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Abstract

Let G = (V, E') be a graph with n vertices and no isolated vertices. A local edge antimagic labeling
of G is a bijection f : V(G) — {1,2,...,n} such that the weights of any two adjacent edges in G
are distinct, where the weight of an edge in (G is defined as the sum of the labels of its end vertices.
Such a labeling induces a proper edge coloring of G, with edge weights serving as the colors. The
local edge antimagic chromatic number of G, denoted x;,,(G), is the minimum number of colors
used across all such labelings. In this paper, we investigate the local edge antimagic chromatic
number of comb product graphs, focusing on the case where a path graph is combined with copies
of other graphs—specifically paths, cycles, and ladders. The comb product of G and H, with
respect to an assigned vertex, is constructed by taking one copy of G and |V (G)| copies of H and
identifying the assigned vertex from the i-th copy of H to the i-th vertex of G.
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1. Introduction

Antimagic labeling was introduced by Hartsfield and Ringel in 1990 [11]. This concept was
later combined with graph coloring, leading to the introduction of a new term called local antimagic
vertex coloring of a graph by Arumugam et al. in 2017 [6]. In the same year, Agustin et al.
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proposed a variation of local antimagic coloring, known as local edge antimagic coloring of a
graph [2].

Let G = (V(G), E(G)) be a graph without isolated vertex. A bijection f : V(G) — {1,2,
..., |[V(G)|} is a local edge antimagic labeling of G if for any two adjacent edges uv,vx € E(G),
w(uv) # w(vz), where the weight of an edge uv is w(uv) = f(u) + f(v). A local edge antimagic
labeling induces a proper edge coloring of GG if each edge uv is given the color w(uv). The
minimum number of colors taken over all colorings induced by the local edge antimagic labeling
of G is called the local edge antimagic chromatic number of G, denoted by x;.,(G). It is obvious
that for any graph G, x).,(G) > x'(G), where x'(G) is the chromatic index of G. Let A(G) be
the maximum degree of . It is known that Vizing’s Theorem gives the bounds for the chromatic
index of a graph as cited in Theorem 1.1. From the theorem, we obtain x/.,(G) > X' (G) > A(G).

Theorem 1.1. [7] Every graph G satisfies A(G) < x'(G) < A(G) + 1.

Agustin et al. have determined the local edge antimagic chromatic number of several special
graphs, such as the path, cycle, friendship, ladder, and many more [2]. Moreover, they also found
the local edge antimagic chromatic number of graphs resulting from the corona product of any
graph and copies of K. In another study, Agustin et al. explored the local edge antimagic chro-
matic number of comb product of graphs [3]. Later on, Hadiputra and Maryati in [10] showed that
the lower bound of the local edge antimagic chromatic number of the comb product graph given in
[3] is inaccurate.

In 2019, Aisyah et al. studied the local edge antimagic chromatic number of the corona prod-
uct of paths and cycles, specifically path corona cycle, cycle corona path, path corona path, and
cycle corona cycle [4]. In 2022, Rajkumar and Nalliah studied the local edge antimagic chromatic
number of wheel related graphs [12]. Recently, Hadiputra and Maryati proved that every graphs
admit a local edge antimagic labeling [10]. They also characterized graphs G with x;.,(G) = 1
and determined the local edge antimagic chromatic number of comb product of K ,, and a graph
G with ., (G) = A(G).

The comb product of graphs was introduced by Accardi, Ghorbal, and Obata [1]. Let G and H
be connected graphs and o be a vertex of H. The comb product of G and H, denoted by G >, H,
is a graph obtained by taking one copy of G and |V (G)| copies of H and identifying vertex o of
the i-th copy of H to the i-th vertex of G, where i = 1,2, ..., |V(G)|. For copies of graph, we give
the definition of comb product as follows. Let F' and GG be connected graphs, H = tF fort > 1,
and o be a vertex of F'. The comb product of GG and H is a graph obtained by taking one copy of G
and |V (G)| copies of H and identifying vertex o of each F' of i-th copy of H to the i-th vertex of
G. Comb product graphs has been extensively studied in various aspects, including total coloring
[14], rainbow coloring [9], metric dimension [5, 13], and dominating number [8].

In this paper, we study the local edge antimagic chromatic number of comb product of path and
copies of some graphs—specifically paths, cycles, and ladder graphs. In addition, we also give the
local edge antimagic chromatic number of some copies of graph.

2. Results

In this section, we determine the local edge antimagic chromatic number of the path comb
copies of path, path comb copies of even cycle, and path comb copies of ladder. Note that if the
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edges of the path are deleted from the comb product of a path and tH, where H is any connected
graph, we will get the copies of the vertex identification of /7, where the maximum degree of the
resulting graph will be reduced by 2. Using this observation, we give the local edge antimagic
chromatic number of some copies of graph as a corollary.

Theorem 2.1. Let P, be a path of order n and o be a vertex of P,,. Form,n > 3 andt > 1, ifois
a leaf, then the local edge antimagic chromatic number of Py, >, t Py, is X|uu(Pm >0 tPy) = 2+ 1.
Otherwise, X ,(Pp >0 tFP,) = 2+ 2t.

Proof. Let P, = v1vs...v, and o be a vertex of P,.

Case 1. ois a leaf.
W.Lo.g., leto = v,,. Let P,,, >, tP, be a graph with V(P,, >, tF,) = {z;jr: 1 <i<n—1,
J<t,1<k<m}U{xoor:1<k<m}and E(P,, >, tFP,) = {xoorz1 % : 1 <j <t
k S TTL}U{.TO?07]€.T0’07]€+1 o1 S k S m—l}U{xﬁj’kal,j’k o1 S 7 S TL—Q, 1 SJ S t, 1 S k S m
Hence, |V (P, >, tP,)| = tm(n — 1) + mand |E(P,, >, tP,)| = tm(n — 1) + m — 1. Figure 1
provides an illustration of the graph.

1
1

IAINA

—

xnfl.l,lT xnfl.z,lT T Xn-14,1 Xn-1,1,2 I xnfl,Z,ZT T Xn-1,t,2 xrkl,l,mT Xn— l,Z,mT T Xn-1,6m

Xo1,1 Xota X212 Xat2 Xo1,m Xotm

1,11 X161 X112 X1,c,2 X1,1,m X1,em

X0,01 X0,0,2 Xo,0m

Figure 1. Graph P,, >, tP,, where o is a leaf of P,, with the vertex name.

Subcase 1.1. n is odd.
Form,n > 3 andt > 1, define f : V(P,, >, tP,) — {1,...,tm(n — 1) + m} as follows.
Forl <k <m,

tm (1) 4 B if k is odd,
f(l’o,o,k) = o1 ke g
tm("5=) +m — %52, if kiseven.
k

Forl1<i:<n—-1,1<j<t,and1 <

tm(=) —m(j —2) — &L, ifiis odd, k is odd,

tm(%) —m(j — 1) + &, if 7 is odd, k is even,
F@ir) = tm(==) +m(j — 1) + B, if i is even, k is odd,

tm(2=2=2) +mj — E2, if 7 is even, k is even.

From the labeling f, we obtain the weights of the edges in path P, for 1 < k < m — 1 are

tm(n —1)+m+1, if kis odd,

w(wooxx =
(Zo0szoos+1) {tm(n —1)+m+2, ifkiseven,
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the weights of the edges connecting P, and tF, for1 < j <tand1 < k < m are
w(zo,0 k1 jxk) =tmn —m(j —2)+ 1,

and the weights of the remaining edges intP, for 1 <:<n—2,1<j<t,and1 <k < m are

tm(n—1)+m+1, ifiisodd,
W(Ti@ir1n) = tmn+m+1, if 7 is even.

Note that if ¢ is odd, w(z; j kTit1,5,) for 1 < k < mequals w(zo0xTo,0k+1) When & is odd. If ¢
is even, then w(x; ; xTit1,;%6) = W(Zo0xk%1,1,%). Thus, the weights of the edges in ¢ P, are the same
as the weights of some of the edges in P, or the edges connecting P, and ¢ F,,, depending on the
parity of <.

Since 1 < j < t and w(zo0k21,5) depends on j, there are ¢ different weights of the edges
connecting P, and tP,. These weights are different from the weights of the edges in F,,. Con-
sequently, there are 2 + ¢ distinct edge weights. Therefore, we can conclude that x|, (P, >,
tP,) < 2+t. Since A(P,, >, tP,) = 2+ t, we obtain x],, (P >, tP,) > 2+ t. In conclusion,
Xiea(Pm 0 tP,) = 2 + tif o is a leaf of P, and n is odd.

Subcase 1.2. 7 is even.

For m,n > 3 and ¢t > 1, define f : V(P,, >, tP,) — {1,...,tm(n — 1) + m} as follows.
Forl <k <m,
tmn 4 m — ELif ks odd,

f(zook) = {tnin-l—k

5 if k is even.
For1<:<n—-1,1<j<tand1 <k <m,
tm (") + m(j — 1) + 52, ifiis odd, k is odd,
1 ) tm (=) + myj — B2, if 7 is odd, k is even,
IH tm(=) —m(j —2) — &L, ifiiseven, k is odd,
tm(=) —m(j — 1) + £, if 7 is even, k is even.

From the labeling f, we obtain the weights of the edges in path P, for1 < k < m — 1 are

tmn+m+ 1, if kis odd,
w(To0kTook+1) = {tmn +m, if k is even,
the weights of the edges connecting P, and tP, for1 < j <tand1 < k < m are
w(xorT1 k) =tm(n —1)+myj + 1,
and the weights of the remaining edges intFP, for1 <:<n—-2,1<j<t,and1 <k <m are

tmn+m+1, if 7 is odd,

tm(n —1)+m+1, ifiiseven.

W(T; ke Tit1,jk) = {
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Note that if ¢ is odd, w(x; ; x2it+1,x) for 1 < k < m equals w(xg 0 x%00k+1) When k is odd. If i
is even, then w(x; ; kTit1,j%) = W(To,0xT1,1,%)- Thus, the weights of the edges in ¢, are the same
as the weights of some of the edges in P, or the edges connecting F,,, and tF,, depending on the
parity of 4.

Since 1 < j < t and w(zoo k21 k) depends on j, there are ¢ different weights of the edges
connecting P, and tF,,. These weights are different from the weights of the edges in F,,. Con-
sequently, there are 2 + ¢ distinct edge weights. Therefore, we can conclude that x;., (P >,
tP,) < 2+t. Since A(P,, >, tP,) = 2+ t, we obtain X}, (P, >, tP,) > 2 + t. In conclusion,
Xjea (P 0 tP,) = 2+t if o is a leaf of P, and n is even.

From Subcases 1.1 and 1.2, we can conclude that x;,, (P, >, tP,) = 2+t if o is a leaf of P,.

Case 2. o is not a leaf.

Let o = v,, where ¢ ¢ {1,n}, and P,, >, tP, be a graph with V(P,, >, tP,) = {x;;x : 1 <
1<n—1,1<53<t1< k< 77”L}U{.CL'0707]C 1<k < m} andE(Pm >, tPn) = {x0,0,kle,j,k :
1 <j<t,1 <k <mpU{zoorZejn 11 < Jj<t1<k<m}U{zoorToortr 11 <
E<m-—1} U{xjprizijn 1 <i<q¢g—21<j<t1<k<m}U{x;rriv1nr :
g<i<n-21<j<t1<k<m} Hence, |V(P, >, tP,)| = tm(n — 1) + m and
(P >, tP,)| = tm(n — 1) +m — 1. Figure 2 provides an illustration of the graph.

Xq-111 T Xq-1,21 T T Xq-11 Xq-1,1.2 T Xq-122 T T Xq-1,t.2 Xq-1,1m T Xq-12m T T Xq-1,tan

X261 X212 X262 X2,1m X2,tm

X161 X112 X1t2 X1,1,m X1,tm

g1 Xq12 Xq2.2 Xqt2 Xq1,m Xq2, a.tm

Xg+1,21 Xg+1,61 Xg+1,1,2 Xq+1,2,2 Xg+1,62 Xq+1,1,m Xq+1,2m Xq+1,em

Xn-11,1 l Xn-12,1 l l Xn-1t1 Xn-112 l Xn-12,2 l l Xn-142 xnflyl,ml xn*LZ,ml l Xn-1tm

Figure 2. Graph P,, >, tP,,, where o is not a leaf of P,,, with the vertex name.

Subcase 2.1. ¢ is odd.
For m,n > 3 and ¢t > 1, define f : V(P,, >, tP,) — {1,...,tm(n — 1) + m} as follows.
Forl <k <m,

tm(5) + AL if k is odd,
f(fEO,O,k) = 1 k—2 . .
tm(%=) +m — 5=, if kiseven.
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For1<:<n—-1,1<j<tand1 <k<m

tm(n — ‘%) —m(j—2) — 52 ifi <g—1,iisodd,k is odd,
tmin— ) —m(j—1)+ %, ifi <g—1,iisodd, k is even,
tm(q_;_1)+m(j—1)+k—21, ifi <q—1,7iseven, k is odd,
£ ) tm(qféfl) +mj — %2, ifi <gq—1,7is even, k is even,
IH tm(n — 2HL)y —m(j —2) — &L, if i > ¢, is odd, k is odd,
tmn— Y —m(j — 1)+ %, ifi>q,iisodd, k is even,
tm(52) + mj + ifi > ¢, is even, k is odd,
tm(52) + m(j +1) — 52, ifi > ¢, is even, k is even.

From the labeling f, we obtain the the weights of the edges in path P, for 1 <k < m — 1 are

tm(qg—1)+m+1, ifkisodd,

w(xo ort =
(%o.0470.0+1) {tm(q —1)+m+2, ifkiseven,

the weights of the edges connecting P, and tP, for1 < j <tand1 < k < m are
w(zo0 k1 jk) =tmn —m(j —2)+ 1,

w(xo0kTq k) =tm(n—1) —m(j —2) + 1,

and the weights of the remaining edges in t P, for 1 < j <tand 1 < k < m are as follows.
f1<i<qg—2,

tm(n —1)+m+1, ifiisodd,
tmn+m+1, if 7 is even,

W(TijkTit1,5k) = {

andifg <1< n—2,

{tm(n — 1) +2m+1, ifiisodd,
WPk Tit1 k) = o
tm(n —2)+2m+ 1, ifiiseven.

Note that for 1 < i < g — 2, w(x;;xTit1,;%) equals w(zooxrrq1k) if 7 is odd and equals
w(xo 0,k71,1,%) if 7 is even. Meanwhile, for ¢ < i < n — 2, w(z; ; xTit1,5,) equals w(zo o rr1 k) if
i is odd and equals w(zo 0 Tq:) if 7 is even. Thus, the weights of the edges in ¢ P, are the same
as some of the weights of the edges connecting P, and tF,.

Since 1 < j <t and both w(xo21,k) and w(xep xx, ;) depend on j, there are 2t different
weights of the edges connecting P, and ¢ F,,. These weights are different from the weights of the
edges in P,,. Consequently, there are 2+ 2¢ distinct edge weights. Therefore, we can conclude that
Xjea (P 0 tP,) < 24 2t. Since A(P,, >, tP,) = 2+ 2t, we obtain x},, (P, >, tP,) > 2 + 2t.
In conclusion, x;,,(P, >, tP,) = 2+ 2t if 0 = v, is not a leaf of P, and ¢ is odd.
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Subcase 2.2. g is even.
Form,n > 3andt > 1, define f : V(P,, >, tP,) — {1,...,tm(n — 1) + m} as follows.
Forl <k <m,

tm(n —4)+m — 51, if kisodd,

tm(n — 1) + &, if k is even.

tm(S) +m(j — 1) + L ifi < g —1,4is odd, k is odd,
tm() + myj — A2, if1 < q—1,7is 0dd, k is even
tm(n — ) —m(j —2) — 51, ifi < ¢ — 1,iiseven,k is odd,
tm(n—qT_i)—m(j—l)+§, ifi <q—1,1is even, k is even,
S (@) = tm(n — 1) —m(j — 1) — 551, ifi > q,iis odd, k is odd,

tm(n — %) —mj+ g, if i > ¢,iis odd, k is even,

i 4om(j—1) 4+ &L, ifi > ¢, is even, k is odd,
\t%i%—mj—%, if © > g, is even, k is even.

From the labeling f, we obtain the the weights of the edges in path P, for 1 < k£ < m — 1 are

tm(2n —q) + m+ 1, if kis odd,

tm(2n — q) + m, if k is even,

w<IO,0,kx0,0,k+1) = {

the weights of the edges connecting P, and tP, for1 < j <tand 1 < k < m are
w(xoxT1 k) =tm(n —1) +mj + 1,

w(To 0 kTq k) = tmn+mj+ 1,

and the weights of the remaining edges in tP, for 1 < j <tand 1 < k < m are as follows.
f1<i<qg—2,

tmn +m+1, if 7 is odd,

tm(n —1)+m+1, ifiiseven,

W(TijkTit1 k) = {
andif ¢ <i1<n—2,

( ) tm(n+ 1)+ 1, ifidisodd,

IETEL. tmn + 1, if 7 is even.

Note that for 1 < i < g — 2, w(x;;xTit1,;%) equals w(zoorrq1k) if 7 is odd and equals
w(xo 0,k71,1,%) if 7 is even. Meanwhile, for ¢ < i <n — 2, w(w; jxTi+1,5x) equals w(xoorTqrk) if
i is odd and equals w(x x%1,) if ¢ is even. Thus, the weights of the edges in ¢ P, are the same
as some of the weights of the edges connecting P, and tF,.
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Since 1 < j <t and both w(x k21 k) and w(xo xx,, ;%) depend on j, there are 2t different
weights of the edges connecting P, and tF,. These weights are different from the weights of the
edges in P,,. Consequently, there are 2 + 2t distinct edge weights. Therefore, we can conclude that
Xjea (P 0 tP,) < 24 2t. Since A(P,, >, tP,) = 2+ 2t, we obtain ., (P, >, tP,) > 2+ 2t.
In conclusion, )., (P >, tP,) = 2 + 2t if 0 = v, is not a leaf of P, and ¢ is even.

Subcases 2.1 and 2.2 proved that x;., (P, >, tF,) = 2+ 2t if o is not a leaf of P,. O

Figures 3 and 4 illustrate examples of local edge antimagic labeling of P; >, 3 P; for o is a leaf
of P; with x}.,(Ps >, 3P;) = 5, and o is not a leaf of P; with ., (P >, 3Pr) = 8, respectively.

1@ 1 @ 7 @ 3@ 6 ® K J 2 5 @ s @
58 58 58 58 58 58 58 58 58
57 @ 54 @ 51 @ 55 @ 52 @ 49 @ 56 53 @ 50 @
67 67 67 67 67 67 67 67 67
0@ 13 @ 16 @ 12 @ 15 @ 18 ® 11 14 @ 17 @
58 58 58 58 58 58 58 SSL 58
48 45 L 42 46 43 L 40 47 @ 44 41
67 67 67 67 67 67 67 67 67
19 22 @ 25 21 24 @ 27 20 ¢ 23 @ 26
58 58 58 58 58 53 58 58 58
39 36 @ 33 37 4 @ 31 38 35 @ 32

64 64 64
&7 58 67 59 67
28 30 29

Figure 3. Local edge antimagic labeling of P3 >, 3P, where o is a leaf of P7, and x;,,(P3 >, 3P7) = 5.

Figure 4. Local edge antimagic labeling of P3 >, 3P, where o = v, is not a leaf of P7, and x7,,(Ps >, 3P7) = 8.

Corollary 2.2 provides a correction to the result presented in [3].
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Corollary 2.2. Let P, be a path of order n and o be a vertex of P,. For m,n > 3, if o is a leaf,
then the local edge antimagic chromatic number of P, >, P, is X|.,(Pm >0 P,) = 3. Otherwise,
Xiea(Prm Do Pn) = 4.

In the proof of Theorem 2.1, Case 2, it appears that the weights of the edges in P, are different
from the weights of other edges in P, >, tP,. There are 2 different weights on the edges in F,,,.
If the edges in P, are deleted, then the number of different edge weights and the maximum degree
of the resulting graph will both be reduced by 2. Therefore, we get Corollary 2.3.

Corollary 2.3. Let P, be a path of order n and v be a vertex of degree 2 of P,. For n > 3 and
t > 1, the local edge antimagic chromatic number of copies of the graph obtained by identifying
the vertex v from each copy of P, in tP, is 2t.

Theorem 2.4. Let P, be a path of order m, C,, be a cycle of order n, and o be a vertex of C,,.
For m,n > 3, nis even, and t > 1, the local edge antimagic chromatic number of P,, >, tC, is
Xjea (P B0 tCy) = 2 + 2.

Proof. Let o be a vertex of C,, and P,, >, tC, be a graph with vertex set V(P,, >, tC,) =
{roor : 1 <k <m}U{zp 1 <i<n—-11<j<t1l <k < m}andedge set
E(Py, >, tC) = {zo0xTo0k+1 : 1 <k <m—1} U{zoopzijr: 1 <j<t,1<k<m}U
{00 ptn-1jk 1 <J <1< E<myU{zju®ip1jp:1<i<n—21<757<¢1<k<m}
Thus, |V (P, >, tCy,)| = tm(n—1)+m and |E(P,, >, tC,)| = tmn+m — 1. Figure 5 provides
an illustration of the graph.

X211 2, Xn-2,2,1 X2 1m 1, X12m Xn-2,2,m

X1,1,m Xn-1,2,m

>
a'

Xo0,0,m

Xn-1,61 X161 Xn-1t2 X1,t,2 Xn-1,6;m X1,6m

Xn-2,t,1 X261 Xn-2,t,2 X2t2 Xn-2,tm X2,tm

Figure 5. Graph P, >, tC), with the vertex name.

The proof is divided into two cases, based on the divisibility of n by 4.
Case 1. n = 0 (mod 4).
For m,n > 3 and ¢t > 1, define f : V(P,, >, tC,) — {1,...,tm(n — 1) + m} as follows.
Forl <k <m,
tm—"—i—m—%, if k is odd,

f(zoor) = {therk

5 if k is even.
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For1<:<n—-1,1<j<t,and1 <k <m,

tm(Z—i—1)+m(j— 1)+ 5L ifi <2 —1,iisodd, k is odd,

tm(2 —i—1)+mj— 2, ifi <% —1,4is odd, k is even,

tm(2 +14) —m(j —2) — 52, ifi <% —1,iiseven, k is odd,
) = tm(2 +14) —m(j — 1) + &, ifi < 2 —1,iiseven, k is even,

. tm(i— %) +m(j — 1) + &2, if i > 2 iis odd, k is odd,

tm(i — ) +mj — 2, if i > %,41is odd, k is even,

tm(3 —i—1)—m(j —2) — 52, ifi > 2 iiseven, k is odd,

(tm(2 —i—1)—m(j — 1)+ %, if i > %, is even, k is even.

From the labeling f, we obtain the weights of the edges in path P, for 1 <k <m — 1 are

tmn+m+ 1, if kis odd,

w(To.0 kT =

(To0rT00kt1) {tmn + m, if k is even,

the weights of the edges connecting P, and tC,, for 1 < j <tand1 < k < m are
w(xoxT1jk) =tm(n —2) +myj + 1,

w(xo 0 pTn—1,k) = tm(n —1) +mj+ 1,

and the weights of the remaining edges in tC),, for 1 <1 <n—2,1 <j<t,and 1 < k < mare

(tmn +m + 1, ifi <™ —24isodd,

tm(n —2)+m+1, ifi <4 —2,diseven,
W(TjkTiv1jk) = S tm(n—1)+m+1, ifi=%—1,

tm(n —2)+m+1, ifi> 7, iisodd,

( tmn +m + 1, ifi > 7,718 even

Note that when ¢ < % — 2 and 7 is odd, or when ¢ > % and i is even, w(z; jx%it1,5,%) for any k
equals w(xo 0 x%00k+1) When k is odd. Moreover, when i < 5 — 2 and ¢ is even, or when i > 7
and i is odd, w(z; j kTit1,56) = W(T00k%1,1,k). Finally, w(z; jxTiv1k) = W(T0,0kTn-11%) When
i = 5 — 1. Thus, the weights of the edges in tC,, are the same as the weights of some of the edges
in P, or the edges connecting P, and tC,,, depending on the condition of :.

Since 1 < j < tand both w(xo k21 ) and w(zo o xrn-1 %) depend on j, there are 2¢ different
weights of the edges connecting P,, and tC,,. These weights are different from the weights of the
edges in P,,. Consequently, there are 2 + 2t distinct edge weights. Therefore, we can conclude that
Xjea (P B0 tCy) < 2+ 2t. Since A(P,, >, tC,,) = 2+ 2t, we obtain x),, (P, >, tCy) > 2+ 2t.
In conclusion, X, (P >, tC) =2+ 2t if n = 0 (mod 4).

Case 2. n = 2 (mod 4).

Form,n >3andt > 1, f: V(P, >, tC,) — {1,...,tm(n — 1) + m} is defined as follows.
Forl <k <m,
tm(52) + AL if k is odd,

2
tm( ™5

f(ﬂco,o,k) = {

2) +m — 52 if ks even.
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Fori>1,1<j<t,and1 <k <m,

(

tm(% +14) —m(j —2) — 52, ifi <% —1,4is odd, k is odd,
tm(2 +i) —m(j — 1) + &, ifi <2 —1,7is odd, k is even,
tm(Z—i—1)+m(j— 1)+ 5L ifi <2 —1,iiseven,kisodd,
tm(2 —i—1)+mj — 552, ifi < 2 —1,iiseven, k is even,
F@ijr) = tm(%” —i—1)—m(j—2)— %, if 1 > %,71s odd, k is odd,

tm(2 —i—1)—m(j—1)+%,  ifi> 2 iisodd, k is even,
tm(i — 2) +m(j — 1) + &, if i > %, i is even, k is odd,
(tm(i — %) +mj — 552, if i > & iis even, k is even.

From the labeling f, we obtain the weights of the edges in path P, for1 < k < m — 1 are

( ) tm(n —2)+m+1, if kisodd,

wW(To o kT =

OORT00kH tm(n —2)+m+ 2, if kiseven,

the weights of the edges connecting P,,, and tC,, for 1 < j <tand 1 < k < m are

w(zo0 k1 jk) =tmn—m(j —2)+ 1,

w(To,0kTn-1,4k) =tm(n —1) —m(j —2) + 1,
and the weights of the remaining edges in tC),, for 1 <1 <n—-2,1<j<t,and 1 < k < mare

(tm(n —2) +m+1, ifi<?—2iisodd,
tmn +m+1, ifi < % —2,iis even,
W(TjkTiv1jk) = §tm(n—1)+m+1, ifi=%—1,
tmn+m + 1, ifi > %,41s odd,
tm(n —2) +m+1, ifi> 7, iiseven.

Note that when ¢ < % — 2 and 7 is odd, or when ¢ > % and i is even, w(z; jx%it1,5%) for any k
equals w(xg 0 x%00k+1) When k is odd. Moreover, when i < 5 — 2 and ¢ is even, or when i > 7
and i is odd, w(z; j kTit1,56) = W(T00k%1,1,k). Finally, w(z; jxTiv1k) = W(T0,0kTn-11%) When
i = 5 — 1. Thus, the weights of the edges in £C,, are the same as the weights of some of the edges
in P, or the edges connecting P, and tC,,, depending on the condition of :.

Since 1 < j < tand both w(zo k21 ) and w(zo o xrn-1 %) depend on j, there are 2¢ different
weights of the edges connecting P,, and tC,,. These weights are different from the weights of the
edges in P,,. Consequently, there are 2 + 2t distinct edge weights. Therefore, we can conclude that
Xjea (P B0 tCy) < 2+ 2t. Since A(P,, >, tC,,) = 2+ 2t, we obtain X}, (P, >, tCy) > 2+ 2t.
In conclusion, X, (P >, tC) =2+ 2t if n = 2 (mod 4).

Cases 1 and 2 proved that x,, (P, >, tC,,) = 2 + 2t if n is even. O
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The following two figures provide examples of local edge antimagic labeling of P; >, 2C),,
where n is even. Figure 6 shows the labeling for P; >, 2Cs with ., (Ps >, 2Cg) = 6 and Figure
7 illustrates the labeling for Ps >, 2Cy with x;,,(P3 >, 2Cs) = 6.
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Figure 6. Local edge antimagic labeling of Ps >, 2C, where ., (Ps >, 2Cg) = 6.
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Figure 7. Local edge antimagic labeling of P; >, 2Cs, where x;,,(P3 >, 2Cg) = 6.

Corollary 2.5 provides a correction to the result presented in [3].

Corollary 2.5. Let P,, be a path of order m, C,, be a cycle of order n, and o be a vertex of
Cy,. For myn > 3 and n is even, the local edge antimagic chromatic number of P,, >, C, is
Xjea (P >0 Cp) = 4.

Ladder graph L,, is defined as the Cartesian product of F,, and F;. This graph has 2n vertices
and 3n — 2 edges.

Theorem 2.6. Let P, be a path of order m, L,, be a ladder graph of order 2n, and o be a vertex of
L,. Form,n > 3andt > 1, if o is a vertex of degree 2, then the local edge antimagic chromatic
number of P, >, tLy, is X|ou(Pm o tLy) = 2 + 2t. Otherwise, X}.,(Pm >0 tL,) = 2 + 3t.
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Proof. Let L,, be a graph with vertex set V(L,,) = {v; : 1 < i < 2n} and edge set E(L,) =
{viviz1 1 <i<n—1}U{vvgg :n+1<i<2n—1} U{vvo,41-; : 1 <i < n}. Therefore,
vertices vy, Up, Unt1, and vy, have degree 2, while the remaining vertices have degree 3. Let o be
avertex in L,,.
Case 1. o is a vertex of degree 2.

Let P, >, tL, be a graph with vertex set V (P, >, tL,) = {z;;x : 1 <1 <2n—-1,1 <7
t,1 <k <m}U{xoor : 1 <k < m} and edge set E(P,, >, tL,) = {To0rTookr+1 : 1
E<m-—-1}U{x;jxTiv1jk 1 <i<n—-21<j<t1<k<mpU{zTit1k:n
i <2n—2,1<j<t,1<k<m}U{xoornjr:1<7<t,1<k<m}U{xoortnjk:
1<j<t,1<k<m}U{zrtonijr:1<i<n—11<j<t 1<k <m}. Therefore,
\V(P,, > tL,)| = tm(2n — 1) +m and |E(P,, >, tL,)| = tm(3n — 2) + m — 1. Figure 8
provides an illustration of the graph.

IAIAIA

X2n-1,1,2 X2n-1,1,m

Xon-2,1,2 X2n-2,1,m
X1,11 X1,1,2 X1,1,m

X2,1,2 X2,1m
Xn+1,1,1 . Xn+1,1,2 Xn+1,1,m
Xn,1,1 Xn,1,2 Xn,1,m
Xn-1,1.2 Xn-1,1,m
-
-

L]
Xn-1,t,2
xn,t,l xn,t,z
Xn+1,t,1 Xn+1,t,2
X262

X1,1 X1,t,2
X2n-2,t,1 Xan-2,t2

Xan-1,t,1 X2n-1,t,2

-
L ]
-
Xn—1,t,;m
Xn,tm
Xn+1,tm
X2,tm

X1,t,m
X2n-2,t,m

X2n-1,t,m

Figure 8. Graph P,, >, tL,, where o is a vertex of degree 2 in L,,, with the vertex name.

Subcase 1.1. n is odd.

For m,n >3 andt > 1, define f : V(P,, >, tL,) — {1,..,tm(2n — 1) + m} as follows.

Forl <k <m,
k—1

tmn +m — 5=
f(l'o,o,k) = { 2

tmn + %,
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For1<:<2n—-1,1<j<t,and1 <k <m,

(tm(2n — i) —m(j — 2) — 52, ifi <n—1,iisodd, k is odd,
tm(2n — i) —m(j — 1) + &, ifi <n—1,iis odd, k is even,
—l—i if1 <n —1,4is even, k is odd,

(
(
tm(i—1)+m(j —1)
(
(
(

tm(i — 1) + mj — 2, ifi <n—1,iis even, k is even,
A P D)+ m(j — 1)+ 51 if i > n,iis odd, k is odd,
tm(2n —i — 1) + mj — 2, if i > n,iis odd, k is even,
tmi —m(j —2) — 52, ifi > n,iis even, k is odd,
(tmi —m(j — 1)+ %, if i > n,iis even, k is even.

From the labeling f, we obtain the weights of edges in path P, for 1 < k < m — 1 are

2tmn +m + 1, if kis odd,

2tmn + m, if k is even,

w(l’o,o,k%,o,kﬂ) = {

the weights of the edges connecting P,, and tL,, for1 < j <tand 1 < k < m are
w(To,0kTn-1,4k) = 2tm(n —1) +mj+ 1,

w(xo0kTn k) =tm(2n —1) +myj + 1,

the weights of the edges in the paths P, of the ladder graphs for1 <: <n —1,1 <5 <t and
1<k <mare
w(xi,j,kl?nfi,j,k) = tm(2n — 1) +m + 1,

and the weights of the remaining edges in tL, for1 < i <2n—2,i #n—1,1 < j <t, and
1 <k <mare
2tmn +m + 1, if 7 is odd,

2tm(n — 1) +m+ 1, ifiiseven.

W(TijkTiv1,jk) = {

Note that w(x; ; x%i11,;%) When 7 is odd equals w (o0 xZ0,04+1) When k is odd. On the other
hand, when i is even, w(x; ; x%it+1,%) equals w(zooxTn—1,1). Thus, the weights of the edges in
tL,, are the same as the weights of some of the edges in F,, or the weights of the edges connecting
P,, and tL,,, depending on the parity of 7. In addition, since w(z; j xTon—i j k) €quals w(xop xTn1 k),
we can conclude that the weights of the edges in the paths P, of the ladder graphs are the same as
the weights of some of the edges connecting P, and ¢ L,,.

Since 1 < j < tandboth w(xg g xTn_1k) and w(xg o Ty, k) depend on j, there are 2¢ different
edge weights. These weights are different from the weights of the edges in F,,,. Consequently, there
are 2+ 2t distinct edge weights. Therefore, we can conclude that x|, (P, >, tL,) < 2+2t. Since
A(P,, >, tL,) = 2 4 2t, we get X}, (Pm >0 tL,) > 2 + 2t. In conclusion, xj.,(Ppn o tLy) =
2 + 2t if o is a vertex of degree 2 in L,, and n is odd.
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Subcase 1.2. n is even.
Form,n > 3andt > 1, define f : V(P,, >, tL,) — {1,..,tm(2n — 1) + m} as follows.

Forl <k <m,
tm(n — 1) + 52, if k is odd,

tm(n — 1) +m — 52, if kis even.

f(fo,o,k) = {

For1<:<2n—-1,1<j<t,and1 <k <m,

(

tm(2n — i) —m(j — 2) — &2, ifi <n—1,iisodd,k is odd,
tm(2n — i) —m(j — 1) + £, ifi <n —1,iisodd, k is even,
tm(i — 1)+ m(j — 1) + =, ifi <n—1,iiseven,k is odd,
B tm(z’—l)—i—m'—%, ifi <n—1,7is even, k is even,
J (@) = tm(2n — i — 1) +m(j — 1) + 5L if i > n i is odd, k is odd,
tm(2n—i—1)+mj—%, if i > n,iis odd, k is even,
tmi —m(j —2) — &2, if i > n, i is even, k is odd,
(tmi —m(j — 1) + g, if i > n,iis even, k is even.

From the labeling f, we obtain the weights of edges in path P, for 1 < k < m — 1 are

2tm(n — 1) +m +1, if kisodd,
2tm(n — 1) +m+2, if kiseven,

w(130,0,k$0,0,k+1) = {

the weights of the edges connecting P,, and tL,, for1 < j <tand 1 < k < m are
W(T0,0 kTn-1,k) = 2tmn —m(j — 2) + 1,

w(xo,0kTn k) =tm(2n —1) —m(j —2) + 1,
the weights of the edges in the paths P, of the ladder graphs for1 <: <n—1,1 < j <t and
1 <k <mare
W(Ti jkTon—ijr) =tm(2n — 1) +m+1,

and the weights of the remaining edges in tL, for 1 < ¢ <2n—2,i #n—1,1 < j <t and
1<k <mare

2tmn +m + 1, if 7 is odd,

2tm(n —1)+m+1, ifiiseven.

W(TijkTir1,jk) = {

Note that w(z; j xZi+1j%) When ¢ is odd equals w(zo o xZn—1.1%). On the other hand, when 7 is
even, w(x; j xTit1,j%) equals w(zo o xTo0k+1) When k is odd. Thus, the weights of the edges in ¢ L,,
are the same as the weights of some of the weights of the edges connecting F,, and tL,, or the edges
in P,,, depending on the parity of i. In addition, since w(x; ; xTan—i k) equals w(xo o rTn1k), WE
can conclude that the weights of the edges in the paths P, of the ladder graphs are the same as the
weights of some of the edges connecting F,, and tL,,.
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Since 1 < j < tand both w(x g x2n_1,x) and w(xog xTy ;) depend on j, there are 2¢ different
edge weights. These weights are different from the weights of the edges in F,,,. Consequently, there
are 2+ 2t distinct edge weights. Therefore, we can conclude that x7,,, (P, >, tL,) < 2+2t. Since
A(P,, >, tLy,) = 2+ 2t, we get X}, (P > tL,) > 2 + 2t. In conclusion, X, (P >, tL,) =
2 4 2t if o 1s a vertex of degree 2 in L,, and n is even.

Subcases 1.1 and 1.2 proved that x)., (P, >, tL,) = 2 + 2t if 0 is a vertex of degree 2 in L,,.

Case 2. o is a vertex of degree 3.

Let 0o = v, be a vertex of L,,, where ¢ € {2,...,n — 1}. Note thatif g € {n +2,...,2n — 1},
the comb product of P,, and tL,,, with respect to the vertex o, is isomorphic to the comb product
whenqg € {2,...,n— 1}.

Subcase 2.1. o is adjacent to any vertex of degree 2 in L,,.

W.lLo.g., let o = vy. Let P, >, tL, be a graph with vertex set V (P, >, tL,) = {x; ;% : 1
i<2n—-1,1<j<t,1<k<m}U{zoor:1 <k <m} andedgeset E(P, >, tL,) =
{zoortoorsr 1 <k <m—1} U{zjp®ipr1jr :2<i<n—21<75<t1<k<m}pU
{ijpivije:n<i<2n—21<j<t,1<k<m}U{zopr1jr:1<j<t,1<k<m}uU
{zooprojn:1<j<t,1<k<mPU{xoorton—2,k:1<J<t,1<k<mpU{e jrron1k:
1 S ] S t, 1 S k S m} U {xi,j,kan—i—l,j,k ) S 1 S n — ]_, 1 S j S t, 1 S k S m} Therefore,
V(P >, tLy)| =tm(2n — 1) + mand |E(P,, >, tL,)| = tm(3n — 2) + m — 1.

For m,n > 3 and t > 1, define f : V(P,, >, tL,) — {1,..,tm(2n — 1) + m} as follows.
Forl <k <m,

[ IA

tm(2n —2) +m — 5L if kis odd,
f(zoor) = k P
tm(2n — 2) + 3, if k is even.

Forl1<j<tand1 <k <m,

o) tm(i— 1) +m(j — 1)+ &L, if kis odd,
T1jk) =
bk tm(i — 1) +mj — 52, if k is even,

tmi —m(j —2) — 52, if kis odd,

x n— . pr— . . . .
f(@on—1,5k) {tmz -m(j—1)+ 57 if k is even.

if2<i<n—-1,

tm(2n — i) —m(j — 1) — 51, ifiis odd, k is odd,

£ ) tm(2n — i) —mj + g, if 7 is odd, k is even,
Ik tmi+m(j— 1)+ %, if 7 is even, k is odd,
tmi + mj — 552, if  is even, k is even,
andifn < <2n — 2,
tm(i+1) —m(j — 1) — 51, if i is odd, & is odd,
£ ) tm(i +1) —mj + g, if 7is odd, k is even,
IH tm(2n —i—1)+m(j — 1) + &L, if i is even, k is odd,
tm(2n —i—1) + mj — 552, if i is even, k is even.
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From the labeling f, we obtain the weights of edges in path P, for 1 < k£ < m are

( ) 2tm(2n —2) +m+ 1, if kis odd,

w(To.0 kT =

OORTO0RTL 2tm(2n — 2) +m, if k is even,

the weights of the edges connecting P,, and tL,, for1 < j <tand 1 < k < m are
w(xop k1) = 2tm(n — 1) +mj + 1,

w(x0,0,kaj,k) = 2tmn + m] + 1,
w(:c070,kx2n,2,j,k) = tm(2n — 1) + mj + 1,
and the weights of the edges in the paths P, of the ladder graphs for 1 < j <tand 1 < k < m are
w(x jkTon—1,5k) = tm(2n —1) +m + 1,
andfor2<i<n-—-1,1<j5<t,and1 <k <mare
W(Zi 5k Ton—i—1,4k) = 2tmn + 1.

Finally, the weights of the remaining edges in L, for 1 < j <tand 1 < k < m are as follows.
If2<i<n-—2,

_Jtm(2n+1) +1, ifiisodd,

Wk Ti4150) = tm(2n — 1)+ 1, ifiiseven,

andif n <1 < 2n — 2,

tm(2n — 1)+ 1, ifi <2n —3,iis odd,
W(z; jkTiv1jk) = S tm(2n+1) + 1, if i < 2n — 3,4 is even,
2tmn+m+1, ifi=2n—2.

Note that for 1 < j <tand 1 < k < m,

w(xo,0kT2k), 1f2<i<n—214isodd,

w(To,0kT1k), 1H2<9<n—2iiseven,

w(Zo,0kT24k), 1fn <i<2n—3,0iseven,

( )
( )
W(T5 56 Tit1,5k) = § W(TooxpZiek), ifn<i<2n—3iisodd,
( )
( )

\w Z0,0,kT2,1,k), if1 =2n — 2.
Moreover, w($1,j,k$2nfl,j,k) = w(x0,0,kaan,l,k) and w(xi,j,kanfifl,j,k) = w<x0,0,kx2n72,t,k)~
Thus, the weights of the edges in tL,, as well as the weights of the edges in the paths P, of
the ladder graphs, are the same as the weights of some of the edges connecting F,,, and tL,,.

Since 1 < j < t and all w(zgorr1k), W(To0xkTa,k), and w(xopxTon—2 ;%) depend on j,
there are 3¢ different edge weights. These weights are different from the weights of the edges
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in P,,. Consequently, there are 2 4 3¢ distinct edge weights. Therefore, we can conclude that
Xiea(Pm Do tLy) < 24 3t. Since A(P,, >, tL,) = 2 + 3t, we get x.,(Pn >0 tLy,) > 2+ 3t. In
conclusion, x;,, (P >, tL,) = 2+ 3t if o is a vertex of degree 3 in L,, and is adjacent to a vertex
of degree 2 in L,,.
Subcase 2.2. o is not adjacent to any vertex of degree 2 in L,,.
Let o = v, be a vertex of L,,, where ¢ € {3,...,n —2}, and P,, >, tL,, be a graph with vertex set
V(P Dotly) ={xijr:1<i<2n—-1,1<j<t,1<k<m}U{zoor:1<k<m}and
edge set E (P, D>, tL,) = {xooxToort1 : L <k <m—1}U{z;jpxit16: 1 <i<qg—2,1<
J<t1<k<m}U{zijpzit1jr:q¢<i<n—21<j7<t,1<k<m}U{z;rTit1r:n <
i <2n—2,1<j<t1<k<m}U{zoorterjp:l <j<t,1<k<myU{zoortr:
1< <t 1<k <myU{zooptTon—qjr:1 < <t1 <k <mU{a pronijr:1 <<
¢— 1,1 <ji<t,1 <k<mpU{z rtonic1je:q<i<n—11<j<t1<k<m}
Therefore, |V (P, >, tL,)| = tm(2n — 1) + m and |E(P,, >, tL,)| = tm(3n —2) +m — 1.
Subsubcase 2.2.1. ¢ is odd.
Form,n > 3 andt > 1, define f : V(P,, >, tL,) — {1,..,tm(2n — 1) + m} as follows.
For1 <k <m,
tm(2n — q) +m — 521 if kis odd,
tm(2n — q) + £, if k is even.

f($0,0,k):{
Forl1<j<tandl1 <k <m,ifl1 <i<gq-—1,

tm(2n —i) —m(j —2) — %=L, ifiis odd, k is odd,
5 if 7 is odd, k is even,
tm(i—1)+m(j — 1)+ 5L ifdis even, k is odd,

tm(i — 1) +myj — &2 if 7 is even, k is even,

f(@ijn) =

ifg<i1<n-—1,

tmi+m(j — 1) + =2 if 7 is odd, k is odd,
tmi 4+ mj — %,
tm(2n — i) —m(j — 1) — 5L, if i is even, k is odd,

if 7 is odd, k is even,

f(@ije) =
tm(2n — i) —mj + £, if 7 is even, k is even,

ifn <1< 2n—q,

tm(2n —i—1)+m(j — 1)+ 5L, if i is odd, k is odd,
£ ) tm(2n—z—1)+m'—%, if 7 is odd, k is even,
Tijk) = s .
IH tm(i+1) —m(j — 1) — &1, if 7 is even, k is odd,
tm(i+1) —mj + g, if 7 is even, k is even,
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andif2n —g+1 <1< 2n — 1,

tm(2n —i—1)+m(j — 1)+ =1, ifiis odd, k is odd,

£ ) tm(2n — i — 1) + mj — £2, if 7 is odd, k is even,
o tmi —m(j —2) — %, if 7 is even, k is odd,
tmi —m(j — 1) + £, if 7 is even, k is even.

From the labeling f, we obtain the weights of the edges in path P, for 1 < k < m are

2tm(2n — q) + m+ 1, if kis odd,
2tm(2n — q) +m, if k is even,

w(xo,o,kxo,o,kﬂ) = {

the weights of the edges connecting P, and tL,, for1 < j <tand 1 < k < mare
W(xopTg—14k) = 2tm(n — 1) +mj + 1,

w(x0 0 kTq k) = 2tmn +mj + 1,
w(xo 0 kTon—qjk) =tm(2n — 1) +mj+ 1,

the weights of the edges in the paths P, of the ladder graphs for 1 < < ¢—1,1 < j <, and
1<k <mare
w(l'i%kl'zn,i,j,k) = tm(?n — 1) +m + 1,

andforg<i<n—1,1<j<t,and1 <k <mare
W(%5 5 kTon—i—1,5k) = 2tmn + 1.

Finally, the weights of the remaining edges in tL,, for 1 < j <tand 1 < k < m are as follows.
f1<i<qg-—2,

2tmn +m + 1, if 7 is odd,
2tm(n —1)+m+1, ifiiseven,

W(TijkTiv1,jk) = {

ifg<i1<n—2,
tm(2n — 1)+ 1, ifiisodd,
tm(2n + 1) + 1, ifiiseven.

W(TijkTit1,k) = {

andifn <1 <2n — 2,

(tm(2n + 1) + 1, ifi <2n—q—1,iisodd,

tm(2n — 1) 4+ 1, ifi <2n—q—1,iiseven,
W(Ti jkTig1 k) = § 2tmn +m + 1, ifi=2n—gq,

2tmn +m + 1, if1 > 2n —q—+1,41s odd,

(2tm(n — 1) +m+1, ifi>2n—q+1,iiseven.
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Note that for 1 < j <tand 1 < k < m,

w(xi,j,kxiﬂ,j,k) =

)
W(x00k%q1 k), if 1 <i<gqg-—2,7iiso0dd,

w(xoorTe—114%), if1<i<gqg—2iiseven,
w(xoprTe—14k), ifq<i<mn—27iisodd,
W(x0 0 kTqt k), ifg<i<n-—2iiseven,
w

g

o0 kTg-11k), ifn<i<2n—gqg—1,iiseven,

g

Z0,0,kT q,l,k) ifi=2n—gq,
Z0,0,kT q,l,k) 1f2n—q+1§z§2n—2,11sodd,

W(xoppTg—114%), if2n—q+1<4i<2n—2 iiseven.

w

(
(
(
(
(0,0k%qt k), ifn<i<2n-—q¢g—1,iis odd,
(
(
(
(

\

Moreover, w<xi,j,kx2nfi,j,k) = w<x0,0,kx2nfq,1,k> and w(xi,j,klﬁnfifl,j,k) = w(mo,o,k‘%anq,t,k)'
Thus, the weights of the edges in tL,, as well as the weights of the edges in the paths P, of
the ladder graphs, are the same as the weights of some of the edges connecting F,,, and tL,,.

Since 1 < j < tand all w(xogrTe—1,jk)> W(T0,0kTq k), and w(zoorTan—q k) depend on j,
there are 3¢ different edge weights. These weights are different from the weights of the edges
in P,,. Consequently, there are 2 4 3¢ distinct edge weights. Therefore, we can conclude that
Xjea (P 0 tLy) < 2+ 3t. Since A(Py, >, tLy,) = 2 + 3t, we get X)., (P >0 tLy) > 2+ 3t. In
conclusion, Xgea(Pm >, tL,) =2+ 3tifo = v, 1s a vertex of degree 3 in L,,, where ¢ is odd, and
o is not adjacent to any vertex of degree 2 in L,,.

Subsubcase 2.2.2. ¢ is even.

For m,n > 3 and ¢t > 1, define f : V(P,, >, tL,) — {1,..,tm(2n — 1) + m} as follows.

Forl <k <m,

f(xo,o,k:) = {

tm(2n — q) +m — 521, if kis odd,

tm(2n — q) + £, if k is even.

Forl1<j<tand1 <k <m,ifl1 <i<q—1,

f(@ige) =

ifg<i<n-—1,

f(@ijr) =

(i—1)+m(j—1)+ 5L ifiisodd, kis odd,
( , if 7 is odd, k is even,
tm(2n —i) —m(j —2) — 51, ifiiseven, k is odd,
( )

tm(2n —id) —m(j —1) + & if i is even, k is even,

tm(2n — i) —m(j — 1) — 51, if i is odd, k is odd,

tm(2n — i) —mj + g, if 7 is odd, k is even,
tmi +m(j — 1)+k—‘51, if 7 is even, k is odd,
tmi + mj — 52, if  is even, k is even,
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ifn <1< 2n—gq,

tm(i+1) —m(j — 1) — &1, if i is odd, k is odd,

tm(i+1) —mj + &, if i is odd, k is even,
U tm(2n —i—1)+m(j — 1) + =L if i is even, k is odd,

tm(2n —i—1)+mj — %, if 7 is even, k is even,

andif2n —g+1<1<2n—1,

tmi —m(j — 2) — 2, if 7 is odd, k is odd,

tmi —m(j— 1)+ g, if 7 is odd, k is even,
f@ige) = tm(2n —i—1)+m(j — 1) + &L ifiis even, k is odd,

tm(2n —i— 1) + mj — 552, if 7 is even, k is even.

From the labeling f, we obtain the weights of edges in path P, for 1 < k£ < m are

2tm(2n — q) + m+ 1, if kis odd,

wW(X0.0.6T =
( 0,0,k 0,0,k+1) {2tm(2n _ q) +m, if k is even,

the weights of the edges connecting P,, and tL,, for 1 < j <tand 1 < k < m are
w(x0 0 kTq—14k) = 2tm(n — 1) +mj + 1,

w(x0 0 kTq k) = 2tmn +mj+ 1,
W(xo,0kT2n—qjk) = tm(2n — 1) +mj + 1,

and the weights of the edges in the paths P, of the ladder graphs for 1 <: < ¢g—1,1 < j <, and
1<k <mare
W(Ti jkTon—ijr) =tm(2n — 1) +m+1,

andforg<i<n—1,1<j<t,and1 <k <mare
W(%5 5k Ton—i—1,5k) = 2tmn + 1.

Finally, the weights of the remaining edges in L, for 1 < j <tand 1 < k < m are as follows.
f1<i<qg-—2,

2tm(n — 1) +m+ 1, ifiisodd,

2tmn +m + 1, if 7 is even,

W(TijkTir1,k) = {

ifg<i<n-—2
tm(2n +1) + 1, ifiisodd,
tm(2n — 1) + 1, if i is even,

W( Tk Tig1jk) = {
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andif n <17 <2n — 2,

(tm(2n — 1) + 1, ifi <2n—q—1,iis odd,

tm(2n+1) + 1, ifi <2n—q—1,iiseven,
W(Ti j kTiv1,5k) = § 2tmn +m + 1, ifi=2n-—gq,

2tm(n —1)+m+1, ifi>2n—q+ 1,iis odd,

[ 2tmn +m + 1, if1 > 2n — g+ 1,4 is even.

Note that for 1 < j <tand 1 < k < m,

( . . ..
w(xoorTg-114%), if1<i<gq—2,iisodd,

(

W(20,0kTq1 k), if1 <i<gq-—2,iiseven,

W(Z0,0kTq,t k), if g <i<n-—2,iisodd,

w(zo 0 pTe—1.4k), ifqg<i<n—2iiseven,
W(TijkTiv15k) = § W(TookTe-14k), ifn<i<2n—qg—1,iisodd,

W(Z00 kTt k), ifn<i<2n-—q—1,iiseven,

w(Zo0kTq1k),  ifi=2n—gq,

w(TooxTq-11k), if2n—q+1<i<2n—24isodd,

w(ToorTerr),  if2n—q+1<i<2n—2.4iseven.

\

Moreover, w(ZijrTon—ijk) = W(T0,0kT2n—g1k) AN W(TijkTon—i-14k) = W(T0,0kT2n—gtk)-
Thus, the weights of the edges in tL,, as well as the weights of the edges in the paths P of
the ladder graphs, are the same as the weights of some of the edges connecting P, and tL,,.

Since 1 < j < tand all w(xo0xTq—1jk)> W(T0,0kTqk)> aDd W(T0 0 kT2n—q5%) depend on j,
there are 3¢ different edge weights. These weights are different from the weights of the edges
in P,,. Consequently, there are 2 4 3¢ distinct edge weights. Therefore, we can conclude that
Xiea(Pm o tLy) < 24 3t. Since A(P,, >, tL,) = 2 + 3t, we get ., (Pn >0 tLy,) > 2+ 3t. In
conclusion, x},, (P >0 tL,) = 2+ 3t if 0 = v, is a vertex of degree 3 in L,,, where ¢ is even, and
o is not adjacent to any vertex of degree 2 in L,

Subsubcases 2.2.1 and 2.2.2 proved that ., (P >, tL,) = 2 + 3t if o is a vertex of degree 3
in L,, and is not adjacent to any vertex of degree 2 in L,,.

From Subcases 2.1 and 2.2, it can be concluded that xj,, (P, &, tL,) = 2 + 3t if o is a vertex
of degree 3 in L,,. [

Examples of local edge antimagic labeling of P, >, 2L5 are presented in Figures 9 and 10. In
Figure 9, the graph is constructed by identifying a vertex of degree 2 in Ls and /., (Ps >, 2L5) =
6. Meanwhile, in Figure 10, the graph is obtained by identifying a vertex of degree 3 in L5 and
Xjea (P10 2L5) = 8.
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Figure 10. Local edge antimagic labeling of P, >, 2Ls5, where o is a vertex with degree 3 and x7,,(Ps >, 2Ls5) = 8.

In the proof of Theorem 2.6, Case 2, it appears that the weights of the edges in P, are different
from the weights of other edges in P, >, tL,. There are 2 different weights on the edges in F,,.
If the edges in P, are deleted, then the number of different edge weights and the maximum degree
of the resulting graph will both be reduced by 2. Therefore, we get Corollary 2.7.

Corollary 2.7. Let L,, be a path of order n and v be a vertex of degree 3 of L,.. For n > 3 and
t > 1, the local edge antimagic chromatic number of copies of the graph obtained by identifying
the vertex v from each copy of L,, intL,, is 3t.

3. Conclusions

In this study, we investigated the local edge antimagic chromatic number of comb product of
path with copies of path, path with copies of even cycle, and path with copies of ladder. In addi-

193



Local edge antimagic chromatic number of comb products | LJ. Chandra and D.R. Silaban

tion, we have also found the local edge antimagic chromatic number of copies of graph obtained
by identifying a particular vertex of degree 2 from some copies of path and copies of the graph
obtained by identifying a particular vertex of degree 3 from some copies of ladder. The results
found leads us to the following open problem.

Open Problem 1. Determine the local edge antimagic chromatic number of P,, >, tC, where
m,n >3, nisodd, andt > 1.
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