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Abstract

For a simple graph G, a vertex labeling f : V(G) — {1,2,...,k} is called a k-labeling. The
weight of a vertex v, denoted by wt(v) is the sum of all vertex labels of vertices in the closed
neighborhood of the vertex v. A vertex k-labeling is defined to be an inclusive distance vertex
irregular distance k-labeling of G if for every two different vertices u and v there is wts(u) #
wt¢(v). The minimum £ for which the graph G has a vertex irregular distance k-labeling is called
the inclusive distance vertex irregularity strength of GG. In this paper we establish a lower bound
of the inclusive distance vertex irregularity strength for any graph and determine the exact value of
this parameter for several families of graphs.
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1. Introduction

Inspired by Miller, Rodger and Simanjuntak [5] who introduced a distance magic labeling, Sla-
min [6] introduced the concept of a distance vertex irregular labeling of graphs. A distance vertex
irregular labeling of a graph is a mapping g : V(G) — {1,2,...,k} such that the set of vertex
weights consists of distinct numbers, where the weight of a vertex v € V(&) under the labeling g

is defined as
wt!](v) = Z g<u)7

uENG(v)
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where Ng(v) is a set of all neighbors of a vertex v, that is a set of vertices whose distance from
v is 1. In other words the weight of a vertex v is the sum of all vertex labels of vertices in the
neighborhood of the vertex v. The minimum k& for which a graph G has a distance vertex irregular
labeling is called the distance vertex irregularity strength of G, denoted by dis(G). In his paper,
Slamin also proved that dis(K,,) = n, for n > 3, dis(P,) = [n/2], for n > 4, dis(C,) =
[(n+1)/2], forn =0,1,2,3 (mod 8) and dis(W,,) = [(n+ 1)/2],forn =0,1,2,5 (mod 8).

Bong et al. [2] generalized the concept to inclusive and non-inclusive vertex irregular d-
distance vertex labeling. The difference between inclusive and non-inclusive labeling depend on
the way to calculate the vertex weight whether the vertex label of vertex which we calculate its
weight is included or not. The symbol d represents on how far the neighborhood is consider. Thus
the original concept of Slamin can be called a non-inclusive vertex irregular 1-distance vertex la-
beling. An inclusive vertex irregular d-distance vertex labeling f is an irregular labeling of vertices
in a graph G where the weights of a vertex v € V(G) is the sum of the label of v and all labels of
vertices up to distance d from v,

wtp(v) = f(v) + > f(u),

ueV(G): 1<d(u,v)<d

where d(u,v) is the distance between vertex u to vertex v. They determined the inclusive 1-
distance irregularity strength for path P, (n = 0 (mod 3)), star, double star S(m,n) with m < n,
lower bound for caterpillar, cycles and wheels.

In this paper we consider an inclusive vertex irregular d-distance vertex labeling with d = 1.
For simplicity in this paper, we call the labeling an inclusive distance vertex irregular labeling.
Thus an inclusive distance vertex labeling f is an irregular labeling of vertices in a graph GG where
the weights of a vertex v € V(G) is the sum of the label of v and all vertex labels of vertices in the
neighborhood of the vertex v, and thus

wtp(v) = Y flu),

uwENgG[v]

where N¢(v] is a set of all neighbors of a vertex v including v, that is a set of vertices whose
distance from v is maximum 1.

The minimum £ for which there exists an inclusive distance vertex irregular labeling 9{ a graph
G is called the inclusive distance vertex irregularity strength of G and is denoted by dis(G). If
such £ does not exist we say that (EI\S(G) = o0.

We establish a lower bound of the inclusive distance vertex irregularity strength and determine
the exact value of this parameter for several families of graphs. We are dealing with the given
graph invariant for complete graphs, complete bipartite graphs, paths, cycles, fans and wheels.

2. Lower and upper bound

The following lemma gives a lower bound on the inclusive distance vertex irregularity strength
of a graph G.
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Lemma 2.1. [2] Let G be a graph with maximum degree A(G) and minimum degree §(G). Then

Tic V(G)[+6(G)

Now we will deal with an upper bound of (51\8(G ). The following theorem gives a sufficient and
necessary condition for dis(GG) < co. Note that the graph G is not necessarily connected.

Theorem 2.1. For a graph G holds de(G) = oo if and only if there exist two distinct vertices
u,v € V(Q) such that Ng[u] = Ng[v).

Proof. Let us consider that in G there exist two distinct vertices u, v € V(G) such that
Ng[u] = Ng[v]. (1)

Let f be any vertex labeling of G, f : V(G) — {1,2,..., k}. For the weights of vertices u and v
under a labeling [ we get

wtp(w)= > flz)= Y f(2) Zf Zf_Wtf)

TENg[u] TENgG[u] zENg[v zENg[v

According to the condition (1) we get wtf(u) = wt¢(v) which evidently means that f can not be
distance vertex irregular.

Now, let us consider that for all vertices u,v € V(G) it holds that N [u] # Ng[v]. Let us
denote the vertices of G arbitrarily by the symbols vy, vy, ..., vy (). We define a vertex V(&)1

labeling f of G in the following way:
fly) =271 fori=1,2,...,|V(G)].
Let us define the labeling 6 such that

0, — 1, ify; € Ng[vj],
00, if v € Nalvl,

where i = 1,2,...,|[V(G)|,j =1,2,...,|V(G)|.
The weight of a vertex v; is the sum of all vertex labels of vertices in a closed neighborhood of
vj. Thus, for j = 1,2, ..., |V(G)| we have

V(G)|
wtp(v) = > f(w) dooo2rt= ) gt )
=1

v;€Ng[vj] i: v;€ENglvj]

To prove that vertex weights are all distinct it is enough to show that the sums ZLZ&G” 0; ;21 are
distinct for j = 1,2,...,|V(G)|. However, this is evident if we consider that the ordered |V (G)|-
tuple (0)v(c)|,;0v(c) -1, - - - U2,61,;) corresponds to the binary code representation of the sum (2).
As different vertices have dlstinct closed neighborhoods we immediately get that the |V (G)|-tuples

are different for different vertices. Which implies that dis(G) < 2/V(@I-1, O
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3. Complete and complete bipartite graph

Immediately from Theorem 2.1 we obtain the result for the inclusive distance vertex irregularity
strength of complete graphs.

Corollary 3.1. Let n be a positive integer. Then

1, forn=1,
oo, forn > 2.

dis(K,,) = {

From Theorem 2.1 we also obtain the following result.

Lemma 3.1. Let (TI\S(G) < oo. If u,v € V(G) are two distinct vertices such that Ng(u) = Ng(v)
then f(u) # f(v) in any inclusive distance vertex irregular labeling f of G.

We will use this lemma for finding the inclusive distance vertex irregularity strength of com-
plete bipartite graphs K, ,,, m,n > 1.

Theorem 3.1. Let m,n be positive integers m > n > 1. Then

00, form=mn=1,
dis(Kppn) =S n+2, form=mn2>2,
m, form > n.

Proof. Let m,n be positive integers m > n > 1. Let us denote the vertices and edges of K, ,,
such that

V(Kpp) ={u;:1=1,2,....om}U{v;: j=1,2,...,n},
E(Kpny,) ={uwv;j:i=1,2,...,m, j=1,2,...,n}.

)

We will consider three cases.

Case 1: m = n = 1. In this case the graph K, ,, = K ; is isomorphic to K and according to
Corollary 3.1 we get de(Km) = 0.

Case2: m =n > 2. Let f : V(G) — {1,2,...,k} be an inclusive distance vertex irregular
labeling of K, ,,. According to Lemma 3.1 we get k& > n and the set of labels of vertices u;, i =
1,2,...,n must consist of distinct numbers and also the set of labels of vertices v;, j = 1,2,...,n
must consist of distinct numbers. It is easy to see that & > n.

Let us consider that £ = n + 1. Without loss of generality we can assume that

{flu;) :i=1,2,...,n} ={1,2,...,n}

and
{flv;):j=12,...,n} ={1,2,...,n+ 1} \ {p},

where p is an integer 1 < p < n.
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Then for the vertex weights we get

wty(v) =1 (v;) +Zf i) = F(o) + )i = flu) + "5,
i=1

forj =1,2,...,n. Thus

{wtv;) : j =12, n} = {58 + 1,250 12, 200 4 1)\ {255 4 p)

And

n+1

wt(u;) =f uZ+vaJ = u1+23—p fuz+ZJ+ (n+1)—p

7=1
=f(ui>+%+<n+1>—p,

for: =1,2,...,n. Thus
{wtf(ui):i:1,2,...,n}:{@—|—n—i—2—p,@+n+3—p,...,w+2n+2—p}.

Which is a contradiction as the vertex weights are not distinct. Thus k& > n + 2.
Let us define the vertex labeling g of K, ,, such that

g(u;) =1, fori =1,2,...,n
gvj))=35+2, forj=1,2,...,n

Thus g(u) < n + 2 for all vertices in K, ,.
Now we compute the vertex weights. For: =1,2,...,n,

wty(ui) =g(us) + D g(vy) =i+ (7 +2) =i+ "5+ 2n
Jj=1 j=1
andforj=1,2,...,n

wty(v;) =g(vs) + Y glug) = (+2) + Y i =j+2+ " <2 4 2

i=1 i=1

As n > 2 we obtain that the vertex weights are distinct.

Case 3: m > n. Let f : V(G) — {1,2,...,k} be an inclusive distance vertex irregular
labeling of K, ,. According to Lemma 3.1 we get & > m. Let us define the vertex labeling f of
K, » such that

flu;)) =i, fori=1,2,...,m,
f(vy)

Evidently the vertex labels are not greater than m.

g3, forj =12 ... n.
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For the weights of the vertices we get the following. Fori =1,2,...,m
wt p(u;) =f(u; +Zf v;) —H—Z] = g 2otl),
thus

{wtf(ui):izl,Q, m}_{ n+1)+1 n(n+1)+2,.“ n(n+1 +m}
Forj=1,2,...,n

wt(v;) =f(v; +quz—j+ZZ_]+ZZ+Zl—j+n(n+l)—|—2i
i=n-+1 i=n-+1
>Jj+ "(”H) + m,
which implies that that the weight sets do not overlap. o

Immediately from Theorem 3.1 we obtain the result for the inclusive distance vertex irregularity
strength of stars \S,, = K ,,, which is also proved by Bong et al. [2].

Corollary 3.2. Let n be a positive integer. Then

ch\s(Sn) _ {oo7 forn =1,

n, forn > 2.

The join G & H of two disjoint graphs G and H is the graph G U H together with all the edges
joining vertices of V' (G) and vertices of V' (H). In the next theorem we will deal with the inclusive
distance vertex irregularity strength of joins G & K, where G is an arbitrary graph, possibly also
disconnected.

Theorem 3.2. Let G be a graph with maximum degree A(G). Then

_ e if A(G) = [V(G)| - 1,
dlS(G@ Kl) = {&(G)’ lfA(G) < ’V(G)‘ —1.

Proof. Let GG be a graph with maximum degree A(G). Let us denote the vertices and edges of a
graph G & K such that

V(G & Ky) =V(G)U{v},
E(G® K,) =E(G)U{vu:ue V(G)}.

Let w € V(G) be a vertex such that deg(w) = A(G). If A(G) = |V(G)| — 1 then in the
graph G @ K the degree of the vertex w will be |V (G)|,

NG@Kl[w] = V(G () Kl)

66



On inclusive distance vertex irregular labelings | Martin Baca et al.

But also for the vertex v we get degqq i, (v) = |V(G)| which means
Neer, [v] = V(G @ Ki).

According to Theorem 2.1 we get de(G @ Kp) =00
Now let us consider that A(G) < |V (G)| — 1. We distinguish two cases.

Case 1: de(G) = 00. By Theorem 2.1 we get that there must exist in G two distinct vertices,
say x,y, such that Ng[x] = Ng[y|. But this implies that

Neer, [r] = Nglz] U {v} = Ngly] U{v} = Ngox, [y]-

But this means that &1\3((} ® K,) =
Case 2: dis(G) < oco. Let f : V( ) — {1,2,...,k} be an inclusive distance vertex irregular

labeling of a graph G such that k = d1s(G) Let us define a vertex labeling g : V(G & K;) —
{1,2,...,k} such that

g(u) =f(u), forue V(G),
g(v) =1.

Evidently g is a k-labeling. For the vertex weights under the labeling g we get the following. If
u € V(G) then

wh(u) = > gle)= Y g@)+gv)= > flz)+1=uwts(u)+1.
zENGa K, [u] zENgG|u] ENgG[u]

As f is an inclusive distance vertex irregular labeling of a graph G then the vertices u € V(G @
Ky) \ {v} have distinct weights under the labeling g.
The weight of a vertex v is

wty(v) = Z g(x) = Z )=1+ Z flx

meNGEDKl [v} {L‘GNg[u] er G)

As A(G) < |V(G)| — 1 we get that for every vertex u € V(G)

Zf >wtf )

zeV(G)

This implies that for every vertex u € V(G)

Thus dis(G @ K1) < dis(G).
To prove the equality it is sufficient to show that there does not exist an inclusive distance
vertex irregular K -labeling of a graph G @ K such that K’ < dis(G). On contrary let us consider
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that such labeling % exists. Thus i : V(G @ K;) — {1,2,..., K} is an inclusive distance vertex
irregular labeling of a graph G' & K. Under the labeling h the vertex weights of all vertices must
be distinct, thus also for every two vertices x,y € V(G) we have

wtp(x) 7# win(y).

Now we subtract from both sides the label of the vertex v and we obtain

wty(z) — h(v) # wity(y) — h(v).

But this means that a restriction of the labeling & on the graph G is an inclusive distance vertex

irregular K -labeling of G. And this is a contradiction as K < dis(G). This concludes the proof.
O]

Immediately from Theorem 3.2 we get another proof of Corollary 3.1.

Let Kp, n,,..n, denote the complete p-partite graph with partite sets of cardinalities n;, i =
1,2,...,p. Using Theorems 3.2 and 3.1 we obtain a result for complete multipartite graphs of a
special type.

Theorem 3.3. Let m,n be positive integers m > n > 1. Then

00, form=n=1,
dis(Kppn1) =4n+2, form=n>2
m, form > n.

4. Path

Let P,, n > 2 be a path on n vertices. We denote the vertices and edges of P, such that
V(Pn) :{Ui T = 1,2,...772,},
E(P,) ={vviz1 :i=1,2,...,n—1}.

Bong et al. [2] proved that c/li\s(Pn) =n/3+1forn =0 (mod 3). As P, is isomorphic to
a complete graph K5 using Corollary 3.1 we get dis(P,) = oo. For the inclusive distance vertex
irregularity strength of a path we prove the following.

Theorem 4.1. Let n be a positive integer n > 2. Then

00, forn =2,
dis(P,) = | 3, forn =15,
(25 forn#2 (mod 9), n#5

and

whenn =2 (mod 9), n > 11.
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Let n > 3 be a positive integer. As A(P,) = 2 and §(P,) = 1 from Lemma 2.1 we obtain a
lower bound of the inclusive distance vertex irregularity strength of a path

dis(P,) > [2]. 3)

To prove the equality let us consider Lemmas 4.1 throughout 4.5.

Lemma 4.1. Let n be a positive integer, n = 1,7 (mod 9), n > 7. Then

dis(P,) = ™2,

Proof. Letn = 1,7 (mod 9), n > 7. According to (3) it suffices to show that there exists an
inclusive distance vertex irregular [(n + 1)/3]-labeling of P,.
Let f: V(P,) = {1,2,...,[(n+1)/3]} be a vertex labeling of P, defined such that

flo)=[4], fori=1,2,..., 2

3 Y
flv) = {%L fori:%,@,...,n.

It is easy to see that every vertex label is not greater than (n + 2)/3
For the vertex weights we get the following.

[(n+1)/3].
wtp(vr) =f(v1) + fv2) = [5] + [5] =2,

3

wtp(vi) =f(vie1) + f(v) + foien) = [FH] + [5] + [FH] =i+ 1,
fori=2,3,... 22
thus the corresponding weights are 3,4, ..., %,
2n—2 2n+1 2n4d
wty(vansr) =f(vzn=2) + f(vzne1) + f(v2044) = [ 3 W + { 3 W + [ E W = =,
3 3 3 3
2n+1 2n+4+2 2n+7+2
wty(vanta) =f(vzni1) + f(vansa) + f(v2047) = [ 3 }r { - %[ %3 1
%, ifn=1 (mod?9),
220 ifn =7 (mod 9),
wtp(v;) =f(vier) + f(vi) + f(vig) {%—‘ + ’_%-‘ + [(lﬂ#—‘ =1+ 3,
- 2n+7 2n+10
fori = 2% 20X p — 1,
thus the corresponding weights are 2446 20619y 4 2,
why(vn) =F(v-) + F(va) = [ S| 4 [22] = 22,
Thus the vertex weights are distinct. This concludes the proof. [

Lemma 4.2. Let n be a positive integer, n = 4 (mod 9), n > 4. Then

dis(P,) = ™2,
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Proof. Let n = 4 (mod 9), n > 4. A vertex labeling f : V(P,) — {1,2,...,(n+2)/3} is
defined in the following way

flo) =[], fori=1,2,... 225

flo) = [52], fori= 22 20 n,

It is easy to see that every vertex label is not greater than (n+2)/3 = [(n + 1)/3]. Thus, according
to (3) we only need to show that the corresponding vertex weights are distinct. In particular:

wty () =f(wn) + fen) = [3] + [2] =2,
wig () =F (1) + F0) + Floen) = [51] + 3]+ [5] =i 41,

fori=2,3,... 28,
thus the corresponding weights are 3,4, .. ., 2”3_ 3
2n—8 2n—>5 27172_’_2
wtp(van—s) =f(van-s) + f(v2n_s 5)+f(v2n 2) = [ 3 —‘ + [ 3 —‘ + [ 3 w = il
3 3 3
2n 5 2n+41
2 2
wty(van—2) =f(van=s) + f(v2n-2) —i—f(van [ [ 5 2t —‘ [ 3 + —‘ _ 2n3+77
3 3 3
wty(v;) =f(vic1) + f(v;) + flviq) = [(z 1)+2-‘ + [% + {W-‘ =143,
- 2n+1 2n+4
for: = =3 3 > ,n— 1
thus the correspondlng weights are 22510 2nblS Ly 49

wty(vy) =f(vp-1) + f(vn) = [%-‘ +[m2] = 2t

Lemma 4.3. Let n be a positive integer, n = 5 (mod 9), n > 5. Then

ai\s(Pn): {3, forn =5,

2l forn=5 (mod9).

Proof. Letn =5 (mod 9), n > 5. The lower bound for al\s(Pn) is given by (3), thus

dis(P) > [4] = =52
First, let n = 5. Thus ai\s(Pg)) > 2. We prove that al\s(Pn) > 2. Consider on contrary that there
exists an inclusive distance vertex irregular 2-labeling of P5. This means that all numbers 2, 3,4, 5
and 6 must be realizable as vertex weights. Note, that the weight 2 we can get only as 1 + 1 and
the weight 6 we can only get as 2 + 2 4 2, this implies that two incident vertices, say v; and vs,
must be labeled by 1 and three incident vertices, say vs, v4 and v, must be labeled by label 2. But,
in this case the weights of vertices v5 and v; are the same (equal to 4). A contradiction.
An inclusive distance vertex irregular 3-labeling f of F; is

fv1) = f(va) =1,  f(vs) = f(va) = f(vs) = 3.
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For n > 14 let us consider a labeling f : V(P,) — {1,2,...,

following way

fori =3,6,...,n— 5,

S [SV TN
+ -
—

f(Ui):%, fori=1,4,...,n—1,
flo) =41 fori=2,5,... 282 5
Flo) =14 fori=2u2 9 242 g p 3
f(vn):nT_E)a
)
)

Maximal number used as a vertex label is (n + 1)/3. The vertex weights are

wtyp(vr) =f(v

D+ fle) = B2+ 2 =2,

wty(v;) =f(vie1) + f(vi) + fviga) = Tl‘i‘%‘i‘ A3 =1+ 1,

fori=4,7,..., 252 6,
thus the corresponding weights are 5,8, ..., 252 — 5,

wtf(vi) :f(vz 1)+f(vz)+f(vz+1)_z 1+%+%:Z+2,

wty(Vp—a) =f(Vn-

wif(vn-1) =f (vn-

wty(v;) =f(vi

for s = 2n+42 -3 Qn?er

3 N

thus the corresponding weights are 222 — 1, 2082 42

5) + f(Un_a) + f(on_g) = 250 =22 | (2B gy o
3 3 3
2)  f(vnr) + flva) = 25+ O R = -1
DA ) + flo) =2 p ol iy
3 3 3
fori =2,5,..., 22 — 5

3
thus the corresponding weights are 3,6,..., 252 — 4,

wty(v;) =f(vie1) + f(vi) + fviga) = (F?H + 32+l =42

wtf(“ﬂ*?’) :f('Un
witp(vy,) =f(vn-

fori = 2n+2 2 2n+2 4 1 n— 6,

2n+2 2n+2
thus the correspondlng Welghts are =5, == + 3

a) + [(Ung) + flug_g) = ¥ 4 (2D el gy

1)+f<vn>=W+"T*5=2”—;4,

wtp (i) =f (vic1) + f(v;) + foipr) = E 41 GDR2 gy g

fom’=3,6,...,2”,+2 —4,

3
thus the corresponding weights are 4,7, ..., 252 — 3,

wt(v;) =f(vii1) + f(vi) + flvi) = (i—1)+4 1)+4 +iy (z+1)+2 —it2

for i = 222 — 12n+2+2 .n— 5,

thus the corresponding welghts are 22 ] 202 44

Wty (Un—2) =f (Vn_z) + f(Vn_z) + f(vn_y) = E2H 4 o2l 4 W —n+1.
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Thus the set of vertex weights is {2,3,...,n+ 1}.

Lemma 4.4. Let n be a positive integer, n = 8 (mod 9), n > 8. Then

dis(P,) = ™,

Proof. Letn =8 (mod 9),n > 8. We define a vertex labeling f : V(P,) — {1, 2,
in the following way

L (n+1)/3}

flo) =1%], fori =1,2,..., 21

3 )
f) = (3] +1, fori= 22 2mn

It is easy to see that every vertex label is at most (n + 1)/3 = [(n + 1)/3]. Thus, according to (3)
we only need to show that the corresponding vertex weights are distinct. In particular:

wtp(vr) =f(v1) + f(v2) = [3] + [5] =2,

3 z

3
wtp(vi) =f(vie1) + f(v:) + foin) = [FH] + [5] + [FH] =i+ 1,
fori=2,3,..., 22,
thus the corresponding weights are 3,4, ..., 2”3_ 1
2047 2n—1 2n+2
wtp(vm=1) =f(van=s) + f(van=1) + flvansz) = | ——| + [ 3 W + Q 3 J + 1)
3 3 3 3
_2nt5
3

ot s
wty(vansz) =f (v21) + (Vi) + f(2ns) = | +({3J4ﬂ)

3 3
3
2n+45

wtp(vi) =f(vima) + f() + fluin) = (5] + D)+ (5] + 1)+ ([FH] +1) =i+2,
fori =245 2048 —1,
thus the corresponding weights are 2”—;’117 %, coon+ 1
wtp(on) =f(on1) + flon) = ([%57] + 1) + ([3] + 1) = 252,

Thus the edge weights are distinct.

H
Lemma 4.5. Let n be a positive integer, n = 2 (mod 9), n > 11. Then
L < dis(P) <
Proof. Letn =2 (mod 9), n > 11. We define a vertex labeling f : V/(P,) — {1,2,...,k} in the
following way
flo) = [4], fori=1,2,... 22
f) = [E]+1, fori=2uts i
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Evidently, the vertex labels are not greater that [n/3] + 1 = (n + 4)/3. For the vertex weights we
get

wtp(vr) =f(v1) + fv2) = [3] + [5] =2,

wty(vi) =f(vica) + fo) + flo) = [5H] + [5] + [FH] =i+ 1,
fori=2,3,... 22
thus the corresponding weights are 3,4, . ..

2n+5
’ 3

2n+2 2045 2n+8
vilengs) =T + o) + o) = [ =5 |+ [55] + ([55] )

3
2n+11
3

2n45 2n48
wtf(v@)Zf(v@)Jrf(U@)Jrf(v%):[ 3 W*U 3 WH)

2n+11
_ 2n+417

wtp(v;) =f(vier) + f) + flien) = ([FH+1) + ([5] +1) + ([FH+1) =i+4,

C_ 2nt11 20414
forZ—T,T,...,n—l,
thus the corresponding weights are 22423 20226 1y 4 3,

wtp(0n) =f (v 1) + floa) = ([252] +1) + ([2] + 1) = 2258,

We proved that the vertex weights of distinct vertices are distinct. This means that f is an inclusive
distance vertex irregular ((n + 4)/3)-labeling. Thus dis(P,) < (n +4)/3. O

The join of a path P,, n > 2, and a complete graph K is called a fan graph F;,. Combining
Theorems 3.2 and 4.1 we obtain that for fans holds the following.

Theorem 4.2. Let n be a positive integer n > 2. Then

0, forn =2,
3 forn =15,

al\S(Fn): )
[nTH—‘v forn#2 (mod9),n#5

and

whenn =2 (mod 9), n > 11.

5. Cycle

We denote the vertices and edges of a cycle C,, on n, n > 3, vertices in the following way

V(C,) ={v; :i=1,2,...,n},
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E(C,) ={viviy1:i=1,2,...,n— 1} U{vv,}.

As A(C,,) = §(C,,) = 2 using Lemma 2.1 we obtain a lower bound of the distance vertex irregu-
larity strength of a cycle

TC) 2 [222]. @

As (5 is isomorphic to a complete graph K3 using Corollary 3.1 we get cTi\s(Cg) = 00. From
a lower bound we get dis(Cy) > 2. But it is easy to prove that dis(Cy) > 4. The corresponding
inclusive distance vertex irregular 4-labeling f of Cj is

f(v;)) =1, forl<i<A4.

Some results for the inclusive distance vertex irregularity strength of cycles are obtained in [2].
Combining and extending these results we get the following.

Theorem 5.1. Let n be a positive integer n > 3. Then

00, forn = 3,
(2], forn#2,3,4 (mod 18),n >5

and

whenn = 2,3,4 (mod 18), n > 20.

According to (4) if we want to prove the equality it is suffices to describe the corresponding
inclusive distance vertex irregular labelings for cycles. These labelings are given in Lemmas 5.1,
5.2,5.3 and 5.4.

Lemma 5.1. Let n be a positive integer, n = 5,0,1 (mod 6), n > 5. Then

dis(Cy) = [%2].

Proof. Letn =1 (mod 6), n > 7. We define a vertex labeling f : V(C,,) — {1,2,...,(n+2)/3}
of C,, in the following way

flv) = ( } 1, fori=1,2,..., 25,
f(vz): D49 forz'—”f,”gl?’,...,n,
v; (n— ZH V41, fori=12 ndl5 9
2 2
flug) = 2=i2) ”Z” ) 41, fori= ot ntll o — 1.
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Evidently, the vertex labels are not greater that [(n + 2)/3]| = (n + 2)/3. For the vertex weights
we get
wtp(v) =f(0n) + (1) + floa) = (2552 4 2) + 2 [1] = 1) + (2]

3 2031 -1) =
wtp(vi) =f(viea) + f(vi) + floin) = 2[F] - 1) + (2[5] - 1) + (2

5= )

=21 —1,
fori = 2,3,...,"7”’,
thus the corresponding weights are 3,5,...,n + 2,
nt3 n+5
tylvasa) =Hvase) + Svasa) + flows) = (2 [F] 1) + (o [F] 1)
2 2 2 2

n+9 n+15
w9 ks 9

thus the corresponding weights are 10, 16, ..., n — 3,
wtf(vi) :f(vi_l) + f(%) + f(%’-&-l) = (M + 1) + <2(n;i+2) n 1>

+<w+2> =2n + 6 — 2i,

for: = ,

forj = 2tll i p—1,
thus the corresponding weights are 8,14, ..., n — 3,

wtyv) =1 (i) + 70+ fleien) = (A2 4 1) 4 (2520 42)

n-5137n—2197”"n_3’

thus the corresponding weights are 12, 18,...,n — 7,

why(vn) =f(va1) + f(0a) + flo) = (20 4 1) 4 (2 49) 4 (2]4] - 1)
=0.

for: =

Thus the vertex weights are distinct numbers from the set {3,4,...,n + 2}. This means that f
is an inclusive distance vertex irregular ((n 4 2)/3)-labeling. Combining this and (4), for n = 1
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(mod 6), n > 7, we get
dis(C,) = 2.

Let us consider the cycle C,,_; that we obtain from C), such that
Cn,1 = Cn — {’02} U {'Ulvg}.

It is easy to get that the restriction of the labeling f defined above on the graph C,,_; = C,, —
{va} U {wvyvs3} is an inclusive distance vertex irregular ((n + 2)/3)-labeling of C),_;. In particular,
the vertex weights are {4,5,...,n+2}. Forn —1 =0 (mod 6), n > 7 according to (4) we get

dis(Cyp) > | 92| = ni2,

This means that forn = 0 (mod 6), n > 6

al\s(cn) = (n_+2“ :

3
Now we will deal with the case when the order of a cycle is congruent 5 modulo 6. We consider
the cycle C),_» obtained from C,, by deleting two vertices and adding corresponding edges

Ch—a = C, — {v2,v5} U {v1v3, 0406}

Again, the restriction of the labeling f defined above on the graph C,, » = C, — {vq,v5} U
{v1vs,v4v6} is an inclusive distance vertex irregular ((n + 2)/3)-labeling of C,,_,. In particular,
the vertex weights are {4,5,...,8,10,11,...,n + 2}. As (n —2) = 5 (mod 6), n > 5 then
according to (4)

dis(Cya) > [ 22| = o2

This means that forn =5 (mod 6),n > 5

CTl\S(Cn) = PL_Z—‘ :

3

Lemma 5.2. Let n be a positive integer, n = 8,9, 10 (mod 18), n > 8. Then

a1\5(0n) = (n_—’_z—‘ :

3

Proof. Letn = 10 (mod 18), n > 10. We define a vertex labeling f : V(C,,) — {1,2,...,(n +
2)/3} in the following way

flo)=%], fori=1,2,... =5
flog) =[5, fori=ng8 nbld o 208
flo) = [52], fori=222 200 p,
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Every vertex label is at most [(n + 2)/3| = (n + 2)/3. The vertex weights are

wtp(v) =f(va) + For1) + flva) = [22] + [1] + [2] = =28,
wtp(vi) =f (vim1) + f(v) + foign) = [5E] + [E] + [H] =i + 1,
fori =2,3,..., 242

thus the corresponding weights are 3,4, ..., %2

3

n+2 n+5 nt8
wtf(vnTg,) :f(UnTJrQ) +f(UnT+5) +f<UnT+8) = ’V%—‘ + ’V%——‘ + ’V 33 —‘ = n+3117

3 3

why(v) =f(vim1) + () + floi) = | S| 4 [4] 4 | S =i t2,

n+l1l n+414 2n—8
3 1 3 sttty 3

thus the corresponding weights are

2n—8+1 '2n—5+1 2n—2+2 _—
wty(van—s) =f(van-s) + f(V2n-3) + f(v2m—2) = | 5— | + | 55— | + | 55— | = &,
3 3 3 3

n+5 nt8 ntll u
ty(vnss) =f(vuss) + fouge) + Flowsn) = | T |4 [ 52| | S5t =
3 3

for: =

n+17 n+20 2n—2
3 9 3 sttty 3

2n—>5 2n—2 2n-+1

1 — 42 — 42
wty(van—2) =f(van-s) + f(van—2) + f(v2n41) = [ N w + | 5= W + [ o w =

3 3 3 3

wty(v;) =f(vie1) + fvi) + f(vigr) = Pi_?rﬂ + [2£2] + _(lﬂ%w =i+3,

fori =2 2084 p—1,
thus the corresponding weights are w, %, N

why(on) =f(on 1) + flon) + flor) = [CPE2] 4 [222] 4 [4] = 2242,

The set of vertex weights consists of numbers {3, 4, ..., n + 2}. This means that f is an inclusive
distance vertex irregular ((n + 2)/3)-labeling. Thus, using (4), forn = 10 (mod 18), n > 10, we
have

dis(C,) = 22,

As in the proof of the previous lemma we use the above described labeling to obtain ((n+2)/3)-
labelings of C),_; and C), _s.
The cycle C,,_; we obtain from C,, such that

Cn—l = Cn — {UQ} U {’Uﬂ)g}.

The restriction of the labeling f defined above on the graph C,,_; = C,, — {vy} U{wvjv3} is an inclu-
sive distance vertex irregular ((n+2)/3)-labeling of C,_;. The vertex weights are {4, 5, ..., n+2}.
As (n—1) =9 (mod 18), n > 10 then according to (4)

dis(Cy) > |02 | = o2
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This means that forn =9 (mod 18),n > 9
dis(Cy) = [752].

If n = 8 (mod 18), n > 8 let us consider the cycle C,,_ obtained from C,, by deleting two
vertices and adding corresponding edges

On—? - On - {UQa vn—l} U {?)1’03, Unvn—Q}'

It is easy to see that the restriction of the labeling f defined above on the graph C,,_, = C,, —
{vg, Un—1} U {v1v3, vy0, 2} is an inclusive distance vertex irregular ((n + 2)/3)-labeling of C,, .
The set of vertex weights is {4,5,...,n+ 1}. As (n — 2) = 8 (mod 18), n > 10 then according
to (4)

Thus for n = 8 (mod 18),n > 8

Lemma 5.3. Let n be a positive integer, n = 14,15,16 (mod 18), n > 8. Then

dis(C,,) = [2£2].

3

Proof. Letn =16 (mod 18),n > 16. We consider a labeling f : V/(C,,) — {1,2,...,(n+2)/3}
defined such that

flu) =151, fori =1,2,..., 22

flu) = [52], forj = 2t8 nddl - 28
flo) = [H2] =1, fori=ndll 0420 2025
flo)=[H2],  fori=mtld nt28 202
Fo) = [42], fori— 2

The numbers used as vertex labels are not greater than [(n + 2)/3] = (n + 2)/3. For the vertex
weights we have the following

wtp(vr) =f () + F(01) + flva) = [22] + [4] + [2] = 28,
wtp(vi) =f (vie1) + F0;) + foien) = [5E] + [£] + [
fori =2,3,..., 22

thus the corresponding weights are 3,4, ..., %32,

wtf(UnT%) =f(v i)+f( )+f( ) V%ﬂ + F%ﬂ + F{fﬂ — mill
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ntd nt8 4o ntll
wtonge) =Flong) + S + o) = [ 3 552+ ([ 2] )

_n+l14
3 Y
wty(vi) =f(vie1) + f(vi) + f(vi1) = [(F?H-‘ + ((%W — 1) + {W-‘ =1i+2,
- n+11l n+20 2n—>5
fOI"L—T, 3 sty 3
n+17 n+26 2n+1
thus the corresponding weights are T
wty(v) =f (vi) + f0) + (o) = (| S22 ] = 1) + [52] + [—@ﬂgﬂ —i+2,
; _ n+14 n+423 2n—11
fori = 5=, ==, ... =5,
thus the corresponding weights are 2220, 2429 205,
wty(vi) =f(vi1) + f(vi) + f(vip) = [(“#W + [52] + ([(’“%1 - 1) =i +2,
; __ n+17 n+26 2n—8
fOfZ_T’T""’T’
thus the corresponding weights are 223 n452 202

Wt (vm2) = (Uanes) + F(vmms) + f(Urmer) = ([] 1)+ [} " []
3 3 3

3
__2nt4
3 )
2n—2 [ 2n+1 2n+4
2 4o A2 49
wtp(vant1) =f(van—2) + f(vant1) + f(vanta) = { 3 i -‘ + | 25 i -‘ + [ 3 - -‘
3 3 3 3
— 2n+10
3 )
wip(v) =f () + S () + F (o) = |2 ] 4 [52] 4 | G2 ] =i g3,
fori = 204 2080 — 1,
thus the corresponding weights are 2443 20518y 4 2,
why(vn) =f (Vnr) + f(0n) + Flor) = [ 2] 4 [242] 4 [4] = 2242,
The set of vertex weights consists of numbers {3,4, ..., n + 2}. This means that f is an inclusive

distance vertex irregular ((n + 2)/3)-labeling. Thus for n = 16 (mod 18), n > 16, using (4), we
obtain N
dis(C,,) = 2.

Now we describe ((n + 2)/3)-labelings of cycles C,,_; and C,,_». First we consider the cycle
C,_1 obtained from the cycle C,, such that

Cnfl = Cn - {’02} U {Ulvg}.

The restriction of the labeling f defined above on the graph C,,_; = C,, — {vy} U{wvjv3} is an inclu-
sive distance vertex irregular ((n+2)/3)-labeling of C,_;. The vertex weights are {4, 5, ..., n+2}.
According to (4) and as (n — 1) = 15 (mod 18), n > 16 we get

dis(Cor) > [222) = 22
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Thus for n = 15 (mod 18),n > 15

al\s<cn) = "n_—i—Q-‘ :

3
Now we will deal with the cycle C,,_, obtained from C,, such that
Cn—2 = On - {U27 Un—l} U {U1U37 Unvn—Q}-

Evidently, the restriction of the labeling f defined above on the graph C,, 5 = C,, — {vs, v, 1} U

{v1v3, vyv,_2} is an inclusive distance vertex irregular ((n + 2)/3)-labeling of C,,_5. The set of

vertex weights is {4,5,...,n+ 1}. As (n —2) = 14 (mod 18), n > 16 then according to (4)
ai\S(C(n—2> > ’V—(n_§)+2-‘ = n_—&—2‘

Thus for n = 14 (mod 18),n > 14

Lemma 5.4. Let n be a positive integer, n = 2,3,4 (mod 18), n > 20. Then
(2] < dis(C,) < [=2] + 1.

Proof. The lower bound follows from (4). The upper bound we prove by describing the corre-
sponding ((n + 2)/3 + 1)-labelings of cycles C,,.

Letn =4 (mod 18), n > 22. We consider a labeling f : V(C,) — {1,2,...,(n +2)/3 + 1}
of vertices of C,, defined such that
flo) =1[%], fori=1,2,... 2%
flo) = [42], fori= ot nild 2
flo)=[4]+1, fori=2+12+2,. .. 228
f(vz-):( W—i—l fori:%,%,...,n.

Every vertex label is smaller or equal to [(n +2)/3] + 1 = (n + 2)/3 + 1. The vertex weights
under the labeling f are

wty(vy) =f(vy) + f(v1) + f(v2) ([ W ) %"‘ "%1 :%117

wtp(vi) =f(vicr) + flv) + flon) = [FH] + [5] + [H] =i+ 1,

n+5
fori =2,3,..., %>,

thus the corresponding weights are 3,4, ..., %8

3

n+d n+8 n+11+2
et g+ s g [ [ ][] -

3 3 3 3
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n+8 n+11+ n+14+2
Un+11) :f(vn_4r8) +f<Un+11> +f<vn+14> = ’V g —‘ + ’V 33 —‘ + ’V 33 —‘ = n—0:—3207
3 3 3 3

wtp(v;) =f(vie1) + f(vi) + f(vig1) = [%-‘ +[1£2] + ’7(i+§)+2—‘ —it3,

wty(og) =Flaz2) + £(og) + Soag) = | 22| + | £2] + ({] ) 3
ty(vaga) =log) + Soasa) + Flow) = [22] + ([ ] 1)+ ([ 5]+

- n414 n+l7 n
fori="T=, 55, 5 — 1,
thus the corresponding weights are ”223 M 5t

>

2 2 2
=5 +5,
wtp(v) =F(vir) + F@) + Flon) = ([5] + 1) + ([3] +1) + ([52] +1) =i +4,
f0r2:5+2’%_‘_37“.’2n3117
thus the corresponding weights are%+6,§+7,...,@,
2n—11 2n—8
(vans) =f(ven—11) + f(v2n=8) + f(v2n=5) = ([ 3 W +1> + q i W +1>
3 3 3 3

2n—5
+2 _ on+4

wty(vzns) =f(vzns) + f(vzas) + f(vzez) = ([?w * 1) * GQW " 1)

The

ey

((n

([ -e
wtp(vg) =f(vic1) + f(v;) + f(vig1) = ((%1 “)*U% _‘_1)_1_({(1'-1—1%—‘ +1)

=1+ 6,
2n—2 2n+1 n—1,

fori = ==, ==,
2n+16 19
thus the correspondmg weights are 3 .o,n 45,

wtp(vy) =f(vn—1) + flvn) + f(v1) = ([%W 4 1) + ([%ﬂ +1) + (%w — nt13,

set of vertex weights consist of numbers {3,4,... 28 n£20 ni28 43 85 0 4G

anid 20410 2ntl3 | p 45}, This means that f is an inclusive distance vertex irregular
+2)/3 + 1)-labeling. Thus for n =4 (mod 18), n > 22

dis(C,) < ™2 4 1.

First we consider the cycle C),,_; obtained from C), in the following way

Cnfl = Cn - {’UQ} U {Uﬂ)g}.

The restriction of the labeling f defined above on the graph C,_; = C,, — {vo} U {vjvs3} is
an inclusive distance vertex irregular ((n + 2)/3 4 1)-labeling of C,,_;. The vertex weights are
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n+14 n+4+20 n+23 n n n 2n+4 2n4+10 2n+13
{4,5,..., S, 3,5 5,5 +6,. . R s s i+ 5}, Thus for

3 )
n =3 (mod 18),n > 21

dis(C) < [%52] + 1.
Now let us consider the cycle C),_» obtained from C), such that
On—2 - On - {U27 Un—l} U {U1U37 Unvn—Z}-

It is easy to see that the restriction of the labeling f defined above on the graph C, », = C,, —
{vg, vn_1} U {v103, v,v,_2} is an inclusive distance vertex irregular ((n + 2)/3 + 1)-labeling of

Ch—2. The vertex weights are distinct numbers from the set {4,5, ... 2414 20 nd28 0y
3,245,2+6,... 208 2kl 23y 44}, However, this proves that forn = 2 (mod 18),
n > 20 .
dis(C,) < [%2] + 1.
[

The join of a cycle C,,, n > 3, and a complete graph K is a graph known as a wheel W,,. Thus
from Theorems 5.1 and 3.2, we have the following.

Theorem 5.2. Let n be a positive integer n > 3. Then

00, forn = 3,
, forn =4,

4
[222] ) forn #2,3,4 (mod 18),n>5

(TI\S(WH) -

and

whenn = 2,3,4 (mod 18), n > 20.

While Bong et al. [2] also proved that de(Wn) = st(cn)

6. Conclusion

In the foregoing sections we studied the existence of inclusive vertex irregular distance la-
belings of graphs. We established a lower bound of the distance vertex irregularity strength and
determined the exact value of this parameter for complete and complete bipartite graphs and for
join graphs G' @ Kj.

For a path P, we determined the exact value of the inclusive distance vertex irregularity
strength for every n > 2 except for n = 2 (mod 9), whenn > 11. Forn = 2 (mod 9), n > 11,
we found only an upper bound. Consequently, we propose the following open problem.

Problem 6.1. For a path P,, n = 2 (mod 9), n > 11, determine the exact value of the inclusive
distance vertex irregularity strength.
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For cycle C,, we determined the exact value of the inclusive distance vertex irregularity strength
for every n > 3 except forn = 2,3,4 (mod 18) when n > 20. For these values of n we described
the inclusive diatance vertex irregular ([(n + 2)/3] + 1)-labeling which gives an upper bound of
the inclusive distance vertex irregularity strength. So, we suggest the following open problem.

Problem 6.2. For the cycle Cy,, n = 2,3,4 (mod 18), n > 20, determine the exact value of the
inclusive distance vertex irregularity strength.

For both cases mentioned in Problems 6.1 and 6.2 we suppose that the corresponding parame-
ters reach the lower bounds.

According to obtained results for inclusive distance vertex irregularity strength of paths, cycles,
fan graphs and wheels it seems that the subgraph relation posses the hereditary properties with
respect to de(G) We state the following open problem.

Problem 6.3. Determine if H C G implies al\s(H) < (TI\S(G)

Another interesting problem is whether the corresponding hereditary properties are preserved
also for other graph operations, for example Cartesian product or subdivision of edges.
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