T', each with a length of at least two, such that for
any 1 < g < h < L, the exterior paths PEE and PKE encompass the exterior vertices v, and vy,
respectively. Moreover, assume that for some 0 < p < L, exactly p of these exterior paths have
length at least four, that is, 61 Z2ly =20, 25>y 20 = 2 2 3.

Denote by z7, xg, . xk 1< g <K, the vertices of PI where z}x] , is an edge for each h,
and both z{ and xk are vertices of degree at least three in T Similarly, denote by y{, 5, ..., ygg,

1 < g < L, the vertices of Pf where iy, . | is an edge for each h, y{ is a pendant vertex, and ygg
is a vertex of degree at least three in 7. Define an ordered set of special vertices of 7" as

PR 1 2 2 2 K K K
S ={w3,2y,. .., Ty 9, 3,5, Tpy gy, T3, Ty 5o, T o)

1 2
U{y%7y§7”'7yl}1—27y§7y§7'“7y?2—27"'7yg7y§7‘"7y£ _Q}U{yp+ 7y§+ ’-'-792}

Additionally, let Sy be a subset of S consisting of the first £ — n; elements of S. By Lemma 2.4,
the condition |Sy| > 0 holds if and only if T is a tree of type B with ny > 2n,. Furthermore, by
Lemma 2.5, for any tree of type B with ny > 2ny, it follows that |[S| > to — ny =t — ny; = |So|,
ensuring feasibility.

3. Trees of types B or C with large number of exterior vertices

This section examines the total vertex irregularity strength of non-path trees 7" of types B or C
with many exterior vertices. The main result is presented in Theorem 3.1.

The idea of the proof of Theorem 3.1 is described as follows. Since Lemmas 1.1, 2.2, and
2.3 has provided the lower bound, we only need to show an existence of a vertex irregular total
t-labeling of T, where

) ta, ifTisatree of type B,
t3, ifT'is atree of type C,

and thus proves the theorem.

The construction algorithm consists of three main steps and incorporates two rounds of label-
ings, denoted as ¢ and . The labeling ¢ is applied in the first step, while ¢ is utilized in the second
and third steps. The latter will then be shown to be a vertex irregular total ¢-labeling of 7.

In the first step, we label pendant edges with integers from {1,2,...,¢} (if many exterior
vertices exist, pendant edges receive labels less than t). We also label interior edges incident to a
member of Sy (if ny > 2n;) with some small integers, and others with ¢.
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After the first step, all vertices meet temporary weight lower bounds, but some vertices with
degrees two or three may have excessive values. So, in the second step, we define two sets A
and B which contain respectively vertices of degrees two and three with large temporary weights,
and construct a matching M that covers vertices in A U B. We then relabel edges in M to ensure
suitable temporary weights.

Finally, in the third step, we greedily assign vertices to achieve unique final weights. In fact, at
the end of this step, it turns out that the largest label being used is ¢. Figure 2 shows an example of
a tree of type B with its vertex irregular total labeling.

O gmOm0 Ompm GOm0 0
6 ¢ o b 9o :
O S

A S U G e G

S 5
Looobhb b

O Q@) Pem® PO ®
b b o o o ¢ ®
L S

Figure 2. A labeling example for a tree of type B. Top, Step 1: Label pendant edges, interior edges incident to a
member of Sy (23, z1 and x1), and other interior edges. Middle, Step 2: Construct a matching M (thick edges)
covering vertices in A (in this case, a = 5 and b does not exist, so |A| = 12 and |B| = 0), and relabel edges in M.
Bottom, Step 3: Greedily label vertices to ensure distinct final weights.

Let 7" be a non-path tree of types B or C that contains at least min{¢ —2nj — 1, n; —nj} exterior
vertices of degree at least three, where nj is the number of exterior vertices of degree two, and

ty, ifT'is atree of type B,

t3, 1f T'1s a tree of type C.

Let us define a labeling ¢ on edges of 7' as follows. We label pendant edges of 7" in the
following way. For g € [1,n,], let

¢(e;;) = min{g,t}, where e;; is the gth element of £p for some ¢ and j. 2)

We next label interior edges incident to vertices in S in the following way. For g € [1, K], define
n 9= (s — .
(PRI i € S,
t, otherwise.

P(x523) =
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Forg € [1,K]and h € [3,k, — 2], let

N 9-1(p._ _
( 130970 (kj—4)+h 2L if 29 € Sy, for h odd,

2
P(zyy4) = L”H‘Z?:l(g] 4)+h IJ,

t otherwise.

if 2] € Sp, for h even,

Forg € [1,p]and h € [2,{, — 2], let

n K (. 9= 1,
|_ 1> (R =)+ 251 (4 3)+hJ, lfyZ € SO, forheven,

2
S K () 597 (0, 3) 4 h
O(YnYni1) = [ PN 4)+223=1(L}J Btk 11, if y} € Sy, for h odd,

t, otherwise.

Forg € [p+1, L], let

m+ D (k= 4) + 20 (4 —4), ifyd € S,
t, otherwise.

For every edge e ¢ S, define ¢(e) = .

Clearly, all pendant edges and all interior edges incident to vertices not belonging to Sy are
labeled at most ¢. Moreover, as |Sy| = t — n4, the labels of interior edges incident to a vertex in S
are not greater than

K p
m+ Y (ki —4)+> (6 —4) <ni+ 1Sl =1,
i=1 j=1

thus ¢(e) < ¢ for every edge e € F.
Since T has at least min{t — nj — 1,n} exterior vertices, it can be verified that for 1 € [i, A]
and j € [1,n,,

i—1
D et j1—t<wy(vf) < it (3)
z=1

Let a be the smallest positive integer (if any) such that w¢(v§a) > ny + a + 1, and b the smallest
positive integer (if any) such that w¢(v§’b) > ny + ny + b+ 1. Therefore,

)

5 <m+i forje(La=1]
w¢(vgj)<n1+n2—|—j forj e [1,b—1].

wy (v

“4)

Next, let A = {v,, vf(aﬂ), . ,vg’m)} and B = {5, U??(b-i—l)’ . ,vfns}. Define M as a matching
obtained from a maximal matching of 7' that includes all non-pendant vertices by removing each
edge ry where z,y € V\(A U B). Thus, M is a matching of 7" that covers all vertices in A U B.
Suppose that

M ={apaj, : h € [1,p1]} U{a;d; :i € [1,po]} U {bjb; cj €, ql}
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U{bpd, - k € [1,q)} U{a)'d]" - L € [1,7]},

where p1, p2, ¢1, g2, 7 = 0 such that the following properties hold:

(@ {an,a), :hell,pm]}ud{a iel,ps]}Ud{a)’:le[l,r]} =A

(d) {b;,0; €[]} U{by ke[l qfu{t]:lel,r]}=8.

© ({di:i€[Lpa]} U{dy - k€L g]}) € (V(AU B))

(d) ¥(anay,) = Y(any1ay,, ) foreach h, (aid;) > (ai,  diy) for each i, 1 (bb}) = 1(bj410, ;)
for each j, 1 (byd;,) > (b, ,d), ) for each k, and (a}"b]") = +(a};,b;" ;) for each [, where
(uv) = min {deugj;d()gll? deog()gll }

(e) wglan) = wg(ay,) for each h and wy(b;) > wy (b)) for each j.

Note thatny —a+1=2p; +py+randny —b+1=2¢ + g + .

Theorem 3.1. Let T be a tree of type B or C other than a path. If T contains at least min{t —
2ny — 1,m1 — nk} exterior vertices of degree at least three, where n’ is the number of exterior
vertices of degree two, and

) tay ifT isatree of type B,
B ts, if T'is atree of type C,

then tvs(T') = t.

Proof. LetT be a tree of types B or C that is not a path and has the property given in the statement.
As we mentioned earlier, it remains to prove that tvs(7") < ¢, where

) ta, ifTisatree of type B,
) s, if T' is a tree of type C.

We construct a total labeling ¢ on vertices and edges of 1" as follows. Label edges of 7" in the
following way.

o(apay) = min{n; +a+ 2h — 2 — (wy(an) — dlanay,)), dlapay,)}  for h € [1,p1],
(ald;) =min{n; +a+2p; +r+i—2— (we(a)) — ¢(a;d;)), p(a;d;)} fori € [1,psl,
@(bb}) = min{ny +ny + b+ 25 — 2 — (wy(by) — ¢(b;0})), @(bb})}  forj € [1,qu],
o(bpd,) = min{ny +na + b+ 21 +r + k — 2 — (wy (b)) — ¢(bydy)), p(brdy)}  for k € [1, go,
P(al"t!) = mindmy + 0+ 201 +1 =2 = (walaf") — o(af"H").

ny+ng+b+2¢ +1—2— (we(b)") — ¢(a]"'V]")), ()b} forl e [1,r],
o(e) = ¢(e) for all the remaining edges e of 7.

Obviously, for every edge e € F,
ple) < ole) <t (5)
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Moreover, the temporary weights of vertices under the labeling ¢ are the following.

wy(an) = planay,) + (wg(an) — ¢lanay,))
<+t 2h -2 — (wlan) — Blana})) + (wolan) — dlana))
=n;+a+2h—2 forhe[l,p],

walah) = plandy) + (w(ay) — Hlana})
St a+2h =2 = (wylan) — ¢lanay)) + (welay) — ¢lanay))
=ny 4+ a+2h — 2+ wy(ay) — wy(an)
<ny+a+2h—2 forhe[l,p],

wp(a;) = plaid;) + (ws(ai) — dlaid;))
Snta+2p+r+i—2 = (wela) — dlaids)) + (wela) — d(aids))
=m+a+2p+r+i—2 foriel[l,p,,

wy(di) = plaid;) + (wy(ds) — p(aid;))
St a+2p+r+i =2 = (wela)) — ¢lai'dy)) + (we(di) — dai'di))
=nit+a+2p+r+i—2+wy(d;) —wy(a;) fori € [1,pa],

W (bj) = (b)) + (we(bj) — @(byb))
<+ ng+b 425 — 2 — (wy(by) — @(byb)) + (we(by) — d(b;0]))
=ny+n+b+25—2 forjell,ql

wy (b)) = @(b;b;) + (we(b3) — G(b;05)) (6)
St nz+b+ 27 — 2= (we(by) — d(b0))) + (ws (b)) — B(b;b))
=Ny +ny 4+ b+ 25 — 2+ ws(b;) — we(by)
<np+ne+b+25—2 forjell,q,

wy (bg) = p(brdy) + (w(by) — &(bidi))
St nz+b+2q 1+ k=2 (we(by) — o(bdy)) + (we(by) — d(bpdi))
=ny+ne+b+2¢ +r+k—2 forkell, g,

woldy) = pUld) + (w(dy) — (b))
<np+ng+b+2q +r+k—2— (ws(by) — o(bdy)) + (we(dy,) — ¢(brdy,))
=ni+ny+b+2q +7r+k—24ws(dy,) —wy(by) fork e ([l,ql,

wo(ay’) = (@) + (ws(ar") — ¢(a"8"))
<+t 21— 2 — (walal’) — Blal ") + (alal") — Blal"t")
=n+a+2p+1—2 forlell,r]

a0 = ") + (o) — S(ab)
S 4ne+b+200 1= 2= (we (b)) — o(a)" ") + (wo (07") — ag"ty"))
=ny+ne+b+2¢ +1—2 forlellr],

Wy, (V) = wy(v) for all the remaining vertices v of 7.
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Thus from (2), (4) and (6) we can conclude that

i—1
wo(vf) <Y m.+j fori€[1,3]and j € [1,n). (7)
z=1
Also, from (3) we have
i—1
wo(vf) =Y n.+j+1—t forie[l,Alandj € [1,ny. (8)
z=1

We next label vertices of 7'. Label vertices of degrees one, two, and three in the following way.

i1
@(Ué’}) = an +7+1-— ww(vg’;) fori € [1,3] and j € [1, n;]. 9)
z=1

Thus from (7), (8) and (9),
1<) <t foriell,3]andj € [1,n,. (10)

Let wy, ws, ..., wy, where N = |V| — n; — ny — ng, be vertices of degree at least four in 7',
with wy,(w;) < wy(w;41) for each i. We define p(w;) = max{1,n; + ng + nz + 2 — wy(w1)},
which leads to wt(w;) = ¢(wq) + w,(wy). Fori € [2, N], we define recursively

o(w;) = max{1l, wt(w;—1) + 1 — wy,(w;) }.

Under the labeling ¢, the weights of vertices with degrees one, two, and three form the sets
{2, 3, ce ,n1+1}, {n1—|—2, n1+3, .. ,n1+n2+1}, and {n1+n2—|—2, n1+n2+3, Ce ,n1+n2+n3+1},
respectively. The weights of other vertices are given by n; + ns + ng + 2 < wt(w;) < wt(ws) <

- < wt(wy), ensuring all weights are distinct. We show that labels in ¢ do not exceed ¢.
From (5) and (10), it remains to prove that ¢(w;) < t for i € [1, N|. Using the tree property
n =2+ Zfzg(j — 2)n;, for j € [4,A],

A .
n—ns—2—) ., ...(1—=2)n
n; 1 3 j2124,z7£]( ) <t1<t

This together with (8) implies that the maximum label contributing to the corresponding final
weights is at most ¢, i.e., p(w;) < t for i € [1, N]. Hence tvs(T) = t. O

4. Trees of type A

This section showcases the total vertex irregularity strength for all trees of type A with max-
imum degree three or more, as shown in Theorem 4.1. The idea of the proof of Theorem 4.1
resembles that of Theorem 3.1, but requires relabeling pendant edges. Figure 3 provides an exam-
ple of a vertex irregular total labeling of a tree of type A.
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Figure 3. A labeling example for a tree of type A. Top, Step 1: Label pendant and interior edges. In this case,
relabeling pendant edges is needed due to an exterior vertex (colored lightgray) with small temporary weight (v;,
exists with p = 1). Middle, Step 2: Relabel pendant edges, construct a matching M (thick edges) covering vertices in
AU B (in this case, a = 1 and b = 1, so |A| = 14 and | B| = 2), and relabel edges in M. Bottom, Step 3: Greedily
label vertices to ensure distinct final weights.
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Let T be a tree of type A, distinct from a path. We map « from Ep to {1,2, ..., } as follows.
a(e;;) = min{g,t1}, where e;; is the gth element of E'p for some ¢ and j.

Select an exterior vertex v;, (if exists) with degree at least three, where iy € {1,2,...,e — 1} such
that 7y is minimal and

deg(vig)—1 [EP(vig)]
pP= Z n, + 2— by — Z a/(eioj) - (deg(vio) - ‘EP(’UZ'O)Dtl
z=1 j=1

is positive. Define e; Ep(vi,)| 48 the goth element of £,. Note that v;, exists only if e < t; —nj —1,
and when it does not exist, set p = 0 and gy = 1. As ny < t;, we observe that gy + p < ;. Let ¢
be an edge labeling of 7' defined in the following way.

¢(ei;) = aley) =min{g,t;} =g forg € [1, g0 — 1],

¢(ei;) = min{g + p,t1} for g € [go,n1 — p), (11)

¢le) =g+go+p—m—1 forgen—p+1n,

¢(e) =t foreveryedgee € E\Ep.
Thus every edge of 7" has label no larger than ¢; under ¢.
We next show that for i € [1,A] and j € [1,n,],
deg(v?})—l

Yo i1t <wglvf) it (12)
z=1

The upper bound arises as edges have labels up to ¢;. Next, we prove the lower bound, considering
only vertices of degree ¢ with temporary weights under ¢ less than i¢;. Thus, these must be exterior
vertices, and according to ¢ given in (11), their number is k, where k¥ < t; — 1. For ¢ € [1,2] and
J € [1,n], itis clear that
deg(vf})—1
w¢(v;§-) > Z n,+j+1—t.
z=1

So, it remains to prove that for i € [3, A] and j € [1,n;],

deg(vfj)fl
we(vf) = Y matjl-t (13)

z=1

If the exterior vertex v;, does not exist, then the lower bound (13) holds for i € [3,A] and j €
[1,n;]. If v;, exists with degree d where d > 3, then the lower bound (13) holds for i € [3, A]\{d}
and j € [1,n,]. With iy minimal, we have v, = v;,, and so

w(v]) =wo(viy)
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= Y bleing) + Deigimp)) + (deg(viy) — [Ep(vig) )ty
j=1

|Ep(vig)|—1
= Y aleiy) + g0+ p+ (deg(vig) — [Ep(vi) )t
j=1
|[Ep (vig)|—1 deg(vig)—1
= a(eig;) + go + (deg(viy) — [Ep(vig)|)tr + Z n.+2—t
|Ep(vig)|—1

- Z a(eioj) - a(eio\EP(vz‘Oﬂ) - (deg(vio> - ‘EP(’Uio)Dtl

Moreover, based on ¢, for 1 < j < j° < k, at least one pair e, e;; of pendant edges incident
respectively to v?} and v?}, gets distinct labels. This confirms the lower bound (13) for 7 = d and
J € [1,ng|, thus validating the inequality (12).

Theorem 4.1. Let T be a tree of type A other than a path. Then tvs(T) = t;.

Proof. Let T be a non-path tree of type A. From Lemmas 1.1 and 2.1, we have tvs(T") > t;.

Let  be a total labeling on vertices and edges of I" as defined in Theorem 3.1, with ¢ now
given in (11) and ¢ = ¢;. We conclude that ¢ is a vertex irregular total ¢;-labeling of 7', hence
tvs(T) = t;. O

5. Concluding remarks

We showed that the total vertex irregularity strength for all type A trees with maximum degree
at least three is ¢;. Additionally, we found that if 7" is a type B or C tree with maximum degree at
least three and at least min{t — 2n% — 1, n; — n}} exterior vertices of degree three or higher, where
ns counts exterior vertices of degree two, and

_Jta, ifTisatype B tree,
t3, if T'isatype C tree,

then tvs(7) = t. We also believe that the following conjecture is valid.

Conjecture 1. Let T be a tree with maximum degree at least three containing at most min{t —
2ny — 2,my — ny — 1} exterior vertices of degree at least three, where n’ is the number of exterior
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vertices of degree two, and

. to, ifT is a tree of type B,
ts, if T is atree of type C and ny # 3ng — ny — 1.

Then tvs(T) = t.

? 2

b A b v

2 7

; o8 ® !
¢ ¢

JoX o}

1 7 3 7

o e OO
Figure 4. A tree T' € T with tvs(T') = ts.

Let 7 be the set of all type C trees with ny = 3n3 — ny — 1, having at most min{t; — 2nj —
2,ny — n} — 1} exterior vertices of degree three or more. As shown in [14], an infinite number of
trees 7" in 7 exhibits tvs(T") = t3 + 1. On the other hand, a tree 7" in Figure 4 is a part of 7 and
tvs(T) = t3. These facts lead to the following problem.

Problem 1. Let T be a tree of type C containing at most min{ts — 2n; — 2,ny — n% — 1} exterior
vertices of degree at least three, where 1 is the number of exterior vertices of degree two. Find
the necessary and sufficient conditions for which tvs(T') = t3.

For a graph G = (V, ) of order n, the modular total vertex irregularity strength of GG, denoted
by mtvs(G), is the minimum k& for which there exists a mapping ¢ : VU E — {1,2,...,k} such
that the modular total vertex weights, wt(v) = o(v)+ >, o ¢(uv) (mod n), are all distinct. This
concept was established by Ali et al. [1] as a modification of the vertex irregular total labeling.
The subsequent property was proved in [1].

Theorem 5.1 ([1]). Let G be a graph. If vertex weights under a vertex irregular total tvs(G)-
labeling of G constitute a set of consecutive integers, then mtvs(G) = tvs(G).

Notice that in the proofs of Theorems 3.1 and 4.1, the weights of vertices with degrees one,
two, and three form the set of consecutive integers {2,3,...,ny + ny + ng + 1}. This, combined
with Theorem 5.1, yields the following corollary.

Corollary 5.1. Let T be a tree with maximum degree three. If T is of type A then mtvs(T) = t;.
Moreover, if T is of types B or C containing at least min{t — 2n3 — 1,n; — nk} exterior vertices
of degree three, where n} is the number of exterior vertices of degree two, and

. to, if T is atree of type B,
) s, if T is a tree of type C,
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then mtvs(T') = t.
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