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Abstract

A simple graph G = (V(G), E(G)) admits an H-covering if every edge in £(G) belongs to at
least one subgraph of GG isomorphic to a given graph H. A total k-labeling ¢ : V(G) U E(G) —
{1,2,...,k}iscalled to be an H-irregular total k-labeling of the graph G admitting an H-covering
if for every two different subgraphs H’ and H” isomorphic to H there is wt,(H') # wt,(H"),

where wt,(H) = >, @)+ >, (e). The total H-irregularity strength of a graph G,
veV (H) c€E(H)

denoted by ths(G, H), is the smallest integer k such that G has an H-irregular total k-labeling. In

this paper we determine the exact value of the cycle-irregularity strength of ladders and fan graphs.
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1. Introduction

Let G be a connected, simple and undirected graph with vertex set V' (G) and edge set E(G).
By a labeling we mean any mapping that maps a set of graph elements to a set of numbers (usually
positive integers), called labels. If the domain is the vertex-set or the edge-set, the labelings are
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called respectively vertex labelings or edge labelings. If the domain is V(G) U E(G) then we call
the labeling fotal labeling. The most complete recent survey of graph labelings is [12].

Baca, Jendrol, Miller and Ryan in [9] defined the total labeling ¢ : V(G)UE(G) — {1,2,...,
k} to be an edge irregular total k-labeling of the graph G if for every two different edges xy and
x'y" of G one has

wt(zy) = p(x) + (zy) + ¢(y) # wt(@'y") = o(@) + e('y") + e(y).

The total edge irregularity strength, tes(G), is defined as the minimum & for which G has an edge
irregular total k-labeling.

Ivanco and Jendrol [14] posed a conjecture that for arbitrary graph G different from K5 and
maximum degree A(G),

tes(G) = max { PE(C;)Hﬂ : [A(GQ)HW } :

This conjecture has been verified for complete graphs and complete bipartite graphs in [15] and
[16], for the Cartesian, categorical and strong products of two paths in [17, 3, 2], for the categorical
product of two cycles in [4], for generalized Petersen graphs in [13], for generalized prisms in
[10], for corona product of a path with certain graphs in [19] and for large dense graphs with
(IB(G)] +2)/3 < (A(G) + 1)/2in [11],

There are several modifications of irregularity strength, namely the fotal vertex irregularity
strength introduced in [9] and the edge irregularity strength introduced in [1]. In [20] there is
confirmed the conjecture proposed by Nurdin, Baskoro, Salman and Gaos [18] for all trees with
maximum degree five. The edge irregularity strength of some chain graphs is determined in [5].

An edge-covering of G is a family of subgraphs Hy, Ho, ..., H; such that each edge of £(G)
belongs to at least one of the subgraphs H;, ¢ = 1,2,...,t. Then it is said that G admits
an (Hy, Ho, ..., H;)-(edge) covering. If every subgraph H; is isomorphic to a given graph H,
then the graph G admits an H-covering. Note, that in this case every subgraph isomorphic to H
must be in the /{-covering.

Let GG be a graph admitting H-covering. For the subgraph H C G under the total k-labeling ¢,
we define the associated H-weight as

wiy(H) = Y o)+ > ole).

VeV (H) c€E(H)

A total k-labeling ¢ is called an H-irregular total k-labeling of the graph G if for every two
different subgraphs H’ and H” isomorphic to H there is wt,(H') # wt,(H"). The total H-
irregularity strength of a graph G, denoted ths(G, H), is the smallest integer k£ such that G has
an f-irregular total k-labeling. If H is isomorphic to K5, then the Ks-irregular total k-labeling
is isomorphic to the edge irregular total k-labeling and thus the total Ks-irregularity strength of a
graph G is equivalent to the total edge irregularity strength, that is ths(G, K3) = tes(G).
Analogously we can define an H-irregular edge k-labeling and an H-irregular vertex k-labe-
ling. For the subgraph H C G under the vertex k-labeling o, o : V(G) — {1,2,...,k}, the
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associated H-weight is defined as

and under the edge k-labeling 3, 5 : E(G) — {1,2,...,k}, we define the associated H-weight
wig(H) = Y Ble).

ecE(H)

A vertex k-labeling « is called an H-irregular vertex k-labeling of the graph G if for every two
different subgraphs H' and H” isomorphic to H there is wt,(H') # wt,(H"). The vertex H-
irregularity strength of a graph G, denoted by vhs(G, H), is the smallest integer k& such that G
has an H-irregular vertex k-labeling. Note, that vhs(G, H) = oo if there exist two subgraphs in G
isomorphic to H that have the same vertex sets. An edge k-labeling [ is called an H-irregular edge
k-labeling of the graph G if for every two different subgraphs H’ and H” isomorphic to H there
is wtg(H') # wtg(H"). The edge H-irregularity strength of a graph G, denoted by ehs(G, H), is
the smallest integer k such that G has an H -irregular edge k-labeling.

The notion of the vertex (edge) H-irregularity strength was introduced in [6]. The total H-
irregularity strength was defined in [7] and its lower bound is given by the following theorem.

Theorem 1.1. [7] Let G be a graph admitting an H-covering given by t subgraphs isomorphic to
H. Then
ths(G, H) > {1 n WL] .

(H)[+E(H)]

The precise value of the total H-irregularity strength of GG-amalgamation of graphs is given in
[8] and it proves that the lower bound in Theorem 1.1 is tight.

Let G be a graph admitting H-covering. By the symbol HY = (H{, HY, ..., HS), we denote
the set of all subgraphs of GG isomorphic to H such that the graph S, S 2 H, is their maximum
common subgraph. Thus V(S) C V(H?) and E(S) C E(H?) forevery i = 1,2,...,m. The
next theorem presented in [7] gives another lower bound of the total H -irregularity strength.

Theorem 1.2. [7] Let G be a graph admitting an H-covering. Let S;, i = 1,2,...,z, be all
subgraphs of G such that S; is a maximum common subgraph of m;, m; > 2, subgraphs of G
isomorphic to H. Then

mi1—1 my—1
ths(G, H) > max{ {1 + \V(H/Sl)lilE(H/Sl)l-‘ SERE [1 + \V(H/SZ)IHE(H/SZ)\-‘ } :

In this paper we determine the exact value of the cycle-irregularity strength of ladders and fan
graphs.

2. Total cycle-irregular labelings of ladders

Let L, = P,00P,, n > 3, be a ladder with the vertex set V(L,,) = {v;,u; : i = 1,2,...,n}
and the edge set F(L,) = {vvii1, uuipr i =1,2,....n—1}U{vu; i =1,2,...,n}.

In [7] is determined the exact value of the total cycle-irregularity strength of ladders when the
cycle is either of length 4 or 6.
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Theorem 2.1. [7] Let L,, = P,[1P,, n > 3, be a ladder admitting a Cs,,-covering, m = 2, 3.
Then
ths(Ly,, Cop) = (mw .

am

In this section we extend the previous result for all feasible cycle-coverings.

Theorem 2.2. Let L, = P,[L1P,, n > 3, be a ladder admitting a Cs,,-covering, 2 < m <
[(n+1)/2]. Then

ths(Ly, Cop) = [3mtn]
Proof. 1t is easy to see that the ladder L, = P,L0P, n > 3, admits a Cs,,-covering for m =
2,3,...,[(n+1)/2]. Put k = [22£2] According to Theorem 1.1 k is the lower bound of
ths(L,,, Co,). In order to show the converse inequality, it only remains to describe a Cs,,-irregular

total k-labeling ¢,,, : V(L) U E(L,) — {1,2,...,k} as follows

om(v;) = Pﬁ;ﬂ fori=1,2,...,n,
oo (11s) = (ﬁw . forz: =0,3m (mod 4m), z =3m,4m,™m,8m, ..., n,
[2ml] fori #0,3m (mod 4m),i=1,2,...,n,
Om(Vivipr) = [H2] fori =1,2,...,n—1,
Om(Uuittipr) = [5E] fori=1,2,...,n—1,
om(viug) = [H22] fori =1,2,...,n.

We can see that all edge labels and vertex labels are at most k.
Every cycle Cy,, in L, is of the form

i
Cgm = ViVit1 - - - Vigm—1Uipm—1Uiym—2 - - - UjVj,

where? = 1,2,...,n —m+ 1. Itis easy to see that every edge of L,, belongs to at least one cycle
ci o iftm=23,....[(n+1)/2].

For the Cy,,,-weight of the cycle C% i =1,2,...,n —m + 1, under the total labeling ©,,, we
get

whe, (Co) = Y em)+ Y. pmle)
veV(C3,) e€E(CS, )
m—1 m—1 m—2 m—2
= Z Om(Vigs) + Z Om(Wirj) + Om (VigjVigjg1) + Z Om (UigjUiyjr1)
§=0 §=0 §=0 3=0
+ O (Vitt;) + o (Vigm—1Uigm—1) (D
and for the C5,,-weight of the cycle C’;;@l, 1=1,2,...,n —m, we obtain
whe, (C) = > on@)+ D eule)
veV(C5ih e€E(CyH!)

184



On cycle-irregularity strength of ladders and fan graphs |  Faraha Ashraf et al.

m—1 m—1
= Z Pm Uz—i—j + Z Pm Uz—i—j + Z Pm Uz+gvz+j+1 + Z Pm uz+juz+]+1)
7j=1 7j=1 7j=1 7j=1
+ Pm(Vit1Uit1) + Om(VitmUitm)- (2)

Now we count the difference between the Cy,,,-weights of the cycle C4"! and C4  fori =1,2,...,
n — m. According to (1) and (2) we get

wt‘P'rn(C;j?;l> — wiy,, (C;m) :Spm(UiJrluiJrl) + Spm(vierflUier) + Som(UHm) + 90m<vi+mui+m)
+ Om(Uitm) + Om(Uitm-1Uitm) = Om (Vi) — P (Vivit1)
— om(vitiy) — o (W) — Pm(Wittiv1) = Om(Viem—1Uirm—1).
Let us distinguish four cases.

Case 1. i =0 (mod 4m)
For the difference of weights of cycles we get

wt¢m(C§fnl) . wt@m(cém) — [M"‘ + (i-i—?m_l" + (2+4m'| P-H%m" P-&—Sm 1'| P-i—m"

4am am

sk b R bl el e

_ P+2m+1w i "H—Qm 1} L1 V-ﬁ-?m" _ (ﬂ _

am am

Since i = 4mt,t =1,2,..., thus

g (CE51) =t (Cly) = [ 2252281 4 [nnat] 4 - [ampiom] _ i)
=t P e (B - 2] =[] =

Case 2. i = 2m (mod 4m)
For the difference of weights of cycles we get

wtwm(Cé;t}) _ wtwm(Cém) _ [%w + P’+2m71" + P‘+4mw + "i+3m"| + "Hm" T [H_m"

4m 4m 4m

s ik o el Al et Bl el el

=[] 4 14 5] + [ig2] — 2] — [52d] - [tagmet].

4m

Fori =4mt +2m,t =1,2,..., we get

Wt (CoEL) — wt,, (C,)) = [AmttZmtdmdd] 4 g 4 [dmitdm] y [dmit2mim ]

4m am
. "4mt+2m+2m" . "4mt+2m+1 " o "4mt+2m+3m—1 "
4m am am

=t+1+ [ L] +1+t+ 2] +t+ [22] -t —1—¢— [2H]
_t_l_{m——‘zl.

4m

Case 3. i = 3m (mod 4m)
Now

wtg@ﬂ(o;%l) o wtcpm(cém) — "i+1+2m" + "i+2m—1'| + "i+4m" + "i+3m" + "H—m"‘ + "H—m"‘

am 4m 4m
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ke e E A el bl

=[] 4 T2 L[] - (2] - ]

m
. "z’+3m—1" ]

am

Sincet =4mt+3m,t =1,2,..., it follows

wty, (Cotl) —wt,, (Ch)) = [AmttBmidmid] 4 [mbidmidm-1] 4 q 4 [dmitdmim]

4am 4m am

o "4mt+j::+2m—‘ _ "4mt—£§1m+1 “ _ ’,4mt+32nw—:-3m—1 "

=t+1+ 28] e+ 1+ (2 +1+t4+1—t—1—[2] -t
o [Sm—i-l" t—1— [Qm 1—‘ = 1.

am 4m

Case 4. i # 0,2m,3m (mod 4m)
In this case for the difference of weights of cycles we obtain

wtpm(cé-;l) _ U)tgom(CQim) _ [%W + (iJerfl"‘ + "i+4m"| + P‘+3mw + (i+3m71‘| + P,Jr_mw

am am 4am 4am 4m

il kol Rl i el Bl b T Bl el b

==l e = = R

4m 4m 4m 4am

Leti =4mt +s,t=0,1,2,... and 1 < s < 4m — 1, s # 2m, 3m. Then we have

(CiJrl) — wit (C’L ) "4mt+z;2m+l—‘ 4 "4mt1rsl+4m'| _ "4th;+27)1" _ "4mz;f+1"

st [l L [ -t = ] == ]
==l = e = T+ L

If1 <s<2m —1then

"s-i—?m-‘rl—‘ — 17 "i—l — 1’ IVM—‘ =1 and ’7%—‘ =1.

4m 4m am

f2m+1<s<3m—1lordm+1<s<4m —1then

"s+2m+1—‘ — 9 (i'l =1, {M—‘ =92 and (%—‘ = 1.

4m 4m am

We can see that for every value of parameter s
wt, (Co') = Wiy, (Ch) =
Previous cases prove that the labeling ¢,, is the desired Cs,,-irregular total k-labeling of L,,.
This concludes the proof. 0
3. Total cycle-irregular labelings of fan graphs

A fan graph F,, n > 2, is a graph obtained by joining all vertices of a path P to a further
vertex. Thus F), contains n + 1 vertices, say, u, v1, Vs, . . ., v, and 2n — 1 edges uv;, © = 1, 2,.
andviviﬂ,i = 1,2, e, — 1.

In [7] was given the exact value of the total Cs-irregularity strength of the fan graph F,.
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Theorem 3.1. [7] Let F),, n > 2, be a fan graph on n + 1 vertices. Then
n+ 3}

tis(F, Cs) = |

The next theorem completes this result for arbitrary cycle-covering.

Theorem 3.2. Let F,, be a fan graph on n + 1 vertices, n > 2 and 3 < m < [(n + 3)/2]. Then

ths(Fy, Cy) = [””’ﬂ .

2m — 1

Proof. Clearly, for every m, 3 < m < [(n + 3)/2], the fan graph F;, admits a C,,-covering with
exactly n —m+ 2 cycles C),. In view of the lower bound from Theorem 1.2 it suffices to prove the
existence of a C,,-irregular total labeling ¢ : V(F,) U E(F,,) — {1,2,...,[(n+m)/(2m — 1)]}
such that wt,(C%) # wt,(Ch) for every 4,5 = 1,2,...,n — m + 2, j # i. We describe the
irregular total labeling ¢,,, in the following way

gpm(u):L
(v5) (2::—21] fori Zm+1 (mod 2m—1)),i=1,2,...,n,
Pm Vi) = )
[y +1 fori=m+1 (mod (2m—1)),i=m+1,3m,....n,
=1 fori #m+1,2m—3,2m —1 (mod (2m — 1)),
1=1,2,...,n,

Em(Vivig1) = , ,
(] -1 fori=m+1,2m—3,2m—1 (mod (2m — 1)),

L t=m+1,2m—3,2m—1,3m,4m —4,4m —2,...,n,
([im] foriZzm+1,2m—2 (mod 2m—1)),i=1,2,...,n,

Pm(viu) = (] —1 fori=m+1,2m—2 (mod (2m — 1)),
t=m+1,2m—2,3m,4m — 3,...,n.

Evidently, every edge label and vertex label is not greater than [(n +m)/(2m — 1)].
Every cycle C,, in F}, is of the form
Cn’

m — UVilVit1 . - - Vipm—2UV;,

where:=1,2,...,.n—m+ 2.
For the C,,-weight of the cycle C° , i = 1,2,...,n —m + 2, under the total labeling ¢,,,, we
get

wt, (CL) = S pu@)+ Y oule)

veV(CE,) e€E(C},)
m—2 m—3

= em(Vir) + om(W) + D em(vitvitis1) + em(vit) + m(Vigmou)  (3)
j=0 Jj=0
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and for the C,,,-weight of the cycle C**1, 7 = 1,2 ..., n —m + 1, we obtain

wte, (CHY = D o)+ Y. pule)

veV(CEY ecE(CHY
m—1 m—2

= Z Pm (Ui-i-j) + Om (u) + Z @m(vi-&-jvi-i—jﬁ-l) + ©m (Ui+1u) + ©m (Ui-i-m—lu)' 4)
j=1 j=1

Now we count the difference between the C,,-weights of the cycle C! and C? fori = 1,2,. ..,
n —m + 1. According to (3) and (4) we get

wty,, (Cfrjl) - wt(Pm<C?in) =0m (Vitm—1) + Pm(Vitm—2Vitm—1) + Om(Vitm—14) + ©m(Vig1u)
— O (Vi) = Pm(Vivis1) — Pm(Vitt) — © (Vigm—2u).

Let us distinguish nine cases.
Casel.i=2 (mod (2m —1)),ie.,i =2+ (2m —1)t,t =0,1,..., then

wt%(erjl) - w%m(cfn) :Sﬁm(vm+1+(2m—1)t) + SDm(Um+(2m—1)t’0m+1+(2m—1)t)
+ Om (V14 @m—1)t) + Om (V4 2m—1)%) — Om(Vat@2m—1)t)
- @m(v2+(2m—1)tv3+(2m—1)t) - SOm(U2+(2m—1)tu)
- me(var(mel)tu)
_ ’7m+3+(2m—1)t—‘ 14 ’72m+(2m—1)t—‘ 4 ’72m+1+(2m—1)t—‘ 1

2m—1 2m—1 2m—1
m+3+(2m—1)t 44+(2m—1)t m+2+(2m—1)t
+ 2m—1 - 2m—1 - 2m—1
m+2+(2m—1)t 2m+(2m—1)t
- 2m—1 o 2m—1

=1+t)+1+2+)+2+t)—1+(1+t)—(1+1)
—(1+t)—(1+t)—(2+1t) =1

Case 2. i =3 (mod (2m —1)),ie,i =3+ (2m —1)t,t =0,1,..., then we get

w’f@m(cﬁl) - w%m(cfn) =0m(Vmt2+@m-1)t) T Pm(Vm 14 @m—1)tVmi2+(@m—1)t)
+ me(vm+2+(2m71)tu) + SOm(U4+(2m71)tU) - Spm<v3+(2mfl)t)
- @m(U3+(2m—1)tU4+(2m—1)t) - ¢m(v3+(2m—1)tu)
- me(vm-‘rl—&-(?m—l)tu)

_ | m+4+2m—1)t 2m+1+(2m—1)t 2m+2+(2m—1)t
- [ 2m—1 —‘ + { 2m—1 —‘ — 1+ [ 2m—1 W

i ’7m+4+(2m71)t-‘ _ ’V5+(2m71)t-‘ _ ’Vm+3+(2m71)t-‘
2m—1 2m—1 2m—1

+34+(2m—1)t 2m+1+(2m—1)t
[t [epmy) 1

1+ +Q2+t) =1+ Q2+t)+ (1 +1t)— (1+1)
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—(1+t)—1+t)—2+t)+1=1.
Case3.i=m—1 (mod (2m —1)),ie,i=m—1+ (2m—1)t,t =0,1,..., then we get

wty,, (Crirjl) - Wtsom(cfn) :@m<02m72+(2m,1)t) + gpm(U2m73+(2m7l)t’02m72+(2m71)t)
+ Om(Vam—24@m—1)11) + Cm (Vs 2m—1)11)
— P (Vm-14@m-1)t) = Pm(Vm—14@m—1)tVm+@m-1)t)
- SOm(Ume(szl)tU) - @m(v2m73+(2mfl)tu>

| 2m+(@2m—-1)t 3m—3+(2m—1)t 3m—2+(2m—1)t
_{ 2m—1 —‘WL{ 2m—1 —‘_1*’[ 2m—1 —‘

2m+(2m—1)t m+1+(2m—1)t 2m—1+(2m—1)t
_1+{ 2m—1 —‘_[ 2m—1 W_{ 2m—1 W

_ ’72m71+(2m71)t-‘ _ ’73m73+(2m71)t-‘
2m—1 2m—1
=24+t)+2+t)—14+2+t)—14+24+t)—(1+1)

—(1+t)—(14+t)—(2+1t)=1.
Case4.i=m (mod (2m — 1)),ie.,i=m+ (2m — 1)t,t =0,1,... In this case holds

Wty (Cot) = wiy,, (Cr,) =Pm(Vam-11@2m-1)t) + Pm(Vam-2+(@2m—1)tV2m-11 (2m—1)¢)
+ Om(Vam—14@m-1)t%) + P (Vmt1+@m-1)t%) = @m (Vi 2m—1)1)
- me(Um+(2m71)tvm+l+(2mfl)t) - me(vm+(2m71)tu)
- (Pm(UQm—Q-i—(Qm—l)tu)

~ [2m+1+@m—1) 3m—2+(2m—1)t 3m—1+(2m—1)t
- ’V 2m—1 -‘ + ’V 2m—1 -‘ + ’V 2m—1 -‘

n ’72m+1+(2m—1)t_‘ 1 [m+2+(2m—1)t" B ’72m+(2m—1)t-‘

2m—1 2m—1 2m—1
| 2m+@2m-1)t| | 3m—2+(2m-1)t +1
2m—1 2m—1

=24+t)+2+t)+2+)+2+t)—1—-(1+1t)—(2+1)
—(2+t)—(2+t)+1=1.

Case5.i=m+1 (mod (2m —1)),ie,i=m+1+ (2m —1)t,t =0,1,..., thus

wty,, (CrF) — wty, (Cr) =@m(Vamtem-1)t) + ©m(Vam—14+@m—1)tV2m+(2m—1)t)
+ Qom(UQm-i-(?m—l)tu) + Qom(vm+2+(2m—1)tu) - Spm(vm-i-l-i-(?m—l)t)
- <Pm(Um+1+(2m—1)tvm+2+(2m—1)t) - (pm(vm+1+(2m—1)tu)
- me(v2m71+(2mfl)tu>

| 2m+2+(@2m—1)t 3m—1+(2m—1)t 3m+(2m—1)t
_[ 2m—1 W*’[ 2m—1 —‘_1'{'{ 2m—1 —‘

2m—1 2m—1 2m—1

X ’72m+2+(2m—1)t—‘ _ ’Vm+3+(2m—l)t—‘ 1 ’72m+1+(2m—1)t—‘ 1

2m~+14+(2m—1)t 3m—1+(2m—1)t
- { 2m—1 —‘ +1- [ 2m—1 -‘
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=2+t)+Q2+)-1+2+)+2+t)-(1+1¢)—1
- 2+t)+1-Q2+t)+1-(2+¢t) =1

Case 6. i =2m — 3 (mod (2m —1)),ie,i=2m —3+ (2m —1)t,t =0,1,..., thus

7~Ut<pm<07in+1> - w%m(cfn) :<Pm(v3m—4+(2m—1) )+ 90m(U3m—5+(2m—1)tU3m—4+(2m—1)t)
+ P (V3m—a4 @2m—-1)t%) + P (Vam—2+4 (2m—1)¢)
— O (Vam— 3+(2m— l)t) O (Vo — 34+(2m—1)tV2m—2+(2m— 1))
— Om(Vam— 3+(2m— 1)tu) O (V3m— 5+(2m— l)tu)
_ Fm 2+ (2m— 1)% 4m— 2m 1)t 1 4 ’74m—4+(2m—1)t-‘

2m—1 2m—1

3m—2+(2m—1)t 2m—1+(2m—1)t 3m—3+(2m—1)t
+[ 2m—1 —‘ 1_[ 2m—1 -‘_[ 2m—1 -‘

3m—3+(2m—1)t 4m—5+(2m—1)t
+1_’7m2m—T —‘_’7"”2“1_7{7' —‘
=2+ + 2+ +2+)+2+t) —1—(1+1)

—24+t)+1-2+t)—(24+1) =1.
Case7.i=2m —2 (mod (2m —1)),ie,i=2m —2+ (2m — 1)t,t =0,1,..., thus

w%m(cﬁrl) - wtwm(%) :@m(v3m—3+(2m—1)t) + SOm(U3m—4+(2m—1)t03m—3+(2m—1)t)
+ O (V3m—34@m—1)t%) + Om(Vam—14(2m—1)11)
- @m(02m72+(2m71)t) - me(U2m72+(2m7l)tv2mfl+(2m71)t)
— Pm(V2m—21 2m-1)¢%) = Pm(V3m—a+(@m—1)1%)

_ | 3m—1+(2m—1)t 4m—44+-(2m—1)¢ 4m—34+(2m—1)t
- ’V 2m—1 -‘ + ’V 2m—1 -‘ + ’V 2m—1 -‘

3m—14+(2m—1)¢ 2m—+(2m—1)t 3m—2+(2m—1)t
+ 2m—1 - 2m—1 B 2m—1

_ {3m—22+(37f—1)ﬂ 11— ’74m—4§+(zqn—1)t—‘
=2+t)+2+t)+2+)+(2+1t) —(2+1)
—2+t)-Q2+t)+1-(2+4+t)=1.

Case8.i=2m —1 (mod (2m —1)),ie,i=2m—1+ 2m —1)t,t =0,1,..., thus

thm(Cﬁl) - wt‘ﬂm(o'fn) :¢m(v3m—2+(2m—1)t) + SDm(U3m—3+(2m—1)tU3m—2+(2m—1)t)
+ O (Vsm—2+@m—1)t1) + ©m(Vam+(@m—1)tlt)
- me(v2mfl+(2mfl)t) - me(U2m71+(2m71)tv2m+(2m71)t)
- @m(vzm—u(zm—l)tu) - <Pm(U3m—3+(2m—1)tU)
_ ’73m+(2m71)t-‘ n ’74m73+(2m71)t-‘ i [4m72+(2m71)t"

2m—1 2m—1 2m—1

i ’73m+(2m—1)t—‘ _ ’72m+1+(2m—1)t—‘ _ ’73m—1+(2m—1)t—‘ 11

2m—1 2m—1 2m—1
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3m—14+(2m—1)t 4m—3+(2m—1)t
- { 2m—1 W - { 2m—1 W

=24+t)+2+)+2+)+2+t)—(24+1)
-2+t)+1-(2+t)—(24+t) =1
Case9. i #2,3,m—1,mm+1,2m —3,2m —2,2m — 1 (mod (2m — 1)). Then

thom(cﬁl) - thom(ofn) :SOm(Ui+m—1) + @m(vi+m—2vi+m—1) + SOm(Ui+m—1U) + SOm(Uz'HU)

— Pm (Vi) = Pm(Vivit1) — Pm(vit) — Pm(Vigm—2u)

- [lptr] ¢ [esmen] | Gimeton] [
— [E] — [ - [ - S

=2 P;Zl—jﬂ —2 (zintﬁﬂ + (zmi—ﬂ - UI_QJ + 1.

Now we distinguish three subcases.
Ifi=1+2m—-1)t,t=0,1,...,then

wh, (Ci1) = wt,, (C},) =2 | HHemzlgmed | g [ LGty | | Lm o]

— [ g (1) = 214 )+ (L 1) — (L) + 1
—1.

Ifi=s+(2m—1)t,t=0,1,... and 4 < s < m — 2, then

Wty (C) = wh, (Cy) =2 | 2Ll | g | sCnctyom | | sty |

—{%W+1:2(1+t)—2(1+t)+(1+t)—(1+t)+1

=1.

Ifi=s+(2m—1)t,t=0,1,... and m + 2 < s < 2m — 4, in this case we get

Wt (C3f) = wi,, (CL) =2 [#Hmlm it | g [sCpotyom ] [orfm ot ]

—~ {—3“22’;’711)”2} F1=22+1)—22+t)+ (1 +t)—(1+1t)+1

=1.
Thus, according to all these cases we get that

forevery i,7 =1,2,...,n —m + 1. This concludes the proof.
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4. Conclusion

In this paper we determined the exact value of the cycle-irregularity strength of ladders and
fan graphs. We proved that for the ladder L, = P,[0P,, n > 3, admitting a C5,,-covering,
2 <m < [(n+1)/2], ths(Ly, Cap) = [22E0] Moreover for the fan graph F;, on n + 1 vertices,
n>2and3 <m < [(n+3)/2], ths(F,, Cp,) = [ 22 ]

For the edge (vertex) cycle-irregularity strength of ladders was proved the following.

Theorem 4.1. [6] Let L, = P,L1P,, n > 2, be a ladder. Then

ehs(Ln, Cy) = [” + ﬂ .

4

Theorem 4.2. [6] Let L, = P,LUP, n > 3, be a ladder. Let m be a positive integer, m <
[(n+1)/2]. Then

vhs(Ln, Com) = {m i "w |

2m

In [6] is also given the exact value for the vertex cycle-irregularity strength for fan graphs.

Theorem 4.3. [6] Let F,, be a fan graph on n+ 1 vertices, n > 2 and 3 < m < [(n + 3)/2]|. Then

n
hs(F),,C,) = .
vhs( ) [m — 1—‘
According to results proved in [6] it is needed to find the edge cycle-irregularity strength for
ladders and fans for every feasible length of cycles. We suppose that these parameters equal to the
lower bounds. We conclude the paper with the following conjectures.

Conjecture 1. Let L, = P,[0P,, n > 2, be a ladder admitting a C5,,-covering, 3 < m <
[(n+1)/2]. Then
ehs(L,,, Cop) = (m—*ﬂ )

2m

Conjecture 2. Let I}, be a fan graph on n + 1 vertices, n > 2 and 3 < m < [(n + 3)/2|. Then

chs(F,,Cp) = [=2] .

m
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