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Abstract

A graph G is called a totally irregular total k-graph if it has a totally irregular total k-labeling
A:VUE — {1,2,--- , k}, that is a total labeling such that for any pair of different vertices x and
y of G, their weights wt(x) and wt(y) are distinct, and for any pair of different edges e and f of
G, their weights wt(e) and wt( f) are distinct. The minimum value & under labeling A is called the
total irregularity strength of GG, denoted by ts(G). For special cases of a complete bipartite graph
K, the ts(K ,,) and the ts( K, ,,) are already determined for any positive integer n. Completing
the results, this paper deals with the total irregularity strength of complete bipartite graph K, ,, for
any positive integer m and n.
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1. Introduction

Graph labeling is a mapping that assigns integer (usually positive integer) to a vertex set or
an edge set of a graph. Since the first appearance, graph labeling has been studied and modified
under many conditions that lead to an interesting problem to deal with. When the domain is the
union of vertex set and edge set, the labeling is called total labeling. Let GG be a finite, simple,
and undirected graph with vertex set V' (G) and edge set F(G). For any total labeling A : V(G) U
E(G) — {1,2,--- ,k}, the weight of a vertex v and the weight of an edge e = uv are defined by
w(v) = Av) + 2 ,enq) Muv) and w(uv) = A(u) + A(v) + A(uv), respectively. If the weights
of any pair of distinct vertices under total labeling A are distinct, then ) is called a vertex irregular
total k-labeling, and if the weights of any pair of distinct edges under total labeling \ are distinct,
then ) is called an edge irregular total k-labeling. The minimum value &k for which G has a vertex
(or an edge) irregular total labeling A is called the total vertex (or edge, resp.) irregularity strength
of G and is denoted by tvs(G)( or tes(G), resp.) [1].

The boundary for the tvs(G) that for every (p, ¢)-graph G with minimum degree 6(G) and
maximum degree A(G) is given in [1] by Baca, Jendrol, Miller, & Ryan, as follows.

p+6(G)
A(G) +1
while for the tes(G) as follows.

W <tvs(G) <p+ A(G) — 20(G) + 1; (D

['E“;#} < tes(G) < |E(G)]. @)

In [14], Wijaya, Slamin, Surahmat and Jendrol proved the sharpness of the lower bound of tvs(Q)
for several cases of complete bipartite graph and gave the lower bound for a complete bipartite
graph K, ,, where m < n, except for K o, as follows.

t0s(Kopn ) Zmax{[m—i_n—‘ , F””"_ 1” 3)

m—+1 n

In [4], IvanZo and Jendrol proved that any tree 7" has an edge irregular total labeling and the lower
bound (2) is sharp, as follows.

A(T)+1 \E(T)|+2]) 4
|55 @

o) = s { [ 20

The lower bound (2) is also sharp for a complete bipartite graph as given in [5] by J endrol, Miskuf,
and Sotdk, that is for m,n > 2,

&)

tes(Komn) = [m” -+ 2} .

3

For many results of tvs(G) and tes(G) of some certain graphs, and various kind of graph labeling,
one can refer to [2].
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Finding both exact values is challenging even for some certain class of graphs. While many
researchers work on evaluating each of the parameters of some certain graphs, Marzuki, Salman,
and Miller [7] considering the vertex (and the edge) irregular total labeling of a graph at the same
time. A graph G is called a totally irregular total k-graph if it has a totally irregular total k-
labeling, that is an edge irregular total k-labeling and a vertex irregular total k-labeling at the same
time. The minimum value % for which a graph G be a totally irregular total graph, is called the
total irregularity strength of GG, denoted by ¢s(G). They [7] gave the lower bound for every graph
G,

ts(G) > max{tes(G),tvs(G)}; (6)

and showed that the lower bound (6) is sharp for paths P,, n # 5, and cycles C,,. For any path P,

of n vertices,
(”—“W , forn € {2,5};

_ 3
ts(Fn) = { |24, otherwise.

For several cartesian product graphs, Ramdani and Salman in [8], showed that the lower bound
(6) is sharp. Later, Ramdani, Salman, and Assiyatun [9] gave an upper bound of ¢s for some regular
graphs. Then, in [10], Ramdani, Salman, Assiyatun, Semanicovi-Fenovcikova, and Baca, proved
that gear graphs, fungus graphs, ts(Fg, ), for n even, n > 6; and disjoint union of stars are totally
irregular total graphs with the ¢s equal to their tes.

In [12], Tilukay, Salman, and Persulessy proved that fan, wheel, triangular book, and friendship
graphs are totally irregular total graphs with the ¢s equal to the lower bound (6) as well as double
fans DF,,, (n > 3), double triangular snakes D7), (p > 3), joint-wheel graphs W H,,, (n > 3), and
P, + K,,(m > 3), that is given by Jeyanthi and Sudha in [6], and star graph K ,,, double-stars,
and caterpillar, that is given by Indriati, Widodo, Wijayanti, and Sugeng in [3]. They [3] obtained
that for any positive integer n > 3,

(7

tS(Klyn) = ’V (8)

Next, Tilukay, Tomasouw, Rumlawang, and Salman in [13] found that complete graph K, and
complete bipartite graph k&, ,, are both totally irregular total graphs with their ¢s equal to the tes.
They [9] obtained that for any positive integer n > 2,

t5(K ) = [”2 + ﬂ |

3
Taihuttu, Tilukay, Rumlawang, and Leleury [11] also provided the ¢s of a small result for a com-
plete bipartite graph K, ,,, where 2 < m < 4.
Completing the results of complete bipartite graphs above, in this paper, we proved that com-
plete bipartite graph K,, ,, for any positive integer m and n is a totally irregular total graph by
determining its total irregularity strength.

n+1
5 )

€))

2. Complete Bipartite Graphs

Let K,,,, where m,n > 1, be a complete bipartite graph with two vertex partition sets of
cardinalities m and n. For simplifying the drawing of K,, ,, together with labels, let the labeling
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AN V(Kpn)UE(Ky,,) — {1,2,--- , k} represented by an (m+1) x (n+ 1) modification matrix
M\(Knn) = (a;j), where aj; = 0; first column a;1,7 # 1, consists of labels of m vertices in
second partition set; first row ay;, % # 1 consists of labels of n vertices in first partition set; and the
remain entries consist of labels of edges joining these vertices.

Theorem 2.1. Let K,, ,, be a complete bipartite graph with 2 < m < n. Then

s(Kp) = [ﬂ@n/+-2w '

3

Proof. Since |V (K, )| = m + n, |[E(Ky,,)| = mn, §(G) = m, A(G) = n with m < n by
equations (1), (2),(3), (5) and (6), for 2 < m < n, we have

(10)

s(Kp) > [mn—l— 2" .

3

Next, we construct an irregular total labeling A : V(K,,,) U E(K,,n) — {1,2,--- , k} which is
divided into two cases as follows. Let k = (%“-‘ .

Case 1. For Ky ;, where ¢ € 3,4,5,6,7; K34; K35; and Ky 14.

The labeling A\ of each complete bipartite graphs represented by the modification matrices as fol-
lows.

012 3 012 3 4
i My(Kes)=| 1 1 1 1 |5ii. My(Koy)=| 1 1 1 1 1 |;
2 3 3 3 2 4 4 4 4
012334 0123445
fil. My(Kos)=| 1 1 1 1 2 2 |5iv.My(Kpg)=| 1 1 1 112 2 |;
4 3 3 3 4 4 5333 3 44
012345756
V. M)\(ng): 1 111112 2 )
6 33333 44
012345 0124567
vi. M\(Ks35) = ;1;21? s vil. My (Ks6) = ;}gggig ; and
6 6 6 6 6 6 7776666
0 1 3 5 7 9 11 13 15 10 12 14 16 18 20
1 1 1 1 1 1 1 1 1 8 8 8 8 8 8
viii. My(Ky )= 2 1 1 1 1 1 1 1 1 8 8 8 8 8 8

19 11 11 11 11 11 11 11 11 18 18 18 18 18 18
20 11 11 11 11 11 11 11 11 18 18 18 18 18 18

Figure 1 shows a totally irregular total 20-labeling of K, 14 represented by My (K, 14).
It is easy to check that A is optimal such that all edge-weights form arithmetic progression with
different 1, that is 3,4, --- , |E(K,,,) and all vertex-weights are distinct can be seen by summing
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Figure 1. A totally irregular total 20-labeling of K4 14.

all entries of each column or row, except for the first column and first row.

Case 2. For K,, ,,, 2 < m < n, different from K,;, where ¢ € 3,4,5,6,7; K34; K35; and
Ky

For Case 2, we separate each of both partition sets of V(K,,,) into 2 partition subsets as
follows. Fora +b=nandc+ d = m, let

V(Kmn) ={u,vj|l <i<aand1 < j <b}U{x;,y;]l <i<candl <j<d}.

E(Kny) = {uwzj]l <i<a,1<j<ctU{vz;]1 <i<b1<j<c}U
{uy;l <1< a,1<j<dfU{vyl <i<b1<j<d}

Then, we define a, b, ¢, and d for any given m and n of K, ,,. It is shown in Table 1.

Next, by using the given condition in Table 1, we construct an irregular total labeling A on

K, inTable 2 - 5.
By verifying every label of all edges and vertices of K, ,, for Case 2 given in Table 2 - 5, the
maximum label is k, thus A is a total k-labeling. More over, the construction of every label of
all edges and vertices of kK, ,, for Case 2 given in Table 2 - 5 are optimal and resulting the edge
weight-set {3,4, - - -, |E(K, )|}, while the vertex weight-sets of K, ,, for Case 2 given in Table
2 - 5 are strictly increase.

Consider all the vertex-weights obtained in Table 2. It can be checked that for 8 < n < 10,
we have b = 2 which implies that w(u;) < w(z1) < w(v;) < w(y1), while for n > 11,
w(w;) < w(v;) < w(ry) < w(yr), where 1 < i < agand1 < j < b. Thus, for K5, where
n > 8, a total k-labeling A given in Table 2 is a totally irregular total k-labeling.

391



Complete bipartite graph is a totally irregular total graph |

Meilin I. Tilukay et al.

Table 1. Values of constrains a, b, ¢, and d for any given m and n defined in V (K, ,,)

| Subcase | m n \ a \ b | ¢ | d
2.1 2 n>8 k n—k 1 1
2.2 3 n=4orn>7 El El 2 | 1

m+1<n<3Hor
3m+1<n<4m-+2or [2£] n— 2 = =

2.3 evenm > 4 n > 5m+b;

WL <n < 3mor 5] 5] | %

dIm+3<n<bm+4
m+1<n< 3 ==
2.4 oddm>5 | B >p>2m+14 |n—m—-7| m+7 | |Z]|[2]
nzomils  |n-[2g]| [2] | [A]]]%

For all the vertex-weights of K3 ,, obtained in Table 3, it is easy to checked that there is no two
vertices and no two edges of K34 or K3 7 of the same weight. It can be checked also that for K3 ,,,
where n > 8 w(w;) < w(v;) < w(z,) < w(yr), 1 <i<a,1<j<bandl <r < 2. Thus,
for K3, where n = 4 or n > 7, a total k-labeling )\ given in Table 3 is a totally irregular total

k-labeling.

Next, by evaluating all the vertex-weights of K, ,,, where m is even, m > 4andn > m + 1

Table 2. A construction of A of K, ,, in Subcase 2.1 and its associate weight

| e || Label A(e) | Weight w(e) | Constraint |
U; 1 b+i+3 1<i<a

v; a—b+1 n+b+1+3 1<i<b

2 1 n+b+1

U1 a n(b+2)+a+0?

w;xy || 1 1+ 2 1<i1<a

vry || b+1 a+1+2 1<i<b

wyr || b+ 2 n-+1i+2 1<i1<a

obtained in Table 4, we have that for 1 < <a,1 <j <D, 1<r<c¢ 1<s<d,

i w(z,) < wlu) <wlvy) <w(ys), form+1<n < 37,

i wlu) < w(z,) <wv;) <wys), for M <n <4m + 2;

il w(w;) < w(v;) <w(z,) <w(ys), forn > 4m + 3.

Thus, for K, ,,, where m is even, m > 4 and n > m + 1, a total k-labeling A given in Table 4 is a

totally irregular total k-labeling.
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Table 3. A construction of f of K, ,, in Subcase 2.2 and its associate weight

e | Label A(e) | Weight w(e) | Constraint

u; 1 k+ 31 1<i<a

v; k—b+1 |[k+3a+3i—2|1<i:<b

T, 7 %"—b—l—i 1<i<e¢

Y1 k k> —b

uxy || 1 21+ 7 1<i1<a,1<1<¢
viz; |a+i—1 |2a+20+j 1<1<h1<1<¢c
uiyy ||k 2k + 1 1<i<a

Table 4. A construction of A of K, ,, in Subcase 2.3 and its associate weight

e [ Label A(e) | Weight w(e) | Constraint
u; dii—1)+1 dldn+d—k+i+1)+1 1<i<a
v; k — bd dmn—3k—-b—d+dn+i+4)+k | 1<i<b
T i a+bldn—d—k+2)+i 1<i<ec
Yi k—d+i aldn+d—k+1)+bmn—-2k+2)+ | 1<i<d
k—d+i
wiz; || 1 dii—1)+j+2 1<i<a,1<j<c
viz; |dn—1)—k+2|dla+i—1)4+j5+2 1<i<hl1<j<c
wy; | dn+ 1) —k+1|dnti—1)+j+2 1<i<al<j<d
viy; || mn — 2k + 2 mn—db—i+1)+j+2 1<i<bh1<j<d

Next, by evaluating all the vertex-weights of K, ,,, where m is odd, m > 5andn > m + 1
obtained in Table 5, we have that for 1 <:<a,1 < 7<b,1<r<c¢ 1<s<d,

i w(z,) < wu) <w(vy) <w(ys), form+1<n < 2L
1l w(uz) < U)(ZL’T) < U}(’Uj) < w(ys), for w <n<2m+ 14;

il w(w;) < w(v;) < w(z,) < wys), forn > 2m + 15.

Thus, for K, ,, where m is odd, m > 5 and n > m + 1, a total k-labeling A given in Table 5 is a
totally irregular total k-labeling.

mn+2

21 labeling.

Based on the results of both cases, we have that A is a totally irregular total {
Thus, for m < n,m > 2, and n > 3, we obtain:

2
ts(Kpn) < [m”; W . (11)
By equation (10) and (11), we have ts(K,,,) = [222], form < n,m > 2, and n > 3.
O

393



Complete bipartite graph is a totally irregular total graph |

Meilin I. Tilukay et al.

Table 5. A construction of A of K, ,, in Subcase 2.4 and its associate weight

e [ Label Ae) | Weight w(e) | Constraint
Uj cli—1)+1; dlen +d — k) +mi+ 1; 1<i<an<2m+ 14;
dii—1)+1, dc(n+1)+dn—k)+mi+1; 1<i<a,n>2m+15;
v; k—c(b—1); m(en —k +1i42) + k+
c(dn —c—b) —d(k — a); 1<i<bn<2m+ 14;
k—db—1i); mi+k+cldn—2d+c+a—k)+
d(2dn — 2k — b+ n + 2); 1<i<a,n>2m+ 15;
T; R n+blen—c—k+1)+7; 1<i<e,n<2m+ 14;
5(n+1)+bldn—2d+c—k)+j; | 1 <i<cn>2m+ 15
Ui k—d+ 1 Zn+1)+k(1—n)—d+cn’+
ad +b(en — k + 2) + 7; 1<i<dn<2m+ 14
k—d+ad+n(dn+n—Fk+1)+
b(dn —k+1) + j; 1<i<d,n>2m+15;
wir; || 1 ci—1)4+j+2; 1<i<a,1<j<e,
m+1<n<2m+ 14;
(5 dii —1)+i+j+1; 1<i<a,1<j<eg,
n > 2m —+ 15;
virj || c(n—1)—k+2; cla+i—1)+7+2 1<i<b1<j<e,
m+1<n<2m+ 14;
dn—2)+a+c— dla+i—2)+a+c+i+j 1<i<b1<j<gc,
k+ 1 n > 2m + 15;
wy; | en+d—k+1 cn+i—1)+i+j+1; 1<i<a,1<j<d,
m+1<n<2m+ 14,
dn+1)+n—k+1 |dn+i—1)+n+j+2; 1<i<a,1<j<d,
n > 2m—+ 15;
viy; | 2len—k+1)4+a+14 | cn+a+i)+a—d+i+j+2; 1<i<bh,1<5<d,
m+1<n<2m+ 14;
2dn—k+1)+n dn+a+i—1)+n+j+2; 1<i<b1<j<d,
n > 2m+ 15;

3. Conclusion

By Equations (7), (8), (9), and Theorem 2.1, we can conclude that complete bipartite graph
K, for any positive integer m and n is a totally irregular total graph with

ts(Kpmn) =

2, form =n=1;
’—”Tl-‘, form=1,n# 1,
|mnt2] | otherwise.
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