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Abstract

We generalize the idea of cofinite groups, due to B. Hartley, [2]. First we define cofinite spaces in
general. Then, as a special situation, we study cofinite graphs and their uniform completions.

The idea of constructing a cofinite graph starts with defining a uniform topological graph I', in
an appropriate fashion. We endow abstract graphs with uniformities corresponding to separating
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that for any cofinite graph there exists a unique cofinite completion.
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1. Introduction

Embedding an algebraic object into a projective limit of well-behaved objects is a frequently
used tactic in algebra and number theory.

1. If R is any commutative ring and [ is an ideal, then the /-adic completion of R is the
projective limit of the inverse system of quotient rings R/I", n > 0.

2. The case of R = Z and I = (p), where p is a prime, yields the p-adic integers. These rings
are instances of projective limits of finite rings, and thus are profinite rings.

3. In group theory, any residually finite group can be embedded in a [5] profinite group (i.e.,
projective limit of finite groups).

There is a topological approach to producing such projective limits known as completion. By
imposing a suitable topology on the object making it into a topological object so that Cauchy se-
quences or Cauchy nets can be defined and used to construct the completion. In the case of a
residually finite group, Hartley [2] introduced the terminology of cofinite groups.

Initially we note that, without some modification, the topological approach used in the classical
situations to construct and distinguish various completions breaks down for graphs in general. The
following easy example illustrates this point.

Example

Let I" be an abstract graph with V(I') = {z | z € Z}, E(T") = {e, | x € V(') \ {0}} with
s(e;) =x—1,ifx > 0,s(e;) =2+ 1,if x <0, t(e,) = x.
For each N € N, form the finite discrete graphs I'y where V(I'y) = {-N—1,--- ,0,--- | N+1},
ETly)={e. |z e V(I'n)\{0}}U{e, e} and s(e,) =2 —1,if 2 > 0, s(e,) =z + 1, if x <0,
tley) =, s(e) = N+1=t(e),s(e') = —-N —1=1t(e).

For all N € NU {0}, let us now define maps of graphs gy : I' — 'y via

x |lz] < N +1 e, |r]<N+1
gn(z) =< N +1 r>N+2 qnles)=<¢e x>N+2
—(N+1) z2<—(N+2) e < —(N+2)

Consider the uniformity ®; over I' which is induced by the fundamental system of entourages
Ry = (qn X qn) Y[D(T'w)]. Clearly, with respect to ®1, ¢y is uniformly continuous for all N €
N U {0}. Let 75, be the topology induced by ®,. If x € V(I'), then R[] = {z}. Similarly, if
e, € E(I'), then Ry [e,] = {e,}. Hence 74, represents the discrete topology over I'.

Now let us define ¢;;: I'; — I'; forall i < j € NU{0}}

r x| <i ex |z] <
viag(z) =<1 x>i+1 piles) =qe x>i+1
—i < —(i+1) e < —(i+1)

pij(e) = e, i) = ¢,
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Clearly, each ¢;; is a uniformly continuous map of graphs and for i = j, ;; = idr,. Also if
i < j <k, then @500, = @u. Hence (I';, ¢45)i<jenuqoy forms an inverse system of finite discrete
graphs. Then by Theorem 7.5, we can deduce that I' = lgnieNU ) I'; 1s a profinite completion of I'.

Now let us consider the following graph A, with V(A) = Z U {—o0, o0},
E(A) ={e, | x € V(T') \ {0,00, —00}} U {e, e'}. The source and target maps are defined as
s(ey) =x—1,ifx > 0,s(e;) =x+1,ifx <0,t(e;) =z, s(e) = 00 = t(e), s(e/) = —o0 = t(e).

Let Gy = {z|x > 0}, G2 = {z|z < 0}, G5 = {e.|z > 0}, Gy = {e.|z < 0}, p1 = 00, p2 =
e,p3 = —0o,py = €. Now let us define 7 by the collection of the open sets O C A such that
ON(AN [ULi{pi}]) is open in (A \ [UL,{p:}]), and for p; € O, [(A\ [Ui{p:}]) \ OIN G
is finite. Then 7 forms a topology over A and with respect to 7, A is compact, Hausdorff, totally
disconnected and thus a compactification (4 point) of the graph I'.

Let us define maps Oy : A — 'y via

x |lz] < N +1 e, |r]<N+1
On(x) =¢ N+1 r>N+2 Oy(e,)=qe x>N+2
—(N+1) 2<—(N+2) e < —(N+2)

On(c0) = N+ 1,0n(—00) = =N —1,0x(e) =e€,0n() =¢€.
Clearly each 0y is a uniformly continuous map of graphs.

Thus (A, On) venufoy is compatible with the inverse system
(I's, ¢4j)i<jenugoy and thus there exists a uniformly continuous map of graphs 6: A — T such that
for the canonical projection maps
on: ' = I'y the following diagram commutes for all i < j € NU {0}:

A
On
0
r PN s Ty

Since for all N € NU {0}, 8y is surjective, [y = 6y(A) = o (6(A)). Thus §(A) = T'. But
since A is compact and I' is Hausdorff, #(A) is a closed subset of I' and thus #(A) = §(A) = T,
Hence 6 is onto. Also let 41, 0 in A be such that 0(d1) = 6(d2) and thus @ (0(d1)) = en(6(52)).
Then for all N € NU {0}, Oy5(d1) = On(92) and thus §; = J5. Hence @ is one one and thus 6 is a
continuous bijection from a compact space A to a Hausdorff space T and thus a homeomorphism.
Hence A is the cofinite completion of I'.

Let us now define X, with V(Xy) = {-N,---,0,--- ,N,N + 1}, E(Xy) = {e. | © €
V(En) \ {0}} U {etand s(e,) = o — 1, ifx > 0, s(e,) = z+ 1, ifx < 0, t(e,) = w, if
—N<z<N+1Ltlenin) =N+1,s(e) =N +1=t(e).

Let us now define map of graphs ¢i: I' — Xy via
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' (@) x ] < N (e) e |r] < N+1
T) = e;) =
v N+1 \x!2N+1qN e |z >N+2

Consider the uniformity ®, over T', consisting of the entourages Sy = (¢l X ¢) '[D(ZnN)]-
Clearly, with respect to 5, ¢}y is uniformly continuous for all N € NU{0}. Let 74, be the topology
induced by ®,. Now if z € V(I'), then R, [z] = {z}, similarly, if e, € E(T), Rj;|[ec] = {ez}.
Hence 74, represents the discrete topology over I too.

Now let us define ¢;;: ¥; — X; forall i < j € NU{0}} as follows:

x lx| < e |z <i+1
vi(x) = 9 . , Vij(ex) = .
i+1 |z >i+1 e x| >i+2

wij (6) = €.

Clearly, each 1);; is a uniformly continuous map of graphs and for ¢ = j, ¢;; = idy,, 7 < j <k,
Yij 0 Vi = Y. Hence (X;,145)i<jenuqoy forms an inverse system of finite discrete graphs. Then
by Theorem 7.5, we deduce that > = @ieNU ) 3); is a profinite completion of I'.

Finally, let us now consider the graph A, with V/(A") = Z U {0},
E(A") ={e, |z € V(A)\ {0,00}} U{e} with s(e,) =2z —1,ifz > 0,s(e,) =z + 1,ifz <0,
tles) =z, s(e) =00 =t(e). Nowlet Gy ={z |z € Z},Go ={e, | x € Z\ {0}},p1 = 00, p2 =
e. Now let us define 7/ by the collection of the open sets O C A such that O ((A’\ [UZ,{p;}]) is
open in (A’ \ [UZ,{p;}]), and for p; € O, [(A"\ [UL,{p:}]) \ O] G; is finite. Then 7 forms a
topology over A’ and with respect to 7/, A’ is compact, Hausdorff, totally disconnected and thus a
compactification (2 point) of the graph I'.

Let us define maps (y: A’ — Xy via

K || < N B
Cvle) = N+1 ]x|2N+1CN(€x)_

CN(OO> =N+1, CN(e) = e.

e |r] < N+1
e |z|>N+2

Clearly each ( is a uniformly continuous map of graphs.

So (A', (n)Nenufoy is compatible with (¥;,1;;)i<jenugoy and thus there exists a uniformly
continuous map of graphs (: A’ — ¥ such that for the canonical projection maps ¢y : ¥ — Xy
the following diagram commutes for all i < j € NU {0}:

A/
\NJ
R ¢
5 o s Y

Since for all N € NU{0}, (w is surjective, ¥y = (v (A’) = ¢n(C(A")). Thus ((A’) = X. But

~

since A’ is compact and ¥ is Hausdorff, ((A’) is a closed subset of - and thus ((A’) = ((A’) = 3.

350



Cofinite graphs and their profinite completions | A. Acharyya et al.

Hence ( is onto. Also let 67, 65 € A’ be such that ((07) = ((65) and thus x5 (¢(07)) = ¥ (C(55)).
Then for all N € N U {0}, (v (9]) = (n(55) and thus 6] = &5. Hence ( is one one and thus ( is a
continuous bijection from a compact space A’ to a Hausdorff space S and thus a homeomorphism.
Hence A is the cofinite completion of I'.

But A is not isomorphic to A’ as they are the two point and 4 point compactifications for I"
respectively. So the example indicates that different uniformities that induces the same topology
on a graph can lead us to two non isomorphic completions.

2. Preliminaries

2.1. Binary relations

Let X and Y be sets and let R C X X Y. Such a subset R is called a binary relation from X
to Y. For any 2 € X, we write R[z] = {y € Y | (z,y) € R}. More generally, for any subset A of
X, let R[A] = |U{R[a] | a € A}.

The inverse of a binary relation R C X x Y is the binary relation R~! C Y x X given by
R ={(y,z) | (z,y) € R}. The composition of binary relations RC X x Y and S CY x Zis
the binary relation SR C X x Z given by

SR = {(z, z) | there exists y € Y such that (z,y) € Rand (y,z) € S}.

The diagonal D(X) = {(z,x) | x € X} in X x X is the “equality” binary relation on X . For any
relation R C X x Y, note that the compositions R D(X) = Rand D(Y) R = R.

Note 2.1. Composition of binary relations is an associative operation: if R; C X; X X;41 is a
binary relation for i = 1,2, 3 then

(R3R)Ry = R3(RoRy).

Note 2.2. Let RC X X Y and S CY X Z be binary relations. Then

1. (SR)™'=R1'S7L
2. for any subset A of X, we have that (SR)[A] = S[R[A]].

Let T; C X, x Y; be a binary relation for ¢« = 1,2. Then we denote by 77 x T, the binary
relation from X; x X5 to Y; x Y5 consisting of all pairs ((z1, z2), (y1, y2)) such that (z;,y;) € T;
fort =1, 2.

Note 2.3. If R C X, x X is a binary relation, then S = (11 x Ty)|R)] is a binary relation from Y}
to Yy and
S = (Ty x T)[R] = | J{T1[x1] x Ta[za] | (w1,72) € R} = ToRIT}

XlLXQ

n| |m

Y, —2 5 Y,
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Equivalence relations

Let X be a set. A binary relation on X is a subset R C X x X. A binary relation R on X is
called an equivalence relation if it satisfies three properties:

1. Reflexive: R contains the diagonal D(X) = {(z,x) | x € X }.
2. Symmetric: R~! = R.
3. Transitive: R* C R.

It follows that if R is an equivalence relation, then R? = R. To see this suppose (z,y) € R. Then
this implies that (z,y), (y,y) € R by reflexivity of R and thus (z,y) € R? by transitivity of R.

Note 2.4. Let (R; | i € I) be a family of equivalence relations on a set X. Then the intersection
Nic; Ri is also an equivalence relation on X.

It follows that every relation .S on X is contained in a unique smallest equivalence relation—
namely, the intersection of all equivalence relations that contain S. We denote it by (S) and call it
the equivalence relation generated by S.

Note 2.5. Let Ry and Ry be equivalence relations on a set X. Then R;Rs is an equivalence
relation if and only if RyR1 = Ry Rs. In this case, RsRy = (R1 U Ry) = R Rs.

Note 2.6 (Modular Law). Let R, Ry, and R; be equivalence relations on a set X such that R C R;.
Then R(Rl N Rz) = Rl N RR2

Note 2.7. Let X,Y be two sets and f: X — Y be a function of sets. Let f = {(z,y) € X XY |
f(x)=y}and [~ ={(y,x) € Y x X | f(x) = y}. Then the following properties are true,

1. (f < f)[S] = fSf~, for all relations S on X and (f x f)"'[R] = f~'Rf, for all relations
R over'Y. (This is a particular case of 2.3)

2. The realtion K; = {(z1,13) € X x X | f(x1) = f(z2)} = (f ) = (f x )7 [DY)] is
an equivalence relation.

3. f(f7) € DY)

Theorem 2.8 (Correspondence Theorem). If f: X — Y is a map, then (f x f)7'[R] is an equiva-
lence relation on X, for all equivalence relations R over Y and if f is a surjection, also (f x f)[S]
is an equivalence relation on'Y , for all equivalence relations S over X, that contain Ky. Moreover
if R and S have finitely many equivalence classes in' Y and X respectively then (f x f)~'[R] and
(f x f)[S] have finitely many equivalence classes, in X and Y, respectively.

2.2. Cofinite equivalence relations on topological spaces

Note that if R is an equivalence relation on a set X, then
R = R* = J{Rla] x R[b] | (a,b) € R}.

Proof. R® = R?°R = RR = R? = R, as R is an equivalence relation. Thus [ J{R[a] x R[b] |
(a,b) € R} = RRR — RRR — R®. 0
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For topological spaces, this leads to the following observation.

Lemma 2.9. Let R be an equivalence relation on a topological space X. Then R is an open subset
of the product space X x X if and only if R|a| is an open subset of X, for each a in X.

Notice that in the situation of 2.9, the quotient space X /R has the discrete topology. Hence,
we will refer to such an equivalence relation R as being co-discrete. It should be noted that the
term “open’ for an equivalence relation on a topological space X typically means something else,
namely that the quotient map X — X/R is an open mapping.

Definition 2.10 (Cofinite equivalence relation). Let X be a topological space. A cofinite equiv-
alence relation on X is an equivalence relation R such that the quotient space X/R is a finite
discrete space.

In other words, an equivalence relation R on X is cofinite if and only if R is co-discrete and
there are only finitely many equivalence classes of X modulo R.

Lemma 2.11. Cofinite equivalence relations on topological spaces satisfy the following elemen-
tary properties:

1. The intersection Ry N Ry of two cofinite equivalence relations Ry, Ry on a space X is also
cofinite.

2. Let S be an equivalence relation on a space X. If S contains a cofinite equivalence relation,
then S itself is cofinite.

3. If Ry, Ry are commuting equivalence relations on a space X, and if one of Ry, Rs is cofinite,
then the product R Rs is also a cofinite equivalence relation.

4. If f: X — Y is a continuous map of topological spaces and R is a cofinite equivalence
relation on'Y, then (f x f)"'[R] is a cofinite equivalence relation on X.

5. If Ais a subspace of a topological space X and R is a cofinite equivalence relation on X,
then the restriction RN (A x A) is a cofinite equivalence relation on A.

6. If X is compact, then every co-discrete equivalence relation on X is cofinite.

3. Cofinite Spaces

We now turn our attention to uniform spaces. Unless otherwise stated, the topology on a
uniform space will always be the one induced by its uniformity.

Let X be a uniform space. By a cofinite entourage on X we will mean an entourage 12 which is
also a cofinite equivalence relation on X. As consequences of 2.11, we see that cofinite entourages
satisfy the following elementary properties:

Lemma 3.1. Let X and Y be uniform spaces.

1. The intersection Ry N Ry of two cofinite entourages Ry, Ry of X is also a cofinite entourage
of X.

2. Let S be an equivalence relation on X. If S contains a cofinite entourage, then S itself is a
cofinite entourage.
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3. If Ry, Ry are commuting equivalence relations on a space X, and if one of Ry, Rs is a
cofinite entourage, then the product R, R5 is also a cofinite entourage.

4. If f: X — Y is a uniformly continuous map and R is a cofinite entourage of Y, then
(f x f)7Y[R] is a cofinite entourage of X.

5. If X is compact and Hausdorff, then every co-discrete equivalence relation on X is a cofinite
entourage.

Definition 3.2 (Cofinite space). A cofinite (uniform) space is a uniform space X whose cofinite
entourages form a fundamental system of entourages (i.e., every entourage of X contains a cofinite
entourage).

Lemma 3.3. For a cofinite space X with a fundamental system of cofinite entourages, say, I, the
set 5 = {R[x] | x € X, R € I} forms the basis of the corresponding uniform topology and each
R[z] is clopen [1].

Examples 3.4. 1. Let GG be a cofinite group, i.e., a Hausdorff topological group in which the set of
all open normal subgroups of finite index forms a neighborhood base of the identity 1 € (. Then
for each open normal subgroup N of G, the subset Ry = {(a,b) € GxG | ab~! € N} is a cofinite
equivalence relation on GG. Furthermore, the set I = {Ry | NN is an open normal subgroup of G}
is a fundamental system of entourages for a uniformity on G that induces its topology. In this way,
we view G as a cofinite space.

2. Let X be a compact Hausdorff totally disconnected space. Then, endowed with the unique
uniform structure compatible with its topology, X is a cofinite space.

3. Let X be any set and let [ be a separating filter base of equivalence relations on X, each of
which has only finitely many equivalence classes. By this we mean that [ is a set of equivalence
relations that have only finitely many equivalence classes satisfying the two conditions:

(1) If Ry, Ry € I, then there exists R3 € I such that R3 C R; N R».
(ii) The intersection of all members of [ is the diagonal D(X).

Then [ is a fundamental system of entourages for a uniform structure making X into a Haus-
dorff cofinite space.

Cofinite spaces have the following elementary properties:
This following lemma is an analogue to similar works done in [2], but in the category of
general cofinite spaces.

Lemma 3.5. Let X be a cofinite space and let I be a fundamental system of cofinite entourages of
X. Then the following properties hold:

L IfW C X x X, then W = (g, (R X R)[W] = ey RW R and each RW R is a clopen
neighborhood of W in X x X.
2. If AC X, then A = Jp.; R[A] and each R[A] is a clopen neighborhood of A in X.

Lemma 3.6. Let X be a cofinite space and let I be a fundamental system of cofinite entourages of
X. Then the following statements are equivalent:
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1. X is Hausdorff;
2. X is totally disconnected;
3. Nger B = D(X);

Next we consider a general process for constructing cofinite spaces, using what is called
by N. Bourbaki, [1], "initial uniformities”.

Definition 3.7. Let X be a set, let (X;);c; be a family of sets, and let F = (f;: X — X;)ies be a
family of functions for X. We call F' a separating family of maps if for all x # y in X, then exists
i € I, such that f;(x) # fi(y) in X,.

Proposition 3.8. Let X be a set, let (X;);cr be a family of cofinite spaces, and let (f;: X — X,)ier
be a family of functions for X. Let S be the set of all equivalence relations on X of the form
(fi x fi) 7[Ry, where i € I and R; runs through a fundamental system of cofinite entourages of
X,. Finally, let B be the set of all finite intersections of members of S. Then B is a fundamental
system of entourages of a uniformity on X which is the coarsest uniformity on X for which all the
mappings f; are uniformly continuous. Endowed with this uniform structure, X becomes a cofinite
space. Moreover if each X; is Hausdorff and (f;: X — X;)ics is a separating family of functions
for X, then X is Hausdorff as well.

Here are two corollaries of this construction. Let X be as in Proposition 3.8.

Corollary 3.9. Ifh: Y — X is a mapping from a uniform space Y, then h is uniformly continuous
if and only if each mapping f; o h: Y — X, is uniformly continuous.

Corollary 3.10. The topology on X induced by the above uniformity is the coarsest topology for
which the f; are continuous.

3.1. Uniform subspaces of cofinite spaces

Recall that a uniform subspace of a uniform space X is a subset A, endowed with the coarsest
uniformity for which the inclusion mapping A — X is uniformly continuous. This uniformity is
called the uniformity induced on A by that of X.

In the case of a uniform subspace, Proposition 3.8, can be stated as follows.

Proposition 3.11. Let A be a uniform subspace of a cofinite space X. Then the family of all sets
of the form RN (A x A), where R runs through a fundamental system of cofinite entourages of X,
is a fundamental system of entourages of A. In particular, A is a cofinite space [3].

By Corollary 3.10, we see that the topology induced on a uniform subspace A of a cofinite space
X by its uniformity is the same as the subspace topology on A. Recall that the subspace topology
on A is the coarsest topology on A such that ¢ is continuous. Furthermore, we next observe that
restrictions of uniformly continuous maps to uniform subspaces are uniformly continuous.

Proposition 3.12. Let f: X — Y be a uniformly continuous map of cofinite spaces and let A,
B be uniform subspaces of X, Y such that f(A) C B. Then the restriction f|a: A — B is also
uniformly continuous [3].
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3.2. Products of cofinite spaces

Recall that if (X;);c; is a family of uniform spaces, then the coarsest uniformity on the Carte-

sian product
x=]]x
iel
for which the projections 7;: X — X, are uniformly continuous is called the product uniformity.
The set X together with its product uniformity is called the product uniform space of this family.
In the case of a Cartesian product of cofinite spaces, Proposition 3.8 yields the follow result.

Proposition 3.13. If X is the product uniform space of a family (X;);cr of cofinite spaces, then X
is a cofinite space.

By Corollary 3.10, the topology induced on a product uniform space X = [[.., X; of a family
of cofinite spaces is the same as the product topology on X Recall that the product topology on
X is the coarsest topology on X such that each projection 7;, for all 7 € I is continuous. In this
situation, Corollary 3.9 says: if f is a function from a uniform space Y into the product uniform
space X, then f is uniformly continuous if and only if the coordinate functions f; = m; o f are
uniformly continuous.

3.3. Inverse limits of cofinite spaces

Let (X, ¢;;) be an inverse system of sets indexed by a directed set /. We say that (X;, ¢;;)
is an inverse system of uniform spaces if (i) each X; is a uniform space, and (ii) for all = < 7,
@i+ X; — X is uniformly continuous. The set X = 1&1 X, endowed with the coarsest uniformity
for which the canonical maps ¢;: X — X; are uniformly continuous is called the inverse limit of
the inverse system of uniform spaces [9].

Equivalently, the inverse limit of an inverse system of uniform spaces (X, ¢;;) is the uniform
subspace of the product uniform space [ [,.; X; consisting of all points x such that

mi(x) = ¢ij(mj(x))

whenever ¢+ < j, and 7; is the regular projection map. Also the induced topology on the uniform
space X = lim X is the same as the inverse limit of the topologies on the X;; see [1, Chapter II,
82, no. 71.

In the case of an inverse system of cofinite spaces, Proposition 3.8 can be stated as follows:

Proposition 3.14. Ler (X, ¢;;) be an inverse system of cofinite spaces and let X = lim X; be the
inverse limit. For each 1 € I, let ¢;: X — X, be the canonical map. Then the collection of all
sets (¢; X ¢;) [ R;], where i runs through I and R; runs through a fundamental system of cofinite
entourages of X;, is a fundamental system of cofinite entourages of X. In particular, X is a cofinite
space [9].

As in any category, inverse limits of cofinite spaces are characterized by a universal property:
Let (X;, ¢;;) be an inverse system of cofinite spaces, let Y be a cofinite space, and let (g;: ¥ —
X,)ier be a compatible family of uniformly continuous maps. Here compatible means that ¢;;g; =
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g; whenever ¢ < j. Denote the inverse limit by X = @ X; and denote the canonical maps by
¢;: X — X;. Then there is a unique uniformly continuous map g: ¥ — X such that ¢;g = g; for
all 7 € I. The map g exists and is unique by the general theory of inverse limits of sets, and it is
uniformly continuous by Corollary 3.9 [9].

3.4. Sums of cofinite spaces

To begin with, let (X;);c; be an arbitrary family of uniform spaces. The uniform sum of this
family is the disjoint union X = J[,., X; endowed with the uniformity having a fundamental
system of entourages consisting of all sets of the form | J,., V;, where each V; is an entourage of
X;. Note that each X;, when identified with its image in X under the canonical inclusion map, is
a uniform subspace of X. For let iy, : X; — X be the corresponding inclusion map. Now let U =
U, Ui be an entourage over X. Let (z;,1;) € U;. Then (z;,y;) € U. So U; C (ix, x ix,) ' [U].
Hence i, is uniformly continuous. Also, (z;,v;) € U N ((ix, X ix,)[Xi X Xi]) © (zi,y:) € U,.
Hence U N ((ix, X ix,)[X; x Xi]) = U;.

Conversely, the next lemma gives a criterion for when a partition of a uniform space constitutes
a uniform sum decomposition.

Lemma 3.15. Let X be a uniform space and let (X;);c; be a family of uniform subspaces that
forms a partition of X. Suppose that whenever U; is an entourage of X; for each i € I, then
U,er Ui is an entourage of X. Then X = [[,.; X, the uniform sum.

Proof. Let U be an entourage over X. Then U; = U N (X; x X;) is an entourage over X;, Vi € I
Now J,.; U; is an entourage over X which is contained in U. Thus all sets of the form | J,_, Vi,
where each V; is an entourage of X, forms a fundamental system of entourages for the uniformity
over X. Hence X =[] ]

zEI

As a direct consequence of the above lemma one can claim that

Corollary 3.16. For a compact, Hausdorff topological space X if (X;)ier is a family of open
subspaces that forms a partition of X then X = [[,.; X

It should be noted that the underlying topological space of a uniform sum X of uniform spaces
(X )ies is the same as the topological sum of the underlying topological spaces of the X;;.
Uniform sums satisfy the following pasting lemma for uniformly continuous maps.

Lemma 3.17. Let X be the uniform sum of a family (X;);c; of uniform spaces. If f is a func-
tion from X to a uniform space Y, then f is uniformly continuous if and only if each restriction
x,;: X; = Y is uniformly continuous.

Proof. We already have noted that the inclusion maps ix, : X; — X are uniformly continuous for
alli € I.

Now let f: X — Y be uniformly continuous. Then f|x,: X; — Y can be realized as f o
tx,: X; — Y and hence is uniformly continuous for all 7 € 1.
Conversely, let each restriction f|x,: X; — Y be uniformly continuous. Then for any entourage U
over Y, the set U; = ( x,) " }(U) is an entourage over X; forall ; € I. Thus R = |

ZGI
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is an entourage over X. Let (z,y) € R so that there exists ¢ € [ such that (x,y) € U;. Now
(flx; x flx,)(z,y) € U sothat (f x f)(z,y) € U which implies that (z,y) € (f x f)7'U].
Hence R C (f x f)~![U]. Thus f is uniformly continuous. O

In general, the uniform sum of a family of cofinite spaces may not be a cofinite space. However,
this is true for finite uniform sums:

Proposition 3.18. The uniform sum X of a finite family (X;)"_, of cofinite spaces is a cofinite
space.

3.5. Quotients of cofinite spaces

In general, there is no obvious way to form quotients of uniform spaces. However, there is a
nice way to do this in the special case of cofinite spaces. First let us recall the correspondence
theorem from set theory.

Note 3.19 (Correspondence Theorem). Let q: X — Y be a surjective function and let K =
q tq={(x1,72) € X x X | ¢(x1) = q(x2)}. Then there is a one-to-one correspondence between
the set of all equivalence relations R on X such that K C R and the set of all equivalence relations
onY given by

R~ (g% q)[R] = qRq™".

Definition 3.20 (Uniform quotient map). Let X and Y be cofinite spaces. A map g: X — Y is
called a uniform quotient map if q is surjective and if for each equivalence relation R on Y, R is a
cofinite entourage if and only if (¢ X ¢)~'[R] is a cofinite entourage.

Uniform quotient maps of cofinite spaces satisfy a fundamental property analogous to that of
quotient maps of topological spaces.

Proposition 3.21. Let q: X — Y be a uniform quotient map of cofinite spaces. Then

1. q is uniformly continuous,
2. a function f from'Y to a uniform space Z is uniformly continuous if and only if f o q is
uniformly continuous.

Corollary 3.22. If q: X — Y is a uniform quotient map of cofinite spaces, then a function f from
Y to a cofinite space Z is a uniform quotient map if and only if f o q is a uniform quotient map.

Now we turn to constructing uniform quotients of a cofinite space. Let X be a cofinite space
and let / denote its filter base of cofinite entourages. Let an equivalence relation K on X be given
and set I’ = {R € I | K C R}. Denote the canonical map from X to the set of equivalence
classes X/K by ¢: X — X/K.

By the correspondence theorem, the collection J = {(q x ¢)[R] | R € I'} is a filter base
of equivalence relations on Y, each having finitely many equivalence classes. We see that J is a
fundamental system of cofinite entourages for a uniformity on the set of equivalence classes X /K.
We call this uniformity the quotient uniformity of X modulo K.

In general, the topology induced by the quotient uniformity of X modulo K is not as fine as
the quotient topology on X /K. For this reason, we write X // K for the set X/ K endowed with the
quotient uniformity of X modulo K and the topology it induces, reserving the notation X /K for
the quotient space (with the quotient topology).
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Definition 3.23 (Uniform quotient space). If K is an equivalence relation on a cofinite space X,
then X // K is called the uniform quotient space of X modulo K.

Lemma 3.24. Let X be a cofinite space and let K be an equivalence relation on X. Then the
canonical map q: X — X// K is a uniform quotient map.

Proof. 1t is obvious that ¢ is surjective. Now let S be a cofinite entourage over X//K so (q X
q)[R] C S for some cofinite entourage R over X, that contains K. So R C (g x q) (¢ x q)[R]] C
(g x q¢)~'[S]. Hence (q x q)~'[S] is a cofinite entourage over X. Now let (¢ x ¢)~![T7] is a cofinite
entourage over X, for some equivalence relation 7" over X//K. Note that (x,y) € K implies
that g(z) = q(y) so (q(z),q(y)) € T. So (z,y) € (¢ x ¢)~'[T]. So K C (g x ¢)![T]. Then
(g X @)[(¢ x q) YT]] = T is a cofinite entourage over X//K. Hence ¢ is a uniform quotient
map. 0

Proposition 3.25. Let f: X — Y be a uniform quotient map of cofinite spaces and let K = f~'f.
Then there is an isomorphism of uniform spaces X // K — Y given by K|x] — f(z).

X % .y

|

X//K

Proof. Let us define §: X//K — Y via §(K[z]) = f(x). Notice that K[z]| = K[y| & (z,y) €
K < f(x) = f(y). Hence 0 is well defined and an injection. Now let y € Y. Since f is a
surjection, there exists x € X such that f(z) = y. Then 0(K|[z]|) = f(z) = y. Thus € is surjection
as well. Now let R be a cofinite entourage over Y. Then (f x f)~![R] is an cofinite entourage
over X containing K.Thus we claim (¢ x ¢)[(f x f)~*[R]] is a cofinite entourage over X // K. Let
(K[z], K[y]) € (gxq)[(fx f)"'[R]]. Then we get (p,r) in (f % f)~*[R] such that K[z] = K[p] and
Kly| = K|r] which implies that (8(K[z]), 6(K[y])) = (6(K[p)), 0(K[r])) = (f(p), f() € .
This shows that (0 x 6)[(q x ¢)[(f x f)7[R]]] € R and thus (q x ¢)[(f x f)"'[R]] is a subset of
(6 x 0)~'[R]. Hence @ is uniformly continuous.

Now let S be a cofinite entourage over X //K. Then there exists 7" a cofinite entourage over
X, containing K such that (¢ x ¢)[T] C S. But then (f x f)[T] is a cofinite entourage over Y.
Moreover we have (f x f)[T] = (6 x 0)[(q x ¢)[T]] C (0 x 6)[S] = (6~ x 671)[S]. Hence 6!
is uniformly continuous as well. Thus our claim follows. [

It should be noted that, although a uniform quotient space X//K has a fundamental system
of entourages consisting of cofinite entourages, it may not be Hausdorff, even if X is a cofinite
Hausdorff space. We give the following answer to the question as to when X // K is a Hausdorff
cofinite space.

Proposition 3.26. Let X be a cofinite space and let I be the filter base of cofinite entourages of
X. If K is any equivalence relation on X, then the following conditions are equivalent:

1. X//K is a Hausdorff cofinite space;
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2. M{R|Re€land K C R} =K.

Proof. (1) = (2):

Let X//K be Hausdorff. Since X C R for all R in I, we obtain K C ([{R | R € I and
K C R}. Now let (z,y) € ({R | R € I and K C R}. This implies (q(z),q(y)) € (¢ x ¢)[R],
for all R € I whenever R contains K. But X//K is Hausdorff so we conclude that ¢(z) = q(y).
Thus K[z] = Kly]. Hence (z,y) € K. So,

({RIREI,KCR}=K

2) =(1):

Let us now take (\{R | R € [ and K C R} = K. Now if K[z] # K[y] in X//K, we
have (z,y) ¢ K. Hence there exists some R € I containing K such that (z,y) ¢ R. But
then (q(z),q(y)) = (Klz], K[y]) does not belong to (¢ x ¢q)[R]. Otherwise 3(¢,s) € R so that
q(t) = q(z) and q(y) = q(s). Then (z,t) € K C R, (t,s) € R,(s,y) € K C R, which implies
(x,y) € R, acontradiction. Hence X // K is a Hausdorff cofinite space. O

Note that we do not even require X to be Hausdorff in the above cases.

In some important special cases, the uniform quotient space of a cofinite space X modulo
an equivalence relation K is equal to its quotient space X /K (as topological spaces). To give a
necessary and sufficient condition for this to hold, we first make some general observations about
quotients of topological spaces.

Let K be an equivalence relation on a topological space X and denote the canonical quotient
map by ¢: X — X/K. We say that a subset B C X is K-saturated if K[B] = B. It is easy to
check that the intersection of any family of K -saturated subsets is again / -saturated.

Let {B) | A € A} be a family of K-saturated subsets of X. Then for all A in A, K[B,] = B,.
Let B = [),cp Bx and # € K[B]. Then there exists some b in B such that z € K[b]. Hence
r € Kb € K[B,] = By, forall A\ € A. Thus z € (., Bx = B. So K[B] € B C K[B]. Thus
K[B] = B.

Hence, for any subset A of X, there is a unique smallest K -saturated closed subset A of X
with A C A”; simply let A’ be the intersection of the family of all closed K -saturated subsets of
X that contain A.

Lemma 3.27. For any subset A of X, we have q(A") = q(A).

S

Proof. Let us first see that ¢! (q(A")) = K[A"] = A"

Now = € qil(q(zs)) < q(x ) q(A ) < there exists t € A” such that (t) = q(z) < (t, ) €
K <z e K[t] C K[A"]. Soq'(¢g(A")) = A" and hence q(A”) is closed in X/K. Then A C A°
implies q(A) C q(A") and thus ¢(A) ) q(A%) = q(A).

Since ¢(A) is closed in X/K, ¢ (q A)) is closed in X. Clearly, A C A C ¢ '(q(A)) C
¢ (q(A)). Now let z € K[g*(q(A))]. This implies that there exists ¢ e q 1(ﬂ) such that
r € K[t]. Then (t,x) € K, where q(t) € q(A), so q(z) = q(t) € q(A) and thus = € ¢~ (q(A)).
Hence K[q~'(q(A))] € ¢ '(4a(A)) S Klg '(¢(A)). So Klg '(a(A)] = ¢ (q(A)) Thus
¢ '(q(A)) is a K- saturated closed subset of X containing A and hence A° C ¢~'(
we get ¢(A”) C q(¢ ' (q(A))) = q(A). Hence our claim ¢(A") = ¢(A). O

Q
—
~—
~—
=
a
=]
o
(¢

360



Cofinite graphs and their profinite completions | A. Acharyya et al.

Theorem 3.28. Let X be a cofinite space and let K be an equivalence relation on X.

1. The identity map id: X/K — X//K is a continuous bijection.

2. The identity map id: X/K — X//K is a homeomorphism (i.e., the topology induced by the
quotient uniformity of X modulo K and the quotient topology are the same) if and only if K
satisfies the property: for each subset A C X, the K -saturated closure A° = (\R[A], as R
runs through all cofinite entourages of X such that K C R.

Proof. We will prove the results in the order they appear.

1. Its obvious thatid: X/K — X//K is abijection. Now let O be open in X // K. More over let
us take z € ¢~ (id~*(O)) so that K[z] € id~'(O) = O. Hence there is a cofinite entourage
R over X such that K[x] € (¢ x q)[R|[K[z]] € O. Now lett € R|x]. Hence (z,t) € R
which implies that (K [z], K[t]) € (¢ x ¢)[R]. Therefore K[t] € (¢ x ¢)[R][K[z]] C O, so
t € ¢71(0). Hence x € R[z] C ¢ '(O). Hence ¢ '(O) is open in X. Thus O is open in
X/ K, proving the continuity of id.

2. Let us first assume that id is a homeomorphism between X/K and X//K.LetI' = {R | R
is a cofinite entourage over X and K C R}. Now for any subset () of X // K we observe that
the closure of Q, @ = (g (¢ x ¢)[R][Q]. As id is a homeomorphism it is also a closed
map. So ¢(A) = Ag. We also can now claim that (., (¢ x ¢)[R|[Ax] = Ak, and so it
follows from Lemma 3.27

A =g @) = @) = 07 (A
If z € A it follows that ¢(z) € A, which implies that for all R € I’ there exists ag € A
such that g(z) € (¢ x ¢)[R]lg(ar)]. Then (g(ar),q(x)) € (¢ x q)[R]. Hence 3(t1,,t25,) €
R, for all R € I’ such that ¢(t1,) = q(agr) and ¢(t2,,) = q(z). So (ar,t1,) € K C
R, (t1,,t2,) € R, (tap,2) € K C R.VYR € I'. Thus (ag,x) € R,VR € I'. Sotz €
Rlag],VR € I' and thus = € (., R[A].
On the other hand, let us take y € ()., R[A]. This implies that for all R in I’ there exists
br € Asuchthaty € R[bg]. So (bg,y) € R, for all R € I'. This implies that (q(bgr), q(y))
isin (¢ x q)[R], forall R € I',s0 q(y) € Ak, and therefore y € ¢~ '(Ag,) = A". Thus A" =
Nger RIA]. Let us now note that Ag, = ((¢Rq ")[Ax] = N(RK)[A] = Naq(R[A])
as K C Rand for all R € I’, Hence Ax, = (q¢")(Na(R[A])) = ¢(N(KR)[A]) =
Q(mReI’ R[A])). .
Conversely, let us assume that A~ = ()., R[A]. We will first see that for any sub-
set A of X/K, ¢7'(A) is K-saturated. For, z € K[gq '(A)] implies that there exists
a € ¢ '(A), such that (a,r) € K and then ¢(x) = g(a) € A. Hence z € ¢ '(A). So
Klqg Y (A)] € ¢'(A) C K[g'(A)]. Hence K[g~1(A)] = ¢ (A). Now let B be closed
in X/K. Then C' = ¢'(B) is closed in X. Hence C is a closed K-saturated subset of X.
Hence we claim that C' = C” = (,,, R[C.

X//K

We now want to prove that B = ¢(C') = (e (¢ % ¢)[R][q(C)]. To see this let s € ¢(C').
This implies that there exists t € C' such that s = ¢(t) and for some by € R[C],VR € I
and (bg,t) € R. Then (q(br),q(t)) € (¢ x q)[R]. Hence, for all R € I’ there exists
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s € (¢ x q)[R][a(br)] € (¢ x ¢)[R][¢(C)] and thus s € Nz (g x q)[R][g(C)]. For the
other way, let z € (o, (¢ x q)[R][q(C)]. This implies there exists cy € C such that

(q(cr),2) € (¢ x q)[R], for all R € I" and so for all R € I’, there exists (m,n) in R such
that g(m) = q(cgr),q(n) = z. Then, forall R € I’ (cg,m) € K C Randso (cg,n) € R,

for all R € I'. Consequently, for all R € I',nin R[cg| C R[C],son € (g, R[C] = C.
Thus z = q(n) € ¢(C). S we get our final claim B = (. (¢ X ¢)[R][¢(C)] = B and

so id is a closed map and thus is a homeomorphism.

]

Corollary 3.29. If K is an equivalence relation on a cofinite space X such that X /K is compact
and ({R|R€ land K C R} = K, thenid: X/K — X//K is a homeomorphism.

Proof. By Proposition 3.26, X// K is Hausdorff and so id is a continuous bijection from a compact
space to a Hausdorff space and thus is a homeomorphism. 0

Corollary 3.30. If X is a cofinite space and R is a cofinite entourage of X, thenid: X/R — X//R
is a homeomorphism.

Proof. First let us take I = {S | S is a cofinite entourage over X and R C S}. Since R is a
cofinite entourage, X /R is finite discrete and thus compact. Also

({SeLRCS}=R

and thus by Proposition 3.26, X// R is Hausdorff, so by the previous corollary, id: X/R — X//R
is a homeomorphism. [

4. Inverse limits of compact Hausdorff spaces

We begin with some observations about general inverse systems of topological spaces. Let
(X5, ¢i;) be an inverse system of topological spaces indexed by a directed set /.

Note 4.1. Let X denote the inverse limit of (X;, ¢;;) and let ¢;: X — X, be the canonical map
foreachi € I.

1. The family of sets ;' (U;), where i € I and U; is open in X, is a basis for the topology of
X.
2. Let A be a subset of X and write A; = ¢;(A) for eachi € I. Then

A=(¢7"(A) = lim 4;.
el

3. If Ais a subset of X satisfying ¢;(A) = X, forall i € I, then A is dense in X.
4. If f:Y — X is a function from a space Y, then f is continuous if and only if each compo-
sition ¢; f is continuous.

Next we specialize to compact Hausdorff spaces.
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Note 4.2. Let (X;, ¢;;) be an inverse system of non-empty compact Hausdorff spaces indexed by a
directed set 1. Then the inverse limit X = l'&nXi has the following properties:

1. X is a non-empty compact Hausdorff space.

2. $i(X) = ;s 9ij(X;) for each i € I.

3. If A, B are disjoint closed subsets of X, then there exists i € I such that ¢;(A), ¢;(B) are
disjoint closed subsets of X;.

4. If'Y is a discrete space and f: X — Y is a continuous map, then f factors through some
X, i.e., for some k € I there is a continuous map h: X — Y such that f = hoy.

Note 4.3. The following conditions are equivalent for any compact Hausdorff space X :

1. X is totally disconnected;

2. the clopen subsets of X form a basis for its topology;

3. ({R | R is a co-discrete equivalence relation on X } is equal to the diagonal of X x X;
4. X is Hausdorff cofinite space, when endowed with the unique uniform structure;

5. X is the inverse limit of an inverse system (X;, ¢;;) of finite discrete spaces.

Lemma 4.4. Let X be a compact Hausdorff space and let x € X. Then the intersection of all
clopen subsets of X that contain x is equal to the component of .

Definition 4.5 (Profinite space). A compact Hausdorff space X that satisfies the equivalent condi-
tions of the previous result is called a profinite space.

We will always assume that a profinite space X is endowed with the unique uniform structure
that induces its topology, and hence, by 4.3(4), X is a Hausdorff cofinite space. Thus profinite
spaces are precisely the compact, Hausdorff cofinite spaces.

5. Topological graphs

Definition 5.1 (Topological Graphs). A topological graph [4] is a topological space I that is parti-
tioned into two closed subsets V' (I') and E(I") together with two continuous functions s, t: E(I") —
V(I") and a continuous function ~: E(I') — FE(I") satisfying the following properties: for every
ee E),

l.e#cande = ¢
2. t(e) = s(e) and s(e) = t(e).

The elements of V(I") are called vertices. An element e € E(T") is called a (directed) edge with
source s(e) and rarget t(e); the edge € is called the reverse or inverse of e.

A map of graphs f: I' — A is a function that maps vertices to vertices, edges to edges, and
preserves sources, targets, and inverses of edges. Analogously, we will call a map of graphs a
graph isomorphism if and only if it is a bijection.

An orientation of a topological graph I' is a closed subset E*(I") consisting of exactly one
edge in each pair {e, €}. In this situation, setting £ (I') = {e € E(') | e € ET(I")} we see that
E(T) is a disjoint union of the two closed (hence also open) subsets E+(T"), E~(T).
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Note 5.2. Let I' be a topological graph. The following are equivalent:

1. T admits an orientation;

2. there exists a continuous map of graphs from I to the discrete graph with a single vertex and
a single edge and its inverse;

3. there exists a continuous map of graphs f: I' — A for some discrete graph A.

Conceivably there are topological graphs that do not admit closed orientations. However such
graphs will not concern us. Therefore, unless otherwise stated, by a topological graph we will
henceforth mean a topological graph that admits an orientation.

We will be interested in equivalence relations on graphs that are compatible with the graph
structure:

Definition 5.3 (Compatible equivalence relation). An equivalence relation R on a graph I is com-
patible if the following properties hold:

1. R = Ry URpg where Ry, R are equivalence relations on V' (I"), E(T"), precisely the restric-
tion of R;

2. if (e1,e2) € R, then (s(ey), s(e2)) € R, (t(e1),t(e2)) € R, and (€1,€2) € R;

3. foralle € E(I), (e,€) ¢ R;

Note 5.4. If K is a compatible equivalence relation on T, then there is a unique way to make T’/ K
into a graph such that the canonical map I' — T'/K is a map of graphs. It is defined by setting

s(Kle]) = Kls(e)], t(Kle]) = K[t(e)], and Kle] = K[e].

Conversely, if A is a graph and f: I’ — A is a surjective map of graphs, then K = f=1f =
{(a,b) € T'xT' | f(a) = f(b)} is a compatible equivalence relation on I" and f induces an
isomorphism of graphs such that '/ K = A.

Note 5.5. If Ry and Rs are compatible equivalences on I, then so is R1 N Ra.

Theorem 5.6. Let R be any cofinite equivalence relation on a topological graph I'. Then there
exists a compatible cofinite equivalence relation S on I such that S C R.

Proof. Extend the source and target maps s,¢: E(I') — V(I') to all of I" so that they are both the
identity map on V/(I'). Then s,¢: I" — I are continuous maps satisfying the following properties:

e s2=35,t>=1t,st=t, andts = s;
o 5(x)=x <= t(x)=0 <= xzc V(D).

Similarly, extend the edge inversion map ~: E(I') — E(T") to all of I" by also letting it be the
identity map on V(I"). Then ~: I" — I is a continuous map satisfying the following conditions for
allz € I':

° T =u;
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e T=1x < zec V()
e 5(T) = t(x) and t(T) = s(x).

Now define S; = {(z,y) € T xT'| (s(x),s(y)) € R} = (s x 8)"}[R], So = {(z,y) €T x|
(t(z),t(y)) € R} = (t x t)"'[R],and S3 = {(z,y) e T x ' | (7,7) € R) = (* x 7)7'[R]. Then,
by Theorem 2.8, 51, S, S5 are cofinite equivalence relations on I'. Let Sy = RN .S; NS, N S5 and
observe that

(i) S, is a cofinite equivalence relation on I';
(ll) if (61, 62) S 54, then (5(61), 8(62)) S 54, (t(el), t(ez)) S 54, and (él,éz) c S4.

Finally, choose a closed orientation E*(I") of I' and form the restrictions Sy = Sy N [V(T') X
V(I)], Sp+ = SanN[ET(T) x EF(T)], and Sg- = Sy N [E~(I") x E~(I')]. Then it is easy to
check that S' = Sy, U Sg+ U Sk- is a compatible cofinite equivalence relation on " and S C R, as
required. [

The previous proof actually shows a little more, which is worth noting. Given a closed orienta-
tion ET(T") for I, we say that a compatible equivalence relation R on I' is orientation preserving if
whenever (e,¢’) € Rand e € ET(I'), then also ¢/ € ET(I"). Since the equivalence relation .S that
we constructed in the proof of Theorem 5.6 is also orientation preserving, we proved the following
stronger result.

Corollary 5.7. Let I be a topological graph with a specified closed orientation E™(T'). Then for
any cofinite equivalence relation R on U, there exists a compatible orientation preserving cofinite
equivalence relation S on I such that S C R.

Corollary 5.8. If I' is a compact Hausdorff totally disconnected topological graph, then its com-
patible cofinite equivalence relations form a fundamental system of entourages for the unique
uniform structure that induces the topology of T'.

Definition 5.9 (Profinite graph). A compact Hausdorff totally disconnected topological graph I is
called a profinite graph.

As for any compact Hausdorff space, we will view a profinite graph as a uniform space en-
dowed with the unique uniformity that induces its topology. Thus, Corollary 5.8 states that the
collection of all compatible cofinite equivalence relations on a profinite graph I' form a fundamen-
tal system of entourages.

6. Cofinite graphs

By a uniform topological graph we mean a topological graph I' endowed with a uniform struc-
ture that induces its topology such that I is the uniform sum of its uniform subspaces V' (I"), E(T")
and the maps s,t: E(I') - V(I') and ~: E(I') — E(I") are uniformly continuous.

Note 6.1. If f: I' — A is a uniformly continuous map of uniform topological graphs then for
any compatible cofinite equivalence relation R over A, (f x f)"'(R) is a compatible cofinite
equivalence relation over I'.
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We will concentrate our attention on uniform topological graphs of the following type.

Definition 6.2 (Cofinite graph). A cofinite graph is an abstract graph I' endowed with a Haus-
dorff uniformity such that the compatible cofinite entourages of I' form a fundamental system of
entourages (i.e. every entourage of I' contains a compatible cofinite entourage).

Lemma 6.3. Let I be a cofinite graph. Then I is a uniform topological graph. In particular,

1. V(I') and E(T') are clopen subsets of I';
2. T is the uniform sum of its uniform subspaces V (I"), E(T');
3. s,t: E(I') > V(') and —: E(I') — E(I") are uniformly continuous maps.

Lemma 6.4. Profinite graphs are precisely the compact cofinite graphs [8].

Let I' be a cofinite graph and let / be a fundamental system of compatible cofinite entourages
of I'. Then we see by Note 3.5 that

() Nger B = D(T), the diagonal in I x T';
(i1) I'1is totally disconnected;
(iii) if A is any subset of I', then A = ., R[A]

The following lemma is an immediate consequence of Proposition 3.17.

Lemma 6.5. Let ' be a cofinite graph and let Z be a cofinite space. Then amap f: 1" — Z is
uniformly continuous if and only if both the restrictions f |y ) and f|g(ry are uniformly continuous.

As one application of this lemma, we can extend the source map s: E(I') — V(I") of a cofinite
graph " to amap s: I' — T by letting it be the identity map on V' (I"). By Lemma 6.5, the extension
s: I' — I' is also uniformly continuous. We can similarly extend the target and inversion maps.
Thus, when it is convenient to do so, we may assume that the source, target, and inversion maps
are uniformly continuous maps s,¢,”: I' — I' whose fixed points are precisely the vertices of I'.

6.1. Uniform subgraphs

Let I' be a cofinite graph. A subgraph > endowed with the uniformity induced on it by I" is
called a uniform subgraph of I.

Let us observe that the subgraph X of a cofinite graph I is itself a cofinite graph, as because if
R is a compatible cofinite entourage over I" then so is R N (2 x ) over X.

6.2. Inverse Limits of Cofinite Graphs

Turning to inverse limits of cofinite graphs, let (I';, ¢;;) be an inverse system of sets indexed
by a directed set /. We say that (I';, ¢;;) is an inverse system of cofinite graphs if (i) each I'; is a
cofinite graph, and (ii) for all + < j, ¢;;: I'; — I'; is a uniformly continuous map of graphs.

As in Section 3.3, we endow the set I' = lim ['; with the coarsest uniformity such that the
canonical maps ¢;: I' — I'; are uniformly continuous. Then by Proposition 3.14, I" is a cofinite
space. Furthermore, we make the following observation.
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Lemma 6.6. The set I' admits a unique graph structure such that the maps ¢;: I' — I'; are maps
of graphs.

Proof. First of all, we claim that for all 7, j € I,

To see this, choose £ € [ such that &k > 7 and £ > j. Then ¢; = ¢ir¢r and ¢; = ¢;pPr. So

;7 [V(Ty)] = ¢k [0 V(D)) = ¢, [V(Th)] as ¢ir: Ty — Ty is a map of graphs. Similarly,
¢; V()] = ¢ ' [V(T'k)] and the claim follows. Now it also follows that for all ¢, j € I,

¢ ' [E(:)] = 65 [E(T5)].
For the desired graph structure on I, the vertex and edge sets must be the subsets satisfying:

V() =¢; [V(I3)] and  E(T) = ¢ [E(T)]
foralli € I.

It remains to see that there is a unique way to define the source, target, and inversion maps so
that the ¢; are maps of graphs. We begin by extending the source, target, and inversion maps to
functions s, ¢, : I'; — I';, whose fixed points are precisely the vertices of [';, for each ¢ € I. Then
foreachi € I, let s; = s¢;: [' — I';. Note that for i < j,

<Z5z'j3j = <Z5z'j3¢j = 5<Z5ij¢>j = 5¢; = ;.

So the family of functions (s;: I' — I';);c; determine a unique function s: I' — I' such that
0is = s; = s¢; for all « € [. Similarly, there exist unique functions ¢,”: I' — I' such that all
oit = to; and ¢;- = “¢;. Let us now check that with these maps, I" is a graph. If possible,
letz € V(I') N E(I"). Hence Vi € I,¢;(x) € V(I';) N E(I';), which is a contradiction. Also
Vo € Tand forall i € I, ¢;(x) € I'; = V(I;) U E(I;). Hence = € ¢; *(V(I'y)) U ¢; H(E(Ty)) =
VI UEMT) CT. Thuswe getI' = V(') U E(F) Now, if possible, let there exist e € E(I")
such that e = . Hence for all i in I, ¢;(e) = ¢;(€) and thus ¢;(e) = ¢;(e) in E(T;) for all

i in I, a contradiction. Finally, ¢;(s(€)) = _( Z )) = s(gi(e)) = t(ps(e)) = ¢i(t(e)) and
oi(t(e)) = t(pi(e)) = t(pile)) = s(pi(e)) = ¢i(s(e)) for all 7 in I. Hence it follows that
s(e) = t(e),t(e) = s(e). O

By the inverse limit of an inverse system (I';, ¢;;) of cofinite graphs, we will mean the set
I' = I'Lnl“i endowed with the unique graph structure and the coarsest uniformity such that the
canonical maps ¢;: I' — I'; are uniformly continuous maps of graphs.

Proposition 6.7. Let (I';, ¢;;) be an inverse system of cofinite graphs. Then the inverse limit I' =
@ I'; is a cofinite graph.

Proof. 1t is easy to see that I' is a Hausdorff cofinite space and a graph as well. So it remains
to check that the compatible cofinite entourages of I' form a fundamental system of entourages.

Without loss of generality U = (ﬂgzl(mn x ;) U;,]) N T, where U;, is an entourage over
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I';, for all n. Then each I'; , being a cofinite graph, there exists a compatible cofinite entourage
R; C U, forall n. Clearly,

R=(((m, x m,) ' [R;,])) N T

n=1

is compatible cofinite entourage over I' and R C U. Hence our claim that I' is a cofinite graph
follows. 0

Note 6.8. Here we give an alternative representation of the source, target and edge inversion
map. Let I" be as in the above discussion. Let x = (x;);c; € I. Let us define the source map
s: I' = T via s(z) = (s(x;))ies- Clearly, s is well defined and for all i in I, ¢;(s(e)) = s;(e),
as in the previous lemma. Since each ¢; = s; and each s; is uniformly continuous, we obtain by
Corollary 3.9, s: I' — T is uniformly continuous. Then, using the uniqueness of s, the source map
we defined here is equal to the one we defined in the last lemma. Similarly, when convenient we
willuset: I' = T as t(x) = (t(z;))icr and ~: T’ = T as (T) = (T7)ier-

6.3. Uniform sum of cofinite graphs

We now apply the construction in Section 3.4 of uniform sum of finitely many cofinite spaces
to finitely many cofinite graphs.

Proposition 6.9. The uniform sum of a finite family of cofinite graphs is a cofinite graph.

Proof. To begin with, let (I';);c; be a finite family of cofinite graphs. The uniform sum of this
family I' = [[._, I'; has both the structure of a cofinite space and a graph. It only remains to check
that I" has a fundamental system of compatible cofinite entourages. Without loss of generality let
U= Ui6 ; U; be a cofinite entourage over I'. Hence U; is a cofinite entourage over I'; for all <. But
each I'; is cofinite so there exists a compatible cofinite entourage I?; C U,. Clearly, R = Ui6 ;R
is a compatible cofinite entourage over [' and R C U. [

Alternatively, one may define V(I') = [[..,V(I%),E(T) = [, E(I';). Clearly, ' =
V() [T E(I'). Also let us define s: E(I') — V(') via s|gr,) = s: E(I';) — V(I';). Then,
by Lemma 3.17, s is uniformly continuous, as each restriction s|gr,) is uniformly continuous.
Similarly ¢, are uniformly continuous as well. Also we make a note of the fact that a uniform
sum of uniform spaces also respects their topological structures by being the topological sum of
themselves. In particular, each uniform summand is a clopen subgraph of the uniform sum graph.

6.4. Uniform quotient graphs

Next we apply the construction in Section 3.5 of uniform quotient spaces to cofinite graphs.
Let I' be a cofinite graph and let K be a compatible equivalence relation on I'. Then the uniform
quotient space I'// K of I" modulo K has both the structure of a cofinite space and a graph. We
show that these two structures combine to make I'//K into a cofinite graph, provided that it is
Hausdorff.

It remains to say that for each compatible cofinite entourage R of I' with K C R, (¢ x ¢)[R] is
compatible, where ¢: I' — I'/ K is the quotient map. Let (K [z], K[y]) € (¢ x ¢)[R]. This implies
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that there exists (u,v) € R such thatg(z) = q(u) and ¢(y) = ¢(v). Thus (z,u), (v,y)isin K C R.
So (z,y) € R. So (K|x], K[y]) belongs to [(¢ x ¢)[R] N (V(I'/K) x V(I'/K)

(E(I'/K) x E(T'/K))]. Let (Kle1], K[ea]) € (g x q)[R] for (e1,e2) € E(I') x
isin R and R is a compatible cofinite entourage, we observe that (s(eq), s(es)
(€1, e2) are all in R. Hence the following (s(Ke1]), s(Klea])), (t(K[e1]), t(K]e
(¢ % q)|R]. Finally, if possible, let (K|e], Ke]) € (¢ x q)[R]. Then as above (
diction. Thus our claim follows.

e,€e) € R, a contra-

Proposition 6.10. Let I' be a cofinite graph and K a compatible equivalence relation on 1" that
satisfies the equivalent conditions of 3.26. Then the uniform quotient graph I'// K is a cofinite
graph.

7. Completions of Cofinite Graphs

Theorem 7.1. Let I" be a cofinite graph contained as a dense subgraph in a compact Hausdorff
topological graph . Then given any compact Hausdorff topological graph A and any uniformly
continuous map of graphs p: I' — A,

1. V(T) = V(T) and E(T) = E(T)

2. there exists a unique continuous map of graphs : I — A extending .

Proof. 1. Letv € V(T'), U be an open set in V(T') containing v. Since I'is dense in ', U NT" #
0. Letw € UNT. Since U C V(T'),w € V(T). Thus w € U N V(") So V/(T) = V(T)' ",
the closure of V(T') in V(T'). But WV(F) = V(T), the closure of V(') in . Similarly,
EI) = E(T).

2. Since A is compact, Hausdorff it is a complete uniform space as well. Then there exists a
unique uniformly continuous map @: I' — A such that @|r = . So it remains to check that
@ is a map of graphs.

Let v € V(T') = V(T'). Then there exists a net {v, }aea in V(I') such that lime 4 v, = v.
Hence p(v) = P(limgea v) = limaea P(ve) = limgea ©(vy) € V(A), as ¢ is a map of
graphs and V(A) is closed in A. Similarly, one can show that for all e in E(T),%(e) €
E(A).

Lete € E(T) = E(T). Then there exists a net {e, }ac 4 in F(T') such that lim,c 4 e, = €. So,
$(7(e)) = s(p(limaes ca)) = s(imB(e,)) = s(lim pleq)) = lim s(p(ea)) = lim p(s(ea))
= limp(s(eq)) = Plims(eq)) = P(s(limen)) = P(s(e)). Similarly, 1(2(e)) = D(t(e)).
Now p(e) = P(limacs €a) = limaea Plea)

— TiMac $(ea) = lMacs Plea) = limaea 9(E) = limaca 7(E)

= P(limyea €4) = P(limye s €4) = P(€). Thus P is a map of graphs.

Corollary 7.2. As in the previous theorem B(I') = ¢(T').
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Proof. The closure of T is T and % is continuous. So 3(I') = 3(T)
= @(I). B -
On the other hand, since I is compact and % is uniformly continuous, B(I") is a compact subset

of the Hausdorff space A and hence is closed. Now ¢(I') = p(I') C ?(T). Thus (') C 3(T) =
o). 0

In light of Theorem 7.1 we make the following definition.

Definition 7.3 (Completion). Let I' be a cofinite graph. Then any compact Hausdorff topological
graph I that contains " as a dense subgraph is called a completion of I' [7].

Corollary 7.4 (Uniqueness of completions). The completion of a cofinite graph ' is unique up to
an isomorphism extending the identity map on .

Proof. If possible, let I'; be two completions of a cofinite graph I', for 7 = 0, 1. Then the following
diagram commutes for unique choices of uniformly continuous maps of graphs f;11: I'; — I';4q,
for 7 = 0,1 mod 2, where dr is the identity map on I' and 7, is the canonical inclusion map, for
1=0,1.

T, LIS R CNN o}
b, o e,
F idp F idp N F idp , F
Ty —y T, r,
T@ro Tz’ro T@rl Tlrl
r 4. r 4.

where idp, is the identity map, for: = 1, 2.
Thus by Theorem 7.1, fy o f; = idp, and f, o fo = idr,. Hence fy and f; are inverses of each
other. O

Theorem 7.5 (Existence of completions). Let I' be a cofinite graph and let I be a fundamental
system of compatible cofinite entourages of I', directed by the reverse inclusion. Then the inverse
limit T = I&H I'/'R(Rel)isa compact Hausdorff topological graph and the natural map I' — r

embeds 1" as a dense subgraph of L.

Proof. Let us first see that I being a fundamental system of compatible cofinite entourages of
I', directed by the reverse inclusion forms a directed set. This follows as the intersection of two
compatible cofinite entourages is also a compatible cofinite entourage.

Let us now see that the uniform quotient graphs I'/ R forms an inverse system of finite discrete
cofinite graphs, for all R € I. Let R < Sin I. Thus S C R. Let us define prs: I'/S — T'/R
via prs(S[z]) = Rlz], for all z € T. Now, S[z] = S[y| implies that (z,y) € S C R and
thus R[z] = R[y]. Hence pgrgs is well defined. Now S[v] € V(I'/S) implies that v € V(I')
so that R[v] € V(I'/R). Similarly, if Sle] € E(I'/S) then we have Rle] € E(I'/R). Also,
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Similarly, t(ors(S|e])) = ¢rs(t(S[e])) and prs(Sle]) = ¢rs(S[e]). Thus rs is a map of graphs
and since both I'/S,T"/ R are discrete, prg is uniformly continuous as well. Now for R < S < T
in I, prs(psr(T]x])) = ¢rs(S[z]) = Rlz] = ¢rr(T[z]), forall z € X. If R = S in I, then
vrs(Slz]) = Rz] = S[z] = idr;s(S[z]), for all € X. Hence (I'/R, prs)r<ser forms an

inverse system of discrete cofinite graphs. Hence [ = L Rel I'/ R exists.

Sle] € E(I'/S) implies thatS(soRs(S][eD) = s(R[e]) = Rls(e)] = wrs(S[s(e)]) = wrs(s(S[e])).

Let us now see that I' is densely embedded in . Let PR: I »T /R be the corresponding
canonical projection map and let ng: I' — I'/ R be the canonical surjection for all R in /. Then the
following diagram commutes for all R < S'in I, as ¢rs(ns(7)) = ¢rs(S[Y]) = R[Y] = nr(7v),

forall v € T

RS \F/R

Hence (I', nr)res forms a compatible system to the aforesaid inverse system of cofinite graphs.
Thus there exists a uniformly continuous map of graphs #: I' — I" such that the following diagram
commutes for all R in [.

/ N
~ i, — /R

Now let 21,25 € T be such that 0(z1) = 0(x3). So forall R in I we get R[x;] = nr(x;) =
or(0(x1)) = pr(0(r2)) = nr(r2) = Rlxs]. Thus (z1,72) € (e, R = D(I'), as I is Hausdorff.
Hence 1 = x5. So 6 is injective. So it remains to check that ¢ is a topological embedding. This
follows from the claim that §(R[z]) = @' (nr(x)) N O(T), for all z € T and for all R € I. The
above claim follows as p € §(R[z]) < there exists ¢ € R[z] NI such that §(q) = p < there exists
q € T such that ng(q) = nr(x) and 0(q) = p < there exists, g € I" such that pr(0(q)) = nr(z)

and 0(q) = p & ¢r(p) = nr(z) < p € @i (Nr(x)) NO(T). O

Notice that in the definition of the completion of I, we did not insist that I be a cofinite graph.
However, it turns out that this will automatically be so. To see this, we first prove a lemma.

Lemma 7.6. Let T be the completion of a cofinite graph I" and let R be a compatible cofinite
entourage of I'. Then R is a compatible cofinite entourage of I' and RN (I' x I') = R.

Proof. The quotient I'/ R is a compact Hausdorff topological graph and the quotient map ng: I' —
I'/R is uniformly continuous. So by Theorem 7.1, np extends to a continuous map of graphs
Tp: I — T'/R. Using Corollary 7.2 and as 7y is surjective, »(T") = ng(l') = I'/R = T'/R.
Thus 77 is surjectlve as well. Since D(I'/R) is a compatible cofinite entourage over I'/R and
(Tlr x Mr) Y [D(T/R)] = 15" we see that 775" Mg isa compatible cofinite equivalence relation
over I and thus endowed with the quotient topology I /7, R 7R is a discrete quotient graph of I and
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we claim that the map 7 pdetermines an isomorphism of topological graphs ¥: T'/ ﬁ}}lﬁ r— T'/R.
Let us define ¥ (7,'Tz[z]) = Mg[z] for all x in T. If 5;'7x[x] = 75'TRly] then (z,y) € Tp'Nx
so that 75 (x) = T(y). Hence W is a well defined injection. As 75 is a surjective map of graphs
so is W. Since both T'/7j5'7, I'/R are discrete topological graphs, both ¥, ¥~ are uniformly
continuous and our claim that ¥ is an isomorphism of topological graphs follows.

Since ﬁ]_%lﬁR NI xT) = 771_%1773 = R. It now suffices to show that ﬁ]_%lﬁR — R. First note
that R = 711}17}1% C ﬁ;zlﬁR and that ﬁj%lﬁR is closed in T’ x T as I'/R is finite and discrete and thus
D(T'/R) is a clopen subset of I'/ R x I'/ R; whence R C 7j'7. Conversely, let z € 7' and let
V be a neighborhood of z in T’ x T'. Then V N7j5'7 is also a neighborhood of 2. However, I x T
is dense in T’ x I, so we ca say that V N R =V N7,'7; N (L x I') # (.. Therefore 2 € R and
Np' Mz C R. Thus the claim. O

Theorem 7.7. Let ' be a cofinite graph and let I be the filter base of all compatible cofinite
entourages of I'. Then the completion I is also a cofinite graph and {R | R € I} is the filter base
of all compatible cofinite entourages of I'.

Proof. We will first see that { R | R € I} forms the filter base of all compatible cofinite entourages
of T. For let R, S be the compatible cofinite entourages over I for R, S in I. Then there is T € [
suchthat 7 C RNS.NowT C RN S C RN S. Now let K be any compatible cofinite entourage
over ['. Then K N (I" x T) is a compatible cofinite entourage over I'. Hence there exists some R
in I, such that R = K N (I' x I'). Since K is openin I x I, any open set U in K is also open in
I'xT. Now forall (z,y) € KandU € nz,y)in K,UN(I'xT) #0asT x ['isdensein " x I.
Hence UN (K N (' xT')) = UN R # () and thus R is dense in K. It follows that R = K = K.
Hence {R | R € I} forms the filter base of all compatible cofinite entourages over I. It remains
to show that {R | R € I} is a fundamental system of entourages of I'. For this purpose let W
be any entourage of I'. We may assume that W is closed in I x T, as the closed entourages form
a fundamental system of entourages. Since W N (I" x I') is an entourage of I" and T" is a cofinite
graph, there exists R € [ suchthat R C W N (I" x I'). Now R C W = W and we see that every
entourage of I' contains a member of the set {R | R € I}, as required. [l

It follows from Theorem 7.7 that the completion of a cofinite graph is a profinite graph.
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