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Abstract

For k& > 2, a modular Acoloring of a graph G without isolated vertices is a coloring of the vertices
of G with the elements in Z; having the property that for every two adjacent vertices of GG, the sums
of the colors of their neighbors are different in Zj;. The minimum £ for which G has a modular &
coloring is the modular chromatic number of GG. In this paper, we determine the modular chromatic
number of join of two special graphs.
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1. Introduction

For graph-theoretical terminology and notation, we in general follow [1]. For a vertex v of a
graph G, let N (v), the neighborhood of v, denote the set of vertices adjacent to v in G. For a
graph G without isolated vertices, let ¢ : V(G) — Zy, k > 2, be a vertex coloring of G where

adjacent vertices may be colored the same. The color sum o(v) = >,  c(u) of a vertex v of G
u€Ng(v)

is the sum of the colors of the vertices in Ng(v). The coloring c is called a modular k-coloring of
G if o(z) # o(y) in Zj, for all pairs x, y of adjacent vertices in G. The modular chromatic number
me(G) of G is the minimum £ for which G has a modular kcoloring. This concept was introduced
by Okamoto, Salehi and Zhang [2].
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Okamoto, Salehi and Zhang proved, in [2], that: every nontrivial connected graph G has a
modular A-coloring for some integer £ > 2 and mc(G) > x(G), where x(G) denotes the chromatic
number of G; for the cycle C,, of length n, mc(C,,) is 2 if n = 0 mod 4 and it is 3 otherwise;
every nontrivial tree has modular chromatic number 2 or 3; for the complete multipartite graph G,
mc(G) = x(GQ); for the cartesian product G = K,0K,, me(G) is rif r = 2 mod 4 and it is
r + 1 otherwise; for the wheel W,, = C,, V K1, n > 3, me(W,,) = x(W,,), where V denotes the
join of two graphs; for n > 3, me(C,, V K§) = x(C, V KS), where G° denotes the complement
of G; and forn > 2, me(P, V K3) = x(P,V K3), where P, denotes the path of length n — 1; and
in [3] that: for m,n > 2, me(P,,0F,) = 2.

For graphs G; and G, their union G; U Gy, is the graph with vertex set V (G) U V(Gs) and
edge set £(G1)UFE(G,). For vertex-disjoint graphs G and G, their join GV G+ is the supergraph
of G; U (G5 in which each vertex of (G, is adjacent to every vertex of (G and both G; and G, are
induced subgraphs.

In this paper, we compute the modular chromatic number of join of two special graphs.

2. Join of two bipartite graphs

2.1. Sufficient condition for mc = 4

Let 7,5,k € Z4 with v # 7. Set Mj’j;k = {G : G is a bipartite graph such that G has a
modular 4coloring ¢ with the property that for every v € V(G), o(v)(mod 4) € {i,j} and

> e(v) = kmod4}.

veV(G)
Lemma 2.1. Let G and H be two vertex-disjoint nonempty bipartite graphs. If any one of the
following holds, then me(G NV H) = 4.

(1) G e M) and H € M;*°;

(2) G e MY and H € M,

(3) G e MY and H € M7,

(4) G e MY and H € M,

(5)G e MY*° and H € M,"™";

(6) G € M)*" and H € M,"*";

(7) G € MY*? and H € M,*?;

(8) G e M%ii and H € M%’zfi;

9)Ge M, " and H € M, ",

?1)0) G e MO and H € M,

(11) G € M}"** and H € M,"*?,

(12) G € M{** and H € M,*®;

(13) G € M"Y and H € M)'"?:

(14) G € M5 and H € M"Y

(15) G € M{*° and H € M)*?;

(16) G € M)*" and H € M}"**;

(17) G € My*° and H € M,**;

(18) G € My*" and H € M,**;

(19) G € M}*° and H € M;*?;
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(20) G € M}*" and H € M}
(21) G € M)*° and H € M)*":
(22) G € M{*" and H € M)*?;
(23) G € M)** and H € M,**;
(24) G € M)** and H € M}"*°;
(25) G € My*° and H € M,*":
(26) G € M,;*" and H € M,"**;
(27) G € M;** and H € M,"*;
(28) G € My** and H € M,"*°;
(29) G € M} and H € M,
(30) G € M5 and H € M})*?;
(31) G € M and H € M)*®;
(32) G € M"Y and H € M)
(33) G € M) and H € M,*?;
(34) G € M) and H € M,
(35) G € M{""? and H € M,*";
(36) G € M"Y and H € M,*?;
(37) G € M}*° and H € M;>?;
(38) G € MY*' and H € M, *?;
(39) G € M)** and H € M,"*°;
(40) G € M)** and H € M,"*";
(41) G € M)*° and H € M;*":
(42) G € M}*" and H € M;*?;
(43) G € M}** and H € M,
(44) G € M)** and H € M;*°;
(45) G € My*" and H € M;*®;
(46) G € M,*" and H € M;*°;
(47) G € My** and H € M;*":
(48) G € M** and H € M}**.

Proof. Clearly, mc(GV H) > x(GV H) = x(G) + x(H) = 4. We prove (48) and the proofs

of (1) to (47) are similar. G € M41 23 implies that G' has a modular 4-coloring ¢’ such that for

every v € V(G), o' (v)(mod 4) € {1,2}and Y. ¢ (v) = 3mod4and H € M implies

veV(Q)

that H has a modular 4-coloring ¢’ such that for every v € V(H), ¢”(v)(mod 4) € {2,3} and
> '(v) = 2mod 4. Define ¢ : V(G V H) — Zy by c(v) = d(v) forv € V(G) and

veV(H)

c(v) = '(v) forv € V(H). Then, for every v € V(G), o(v)(mod 4) = 3 < o'(v)(mod 4) =

1, and o(v)(mod 4) = 0 < o'(v)(mod 4) = 2; and for every v € V(H), o(v)(mod 4) = 1

< o"(v)(mod 4) = 2, and o(v)(mod 4) = 2 < ¢”(v)(mod 4) = 3. Hence, c is a modular

4coloring of G V H. Consequently, me(G'V H) < 4. O

Using Lemma 2.1, we compute mc(G VvV H) for some special graphs G and H.
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2.2. Join of two paths
Theorem 2.1. Form > 2andn > 2, me(P,, V P,) = 4.

Proof. Case 1. n = 1modA4.
First, we claim that P,, € M 2’2;0 U Mf’m. To see this, for m = 0mod 4, label the vertices

of P, by 0,0,2,0, 0,0,2,0, ..., 0,0,2,0 in order; for m = 1mod 4, label the vertices of P,
by 0,0,2,0, 0,0,2,0, ..., 0,0,2,0, 0 in order; for m = 2mod4, label the vertices of F,, by
2,0,0,0, 2,0,0,0, ..., 2,0,0,0, 2,0 in order; and for m = 3mod 4, label the vertices of P,, by

0,0,2,0, 0,0,2,0,...,0,0,2,0, 0,0, 2 in order.
Next, we claim that P, € Mi’g;o. To see this, for n = 0mod4, label the vertices of P,

by 0,1,3,0, 0,1,3,0, ..., 0,1,3,0 in order; for n = 2mod4, label the vertices of P, by
1,3,0,0, 1,3,0,0, ..., 1,3,0,0, 1,3 in order; and for n = 3 mod 4, label the vertices of P,
by 0,1,3,0, 0,1,3,0, ..., 0,1,3,0, 0,1, 3 in order.

Finally, apply Lemma 2.1 (5) and (39).

Now, by symmetry, assume that both m and n are = 1mod 4. Again, by symmetry, it is enough
if we consider the following cases.

Case 2. m = 1mod16 andn = 1mod 16.

First, we claim that P,,, € Mf’g;o. To see this, label the vertices of P, by 0,0, 3,0, 0,0, 3,0,
..., 0,0,3,0, 01in order. Next, we claim that P, € Mf 13 To see this, label the vertices of P,
by 3,0,2,0, 3,0,2,0, ..., 3,0,2,0, 3 in order. Finally, apply Lemma 2.1 (32).

Case 3. m = 1mod16 and n = 9mod 16.

First, we claim that P,,, € Mf’g;l. To see this, label the vertices of P, by 1,0,2,0, 1,0, 2,0,
..., 1,0,2,0, 11in order. Next, we claim that P, € Mff 3 To see this, label the vertices of =
by 1,0,2,0, 1,0,2,0, ..., 1,0,2,0, 1 in order. Finally, apply Lemma 2.1 (16).

Case 4. m = 5mod 16 and n = 5mod 16.

First, we claim that P, € Mf’l;l. To see this, label the vertices of F,, by 0,0,1,0, 0,0,1,0,
..., 0,0,1,0, 0 in order. Next, we claim that P, € Mf’?’ﬂ. To see this, label the vertices of P,
by 3,0,0,0, 3,0,0,0, ..., 3,0,0,0, 3 in order. Finally, apply Lemma 2.1 (30).

Case 5. m = bmod16 and n = 13mod 16.

First, we claim that P, € Mf’l;l. To see this, label the vertices of F,, by 0,0,1,0, 0,0,1,0,
..., 0,0,1,0, 01in order. Next, we claim that P, € Mf %2 To see this, label the vertices of P,
by 1,0,2,0, 1,0,2,0, ..., 1,0,2,0, 1 in order. Finally, apply Lemma 2.1 (30).

Case 6. m = 9mod 16 and n = 9mod 16.

First, we claim that P,,, € Mf’w. To see this, label the vertices of F,, by 0,0, 3,0, 0,0, 3,0,
..., 0,0,3,0, 01in order. Next, we claim that P, € Mf’m. To see this, label the vertices of P,
by 3,0,2,0, 3,0,2,0, ..., 3,0,2,0, 3 in order. Finally, apply Lemma 2.1 (30).

Case 7. m = 13mod16 and n = 13 mod 16.

First, we claim that P, € Mff’l;o. To see this, label the vertices of F,, by 1,0,0,0, 1,0,0,0,
..., 1,0,0,0, 11in order. Next, we claim that P, € Mf’g;l. To see this, label the vertices of P,
by 0,0,3,0, 0,0,3,0, ..., 0,0,3,0, 0in order. Finally, apply Lemma 2.1 (29).

Cases 8.1. m = 1mod 16 and n = 5mod 16;
8.2. m = 13mod16 and n = 1mod 16;
8.3.m = 5mod16 and n = 9 mod 16;
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84. m = 9mod16 and n = 13mod 16.

First, label the vertices of P, by 3,0,2,0, 3,0,2,0, ..., 3,0,2,0, 3 in order. This shows that
P, € MY ifm = 1mod16, P,, € MY ifm = 5mod16, P, € MY if m = 9mod 16,
and P,, € M} if m = 13mod 16.

Next, label the vertices of P, by 0,0,1,0, 0,0,1,0, ..., 0,0,1,0, 0inorder. This implies that
P, € M ifn = 1mod16, P, € M} ifn = 5mod16, P, € M if n = 9mod 16,
and P, € M) ifn = 13mod 16.

If m = 13mod16 and n = 1mod16 orif m = 5mod16 and n = 9mod 16, then apply
Lemma 2.1 (13). If m = 1mod16 and n = 5mod 16, orif m = 9mod 16 and n = 13 mod 16,
then apply Lemma 2.1 (14). [

2.3. Join of a path and an even cycle
Theorem 2.2. Form > 2andn > 2, mc(P,, V Cs,) = 4.

Proof. First, label the vertices of Cy,, n = 0mod?2,by0,1,3,0,0,1,3,0,...,0,1,3,0in cyclic
order. This shows that Cy,, € M 41 3Y9fn = 0mod 2.

Next, label the vertices of Cy,, » = 1mod2,by 1,0,1,0,1,0,1,0,...,1,0,1,0, 1,0 in cyclic
order. This shows that Cs,, € Mf’m if n = 1mod4 and Csy,, € Mf’m if n = 3mod4.

Finally, for m = 0mod4, label the vertices of P, by 0,0,2,0, 0,0,2,0, ..., 0,0,2,0 in
order; for m = 1mod4, label the vertices of P, by 0,0,2,0,0,0,2,0,...,0,0,2,0, 0 in order;
for m 2mod 4, label the vertices of P, by 2,0,0,0, 2,0,0,0, ..., 2,0,0,0, 2,0 in order; and
for m = 3mod4, label the vertices of P, by 0,0,2,0, 0,0,2,0, ..., 0,0,2,0, 0,0,2 in order.
This shows that P,, € M™% U M

If n = 0mod 2, then apply Lemma 2.1 (5) and (39). If n = 1mod 4, then apply Lemma 2.1
(21) and (22). If n = 3 mod 4, then apply Lemma 2.1 (23) and (24). [

2.4. Join of a path and a complete bipartite graph
Theorem 2.3. Forintegersn > 2,r > 1,and s > 1, mc(P, V K, ;) = 4.

Proof. Let P, := wjug...up, X = {x1,29,...,2:}, Y = {vy1,y2,...,Ys}, and the bipartition
of K, s be (X,Y). We consider four cases.
Case 1.n = imod 16,1 € {1,2,3,4,5}.

First, we claim that K, , € M f 31 To see this, label the vertex x; of K, ; by 2, the vertex

y; of K, ; by 3 and all other vertices of K, ; by 0. Next, we claim that P, € M f 11 To see this,

for n = 1mod 16, label the vertices of P, by 1,0,0,0, 1,0,0,0, ..., 1,0,0,0, 1 in order; for
n = 2mod 16, label the vertices of P, by 1,0,0,0, 1,0,0,0, ..., 1,0,0,0, 1,0 in order; for
n = 3mod 16, label the vertices of P, by 1,0,0,0, 1,0,0,0, ..., 1,0,0,0, 1,0,0 in order;
for n = 4mod 16, label the vertices of P, by 0,0,1,0, 0,0,1,0, ..., 0,0,1,0 in order; for
n = Hmod 16, label the vertices of P, by 0,0,1,0, 0,0,1,0, ..., 0,0,1,0, 0 in order. Finally,

apply Lemma 2.1 (2).
Case 2. n = imod 16,1 € {6,7,8}.

First, we claim that K, , € M. f 33 To see this, label the vertex y; of K, ; by 3 and all other
vertices of K, ; by 0. Next, we claim that P, € M, f 12 To see this, for n = 6 mod 16, label the
vertices of P, by 0,1,0,0, 0,1,0,0, ..., 0,1,0,0, 0,1 in order; for n = 7mod 16, label the
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vertices of P, by 0,1,0,0, 0,1,0,0, ..., 0,1,0,0, 0,1,0 in order; for n = 8mod 16, label the
vertices of P, by 0,1,0,0, 0,1,0,0, ..., 0,1,0,0 in order. Finally, apply Lemma 2.1 (31).
Case 3. n = imod 16,1 € {9,10,11,12,13}.

First, we claim that K., € M f 11 To see this, label the vertex y; of K, s by 1 and all other
vertices of K, ; by 0. Next, we claim that P, € M, f 13 To see this, for n = 9mod 16, label

the vertices of P, by 1,0,0,0, 1,0,0,0, ..., 1,0,0,0, 1 in order; for n = 10mod 16, label the
vertices of P, by 1,0,0,0, 1,0,0,0, ..., 1,0,0,0, 1,0 in order; for n = 11mod 16, label the
vertices of P, by 1,0,0,0, 1,0,0,0, ..., 1,0,0,0, 1,0,0 in order; for n = 12mod 16, label the
vertices of P, by 0,0,1,0, 0,0,1,0, ..., 0,0,1,0 in order; for n = 13 mod 16, label the vertices
of P,by0,0,1,0, 0,0,1,0, ..., 0,0,1,0, 01in order. Finally, apply Lemma 2.1 (14).

Case4.n = imod16,i € {0,14,15}.
First, we claim that K, , € M 41 23 To see this, label the vertex x; of K, ; by 1, the vertex
y; of K, ; by 2 and all other vertices of K, ; by 0. Next, we claim that P, € M f 10 To see this,

for n = 14 mod 16, label the vertices of P, by 0,1,0,0, 0,1,0,0, ..., 0,1,0,0, 0,1 in order;
forn = 15mod 16, label the vertices of P, by 0,1,0,0, 0,1,0,0, ..., 0,1,0,0, 0,1, 0 in order;
for n = 0mod 16, label the vertices of P, by 0,1,0,0, 0,1,0,0, ..., 0,1,0,0 in order. Finally,
apply Lemma 2.1 (33). U

2.5. Join of an even cycle and a complete bipartite graph
Let X = {z1,29,...,2.},Y = {y1,%2,...,ys}, and the bipartition of K, ; be (X,Y).

Theorem 2.4. Forintegersn > 1,r > 1,and s > 1, mc(Cy, V K, ) = 4.

Proof. Let Cy,, := uqus...us,up. Label the vertices of Cy, by 1,0,0,0, 1,0,0,0,..., 1,0,0,0
in cyclic order. We consider four cases.
Case 1. n = 1mod4.
Cyn € M5 and by the proof of Theorem 2.3, K,., € M;*'. Apply Lemma 2.1 (2).
Case 2. n = 2mod4.
Cyn € M)"? and by the proof of Theorem 2.3, K,., € M,"**. Apply Lemma 2.1 (31).
Case 3. n = 3modA4.
Cun € Mf’l;‘g and by the proof of Theorem 2.3, K, ; € Mf’l;l. Apply Lemma 2.1 (14).
Case 4. n = Omod4.
Cyn € M5 and by the proof of Theorem 2.3, K,., € M,**. Apply Lemma 2.1 (33). [

Theorem 2.5. Forintegersn > 1,7 > 1,and s > 1, mc(Cypiz V K, 5) = 4.

Proof. Label the vertex x; of K, by 2 and all other vertices of K, , by 0. This shows that
K., € M}** Let Cypyn = Uity . .. Usnyouy. Label the vertices of Cy, 5 by 1,0,1,0, 1,0, 1,0,
..., 1,0,1,0, 1,0 in cyclic order.

Ifn = 1mod2, then Cypy € MJ>. Now apply Lemma 2.1 (23).

If n = 0mod?2, then Cy,,12 € Mf’m. Now apply Lemma 2.1 (22). O
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2.6. Join of two regular bipartite graphs

Theorem 2.6. Let G be a k-regular bipartite graph with k = 1mod?2 and let H be an (-regular
bipartite graph with { = 1mod 2. We have mc¢(G vV H) = 4.

Proof. Let (X,Y") be the bipartition of G with | X| = |Y| = m, and let (U, V') be the bipartition
of H with |[U| = |V| = n.Definec: V(G V H) - Zysby c(z) = Oforz € X, ¢(y) = 2 for
y € Y,ce(u) = 1foru € U, c(v) = 3forv € V. Then, o(x) = (n+ 3n + 2k)(mod 4) = 2 for
x € Xando(y) = (n+ 3n)(mod4) =0fory € Y. We consider 2 cases.
Case 1. Either m = Omod2and ¢ = 1mod4 orm = 1mod2 and { = 3mod4.

In this case, o(u) = (2m + 3¢)(mod4) = 3 foru € U and o(v) = (2m + ¢)(mod4) = 1 for
velV
Case 2. Eitherm = Omod2and ¢ = 3mod4orm = 1mod2and ¢ = 1mod4.

In this case, o(u) = (2m + 3¢)(mod4) = 1 foru € U and o(v) = (2m + £)(mod4) = 3 for
velV ]

Theorem 2.7. Let G be a k-regular bipartite graph with k = 2mod 4 and let H be an (-regular
bipartite graph with { = 1mod2. We have mc(G vV H) = 4.

Proof. Let (X,Y) be the bipartition of G with | X| = |Y| = m, and let (U, V') be the bipartition
of H with |U| = |V| = n. We consider two cases.
Case 1. m = 1mod 2.

Definec: V(G V H) — Zysby c(x) = Oforz € X, c(y) = 1fory € Y, c(u) = 0 for
u € U, c(v) = 2forv € V.Then, o(z) = (2n+k)(mod4) = (2n+2)(mod4) forx € X, o(y) =
2nmod4 fory € Y, o(u) = (m+2¢)(mod4) = (m+2)(mod4) foru € U and o(v) =mmod 4
for v € V. Note that {2n,2n + 2}(mod4) = {0,2} and as m = 1mod 2, {m, m + 2}(mod 4) =
{1,3}.
Case 2. m = 0mod 2.

Definec: V(G V H) — Zyby c(x) = Oforz € X, c(y) = 1fory € Y, c(u) = 1 for
u € U, c(v) = 3forv € V. Then, o(x) = (4n+ k)(mod4) =2forx € X, o(y) =4nmod4 =
Ofory € Y, o(u) = (m+ 30)(mod4) foru € U and o(v) = (m + £)(mod4) forv € V.

Note that (i) if either m = Omod4 and ¢ = 1 mod4orm = 2mod4 and { = 3 mod 4, then
o(u)=3foru € Uando(v)=1forv € V, (i) if either m = 2mod4 and { = 1mod4 or
m = 0mod4 and ¢ = 3mod4, then o(u) =1foru € U ando(v) =3forv € V. O

We propose:

Problem 1. Let G be a k-regular bipartite graph with k = 0mod4 and let H be an (-regular
bipartite graph with { = 1mod 2. Find mc(G VvV H).

Problem 2. Let G be a k-regular bipartite graph with k = 0mod?2 and let H be an (-regular
bipartite graph with { = 0mod 2. Find mc¢(G vV H).
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2.7. Join of two even cycles
Theorem 2.8. Form > landn > 1, mc(Cyy V Cy,) = 4.

Proof. First, label the vertices of Cy,, by 0,0,2,0, 0,0,2,0, ..., 0,0,2,0 in cyclic order. This
shows that C'y,,, € M"*" U M"**. Next, label the vertices of Cy,, by 1,3,0,0, 1,3,0,0, ...,

1,3,0,0 in cyclic order. This implies that Cy, € Mi A0 Finally, apply Lemma 2.1 (5) and
(39). [

Theorem 2.9. Form > landn > 1, mc(Cyy V Cunyz) = 4.

Proof. By the proof of Theorem 2.3, Cy,, € Mf 20y Mf 22 Labelling the vertices of Clyy o
by 1,0,1,0, 1,0,1,0, ..., 1,0,1,0, 1,0 in cyclic order shows that Cy,,o € My>' U MY
Application of Lemma 2.3 (21), (22), (23) and (24) completes the proof. ]

Lemma 2.2, Let { > 1.If Cypy € M7* then {i,j} = {0,2} and k € {1,3}.

Proof. Let Cyio = 2129... 24049021 Cypr0 € M Z’j ik implies Cyp, 5 has a modular 4coloring ¢ such
4042

that 0(29,-1) = i and 0(z29,) = jforp € {1,2,...,20 + 1}, and > c(z,) = k mod 4. We
q=1

consider four cases.
Case l.1=0and j = 1.
The o-value 1 for the vertices zy, 24, 2, - . ., z4¢ in order implies (c(z1), c(23),c(z5), c(27),
,¢(z40+1)) is one of the following: (0,1,0,1,...,0),(1,0,1,0,...,1),(2,3,2,3,...,2),(3,2,3,
2,...,3). But then o(24¢12) # 1, a contradiction.
Case 2. i € {0,2} and j = 3.
The o-value 3 for the vertices zo, 24, 2, - . ., z4¢ in order implies (c(z1), c(23),c(z5), c(27),
, ¢(z4¢41)) is one of the following: (0,3,0,3,...,0),(3,0,3,0,...,3),(1,2,1,2,...,1),(2,1,2,
1,...,2). But then o(z442) # 3, a contradiction.
Case 3. i=1and j € {2,3}.
The o-value 1 for the vertices 23, 25, 27, . . ., 24041 in order implies (c(z2), c(24), ¢(26), c(2s),
3

, ¢(24¢42)) is one of the following: (0,1,0,1,...,0),(1,0,1,0,...,1),(2,3,2,3,...,2),(3,2,3,
2,...,3).Butthen o(z;) # 1, a contradiction.
Case4.1=0and j = 2.

The o-value O for the vertices zs, 25, 27, . . ., 24041 in order implies (c(z2), c(24), ¢(26), c(2s),

, ¢(24042)) is one of the following: (0,0,0,0, .,0),(2,2,2,2,...,2),(1,3,1,3,...,1),(3,1,3,
1,...,3). 0(z1) = 0 implies that (c(23),c(z4), c(26), ¢(23), - - (Z4g+2)) = (0,0,0,0,...,0) or
(2,2,2,2,....,2).

The o-value 2 for the vertices zs, 24, 26, - . ., 24¢ in order implies (c(z1), c(23),c(z5), c(27),

,¢(z4041)) is one of the following: (0,2,0,2,...,0),(2,0,2,0,...,2),(1,1,1,1,...,1),(3,3,3,
3,...,3). 0(z4e02) = 2 implies that (c(z1),c(23),¢(25),c(27), ..., c(za011)) = (1, 1 1.1
or(3,3,3,3,...,3).

Hence the c-values for the vertices 21, 29, . . . Z4¢42 in cyclic order are: 0,1,0,1,...,0,1;0, 3,0,
3,...,0,3:2,1,2,1,...,2,1;2,3,2,3,...,2,3. N

Theorem 2.10. Form > landn > 1, mc(Cynia V Cinio) = 5.
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PI"OOf: Let C4m+2 = T1T2...Tam+2T1 and G4n+2 = Y1Y2 ... .Yan+2Y1- Define ¢ : V(C4m+2 V
Canya) — Zs by c(xg,) = land c(xg,—1) = 4dforp € {1,2,...,2m + 1} and ¢(yp,) = 2
and c(ya—1) = 3 forq € {1,2,...,2n + 1}. Then, o(z2,) = 3 and o(x9,—1) = 2 for
p € {1,2,....2m+ 1} and 0(yo,) = land o(yeq—1) = 4forq € {1,2,...,2n + 1}. Hence c
is a modular 5-coloring and therefore mc(Cypio V Cipia) < 5.

Suppose there exists a modular 4-coloring ¢ for Cy,,12 V Cynyo. This induces a modular 4

coloring ¢ = ¢|(z, zs,....24ms2} SUCh that o’ (z9p_1) = 7' and 0'(xq,) = j' forp € {1,2,...,2m+
4m+-2
1},and > d(x,) = k' (mod4)forsome?, j', k'; and a modular 4-coloring ¢’ = |y, yo,....yuns}
dn+2
such that 0" (yo,—1) = " and 0”(yep) = 7" forp € {1,2,....2n+ 1}, and >  "(y,) =
q=1

k" (mod 4) for some ", 5", k".

By the proof of Lemma 2.2, both the sequences {c(z,)},™1* and {¢ (y,) }5""7 are in {(0, 1,0,
1,...,0,1),(0,3,0,3,...,0,3),(2,1,2,1, .. 2,1),(2,3,2 3 ,2,3)}.

If { (z,) }o242 = {" (y,) }o 7 is one of: (0,1,0,1,...,0,1), (0,3,0,3,...,0,3),
(2,1,2,1,...,2,1), (2,3,2,3,...,2,3), then {o(z,) 12" 1% = {o(y,)},7 = (1,3,1,3,...,1,3),
a contradiction.

If{{c/<xp)}22+12,{c’(yp)}‘*"”} € {{(0,1,0,1,.. ,0,1),( ,3,0,3,...,0,3)},
{(0,1,0,1,...,0,1),(2,1,2,1,...,2,1)}, {(0,1,0,1,...,0,1), (2, 323 ,2,3)),
{(0,3,0,3,...,0,3),(2,1,2,1,...,2,1)}, {(0,3,0,3,...,0,3),(2,3,2,3,...,2,3)},
{(2,1,2,1,...,2,1),(2,3,2,3,...,2,3)}, then {o(z,) 47ﬁ+12_{a( ) 471+12_(1,3,1,3,...,1,3)

again a contradiction.
From these two contradictions, we have mc(Cypio V Cipia) > 5. O

2.8. Join of a regular bipartite graph and an empty graph

Okamoto, Salehi and Zhang [2] have shown that for any integer n > 3, mc(C,, V K;) =
X(C,, V Ky). Using the proof technique of this result, we prove Theorem 2.11.

Theorem 2.11. Let G be an rregular bipartite graph with r = 1 or 2 (mod 3). Then, for any
positive integer s, mc(G V sK7) = 3.

Proof. Let (X,Y) be the bipartition of GG. Construct G V sK; from G by joining new vertices
Wy, Wy, ..., ws to every vertex of G. Define ¢ : V(G V sK;) — Zs by c¢(w;) = 0 for i €
{1,2,...,s},c(x) =1if x € X and ¢(y) = 2 if y € Y. Then, fori € {1,2,...,s}, o(w;) =
| X| +2lY| = |X]| + 2|X| =0mod 3; forx € X, o(x) =2ris2if r = 1mod 3 and itis 1 if r =
2mod 3;fory € Y, o(y) =ris 1if r = 1mod 3 and it is 2 if » = 2mod 3. Hence, ¢ is a modular
3-coloring of GG, and therefore mc(G V sK7) < 3. But, mc(G V sK;) > x(G V sK;) = 3. Thus,
me(GV sKy) = 3. O

Remark 2.1. Let G be an r-regular bipartite graph with » = 0mod 3and let (X, Y") be the bipartition
of G. Suppose there exist partitions { X7, Xo} of X and {Y7, Y5} of Y and integers ' and ¢” both
not congruent to 0mod 3 such that ¢’ is not congruent to t”(mod 3), the subgraph induced by
X1 U Y is tiregular and the subgraph induced by X5 U Y5 is t"-regular, then mc(G V sK;) = 3.
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To see this, define ¢ : V(G V sK;) — Zs by c(w;) =0fori € {1,2,...,s}, c¢(x) =1ifz € X3,
clx)=2ifx € Xy, c(y) =2ify € Yy, and ¢(y) = 1 if y € Ys. Then, fori € {1,2,..., s}, o(w;)
= | X1| + 2| Xa| 4 2|Y1| + |Ya| = 3|X| = 0mod 3; for z € Xy, 0(x) =2t + (r —t') =r + t; for
reXg,o(x)=t"4+2(r—t")=2r—t";foryeYy,o(y) =t +2(r —t') =2r —t’;and for y €
Ys, 0(y) = 2t" + (r —t") = r +¢". By hypothesis, in Z3, 0 ¢ {r +t',r+t",2r —t',2r —t"} and
{r+t2r ="} {r+t"2r—t'} =¢.

3. Join of a path and a complete graph
Theorem 3.1. For integersn > 3andp > 3, me(P, V K,) =p+ 2.
Proof. Let P, := ujuy...u, and V(K,) = {v1,vs,...,v,}. Define ¢ : V(P, V K,) = Z,2 as

follows: Label the vertices of P,, in order, by 0,1,0,0, 0,1,0,0, ..., 0,1,0,0 forn = 0mod 4;
by 1,0,0,0, 1,0,0,0, ..., 1,0,0,0, 1forn = 1mod4;by1,0,0,0, 1,0,0,0,...,1,0,0,0, 1,0
forn = 2mod4; and by 1,0,0,0, 1,0,0,0, ..., 1,0,0,0, 1,0,0 for n = 3mod4. Label the p

vertices of K, by the p numbers in

0,1,2,....p+ 1N\{( m —1)(mod (p+2)), m (mod (p +2))}.

The o- values of the vertices of P, in P, V K, are, alternately, (w —2[2]+1)(mod (p+2))
and (EHUPH2) 9 [0 1 9)(mod (p + 2)). The o- values of the p vertices of K, in P, V K, are
the p numbers in {(EXUL2 2] 41— §)(mod (p +2)) i € {0,1,2,...,p + IN{([2] -
1)(mod (p + 2)), [%] (mod (p + 2))}}. Note that the o- value of any vertex of P, in P, V K, is
different from that of any vertex of K, in P, V K. This completes the proof. [

4. Join of an even cycle and a complete graph
Theorem 4.1. For integersn > 2 and p > 3, me(Cyy, V Kp) = p + 2.

Proof. Let Cyy, 1= ujus...uguy and V(K,) = {v1,vq,...,v,}. Define ¢ : V(Cy, V K,) —
Zy 12 as follows: We consider two cases:
Case 1. n = Omod 2.

Label the vertices of Cy,, in cyclic order, by 1,0,0,0, 1,0,0,0, ..., 1,0,0,0. Label the p
vertices of K, by the p numbers in

(0,1,2,...,p+ 1}\{(% — 1)(mod (p +2)), g(mod (p+2)}.

The o- values of the vertices of Cy,, in Cy,, V K, are, alternately, (w —n+1)(mod (p+2))
and (w —n+ 2)(mod (p + 2)). The o- values of the p vertices of K, in Cy, V K, are the
p numbers in {(W— g+ 1—id)(mod (p+2)):i€{0,1,2,...,p+1}\{(5 — 1)(mod (p+
2)), 5(mod (p+2))}. Observe that the - value of any vertex of Cs, in Cy, V K), is different from
that of any vertex of K, in Cy, V K.

Case 2. n = 1mod 2.
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Label the vertices of (5, in cyclic order, by 1,0,1,0, 1,0,1,0, ..., 1,0,1,0. Label the p
vertices of K, by the p numbers in {0,1,2,...,p + 1}\{(n — 2)(mod (p + 2)),n mod (p + 2)}.
The o- values of the vertices of Cy,, in Cy,, V K, are, alternately, (w —2n+2)(mod (p+2))

and (w — 2n+4)(mod (p+2)). The o- values of the p vertices of K, in Csy,, V K, are the

p numbers in {(%— n+2—i)(mod (p+2)):ie€{0,1,2,...,p+1\{(n —2)(mod (p +

2)),nmod (p + 2)}. Clearly, the o- value of any vertex of Cs,, in Cy,, V K, is different from that
of any vertex of K, in C5, V K.

This completes the proof. ]
5. Conclusion

We have seen that mc¢(G V H) = x(G) + x(H) for every join graph G V H, except for the
join graph Cy, 42 V Cy, 42, that we have encountered in this paper.
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