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Abstract

Let G be a connected, simple and undirected graph. The assignments {0, 2, . . . , 2kv} to the vertices
and {1, 2, . . . , ke} to the edges of graph G are called total k-labelings, where k = max{ke, 2kv}.
The total k-labeling is called an reflexive edge irregular k-labeling of the graph G, if for every two
different edges xy and x′y′ of G, one has

wt(xy) = fv(x) + fe(xy) + fv(y) 6= wt(x′y′) = fv(x
′) + fe(x

′y′) + fv(y
′).

The minimum k for which the graph G has an reflexive edge irregular k-labeling is called the
reflexive edge strength of G. In this paper we investigate the exact value of reflexive edge strength
for generalized prism graphs.
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1. Introduction

Regular and irregular graphs have an important rule in graph theory. Evidently, no simple graph
is completely irregular. That is, no simple graph have distinct degree of every vertex. However,
multigraphs can have this property. Chartrand et al. in [10] asked, “In a loopless multigraph,
determine the fewest parallel edges required to ensure that all vertices have distinct degree.” If we

Received: 21 September 2020, Revised: 6 May 2022, Accepted: 4 July 2022.

415



www.ejgta.org

On reflexive edge strength of generalized prism graphs | M. Irfan et al.

replace the number of parallel edges by the edge label in the corresponding simple graph then the
degree of a vertex is determined by adding the labels of the edges incident to that vertex. Then
we can rephrase Chartrand’s problem as “Assign positive integer labels to the edges of a simple
connected graph of order at least 3 in such a way that the graph becomes completely irregular, i.e.,
the weights (label sums) at each vertex are distinct. What is the minimum value of the largest label
over all such irregular assignments?” This parameter of a graph G is well known as the irregularity
strength of the graph G denoted by s(G). An excellent survey on the irregularity strength is given
by Lehel [16]. For recent results, see papers by Amar and Togni [2], Dimitz et al. [11], Gyárfás
[12] and Nierhoff [17].

Motivated by these papers, in [7] was defined an edge irregular total k-labeling as a labeling
of the vertices and edges of G, f : V (G) ∪ E(G) → {1, 2, . . . , k}, such that the edge-weights
wt(xy) = f(x) + f(xy) + f(y) are different for all edges, i.e., wt(xy) 6= wt(x′y′) for all edges
xy, x′y′ ∈ E(G) with xy 6= x′y′. The minimum k for which the graph G has an edge irregular total
k-labeling is called the total edge irregularity strength of the graph G, tes(G). Some results on the
total edge irregularity strength can be found in [1], [3], [4], [8], [9], [13], [14], [15] and [19].

The concept of reflexive irregular multigraphs proposed in [18] is a natural consequence of
irregular multigraphs by allowing for loops. Irregular reflexive labeling includes also vertex labels
which represent loops and thus the vertex labels are even numbers representing the fact that each
loop contributes 2 to the vertex degree (with 0 for a vertex without loops). The weight of a vertex
x, under a total labeling f , denoted by wtf (x), is now determined by summing the incident edge
labels and the label of x.

An edge (vertex, total) k-labeling f of a graph G is a mapping from the edge set (vertex set,
both edge set and vertex set) of G to the set of the numbers {1, 2, . . . , k}. For a graph G, in [18],
are defined two labelings fe : E(G) → {1, 2, . . . , ke} and fv : V (G) → {0, 2, . . . , 2kv}. Then
the total k-labeling f of G is defined such that f(x) = fv(x) if x ∈ V (G) and f(x) = fe(x) if
x ∈ E(G), where k = max{ke, 2kv}. The total k-labeling f is called an edge irregular reflexive
k-labeling if for every two different edges xy and x′y′ of G one has

wtf (xy) = f(x) + f(xy) + f(y) 6= wtf (x
′y′) = f(x′) + f(x′y′) + f(y′).

The smallest value of k for which such labeling exists is called the reflexive edge strength of the
graph G and is denoted by res(G).

Some results for reflexive edge strength for cycles, Cartesian product of cycles, prisms, wheels,
friendship graphs, and for join graphs of the path and cycle are already proved in [5], [6] and [20].

In this paper, we will give the precise value of the reflexive edge strength of generalized prism
graphs. That is, the graphs isomorphic to the Cartesian product of a cycle Cn and Pm where n ≥ 3
and m ≥ 2.

2. Reflexive edge strength of generalized prism graphs

Lemma 2.1. [18] For every graph G,

res(G) ≥


⌈
|E(G)|

3

⌉
if |E(G)| 6≡ 2, 3 (mod 6),⌈

|E(G)|
3

⌉
+ 1 if |E(G)| ≡ 2, 3 (mod 6).
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The graph obtained by the Cartesian product of a cycle on n vertices with a path on m vertices
is known as a generalized prism graph Cn×Pm. Let the vertex set and the edge set of Cn×Pm be

V (Cn × Pm) ={xj
i : 1 ≤ i ≤ n, 1 ≤ j ≤ m},

E(Cn × Pm) ={xj
ix

j
i+1 : 1 ≤ i ≤ n, 1 ≤ j ≤ m} ∪ {xj

ix
j+1
i : 1 ≤ i ≤ n, 1 ≤ j ≤ m− 1},

where the index i is taken modulo n.
Note that the graph Cn × P2 is known as a prism. In [20] Tanna et al. proved the following

result for the reflexive edge strength of prisms.

Theorem 2.1. [20] For n ≥ 3,

res(Cn × P2) =

{
n+ 1 if n is odd,
n if n is even.

In the present paper, we extend this result for generalized prism graphs.

Theorem 2.2. For n even, n ≥ 4 and m ≥ 2,

res(Cn × Pm) =


⌈
n(2m−1)

3

⌉
if n(2m− 1) 6≡ 2, 3 (mod 6),⌈

n(2m−1)
3

⌉
+ 1 if n(2m− 1) ≡ 2, 3 (mod 6).

Proof. As the number of edges in Cn × Pm is n(2m− 1), immediately from Lemma 2.1 we have

res(Cn × Pm) ≥


⌈
n(2m−1)

3

⌉
if n(2m− 1) 6≡ 2, 3 (mod 6),⌈

n(2m−1)
3

⌉
+ 1 if n(2m− 1) ≡ 2, 3 (mod 6).

Let

k =

d
n(2m−1)

3
e if n(2m− 1) 6≡ 2, 3 (mod 6),

dn(2m−1)
3
e+ 1 if n(2m− 1) ≡ 2, 3 (mod 6).

It is easy to check that k is even for even values of n.
We define a total labeling f of Cn × Pm in the following way

f(xj
i ) =


n(j − 1) if 1 ≤ i ≤ n, j = 1, 2, . . . , b k

n
c+1,

nb k
n
c if 1 ≤ i ≤ n, j = b k

n
c+ 2, b k

n
c+ 3, . . . ,m− 1,

k if 1 ≤ i ≤ n, j = m,

f(xj
ix

j
i+1) =


i if 1 ≤ i ≤ n, j = 1, 2, . . . , b k

n
c+ 1,

2n
(
j −

⌊
k
n

⌋
− 1
)
+ i if 1 ≤ i ≤ n, j = b k

n−1c+ 2, b k
n−1c+ 3, . . . ,m− 1,

2mn− 2n− 2k + i if 1 ≤ i ≤ n, j = m,
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f(xj
ix

j+1
i ) =


i if 1 ≤ i ≤ n, j = 1, 2, . . . , b k

n−1c,
n
(
2j − 2

⌊
k
n

⌋
− 1
)
+ i if 1 ≤ i ≤ n, j = b k

n−1c+ 1, b k
n−1c+ 2, . . . ,m− 2,

2mn− 3n− k − n
⌊
k
n

⌋
+ i if 1 ≤ i ≤ n, j = m− 1.

Evidently all vertex labels and edge labels are at most k. Moreover, the vertices are labeled
with even numbers

Now we compute the edge-weights. For 1 ≤ i ≤ n and 1 ≤ j ≤ b k
n
c+ 1, we have

wtf (x
j
ix

j
i+1) =f(xj

i ) + f(xj
ix

j
i+1) + f(xj

i+1) = n(j − 1) + i+ n(j − 1) = n(2j − 2) + i.

For 1 ≤ i ≤ n and b k
n
c+ 2 ≤ j ≤ m− 1, we get

wtf (x
j
ix

j
i+1) =f(xj

i ) + f(xj
ix

j
i+1) + f(xj

i+1) = n
⌊
k
n

⌋
+
(
2n
(
j −

⌊
k
n

⌋
− 1
)
+ i
)
+ n
⌊
k
n

⌋
=n(2j − 2) + i.

For 1 ≤ i ≤ n and j = m, we obtain

wtf (x
m
i x

m
i+1) =f(xm

i ) + f(xm
i x

m
i+1) + f(xm

i+1) = k + (2mn− 2n− 2k + i) + k

= = n(2m− 2) + i = n(2j − 2) + i.

Thus for 1 ≤ i ≤ n and 1 ≤ j ≤ m the edge-weights form the set {1, 2, . . . , n, 2n + 1, 2n +
2, . . . , 3n, 4n+ 1, 4n+ 2, . . . , 2mn− 2n+ 1, 2mn− 2n+ 2, . . . , 2mn− n}.

Now for 1 ≤ i ≤ n and 1 ≤ j ≤ b k
n
c, we have

wtf (x
j
ix

j+1
i ) = f(xj

i ) + f(xj
ix

j+1
i ) + f(xj+1

i ) = n(j − 1) + i+ nj = n(2j − 1) + i.

For 1 ≤ i ≤ n and j = b k
n
c+ 1, we get

wtf
(
x
b k
n
c+1

i x
b k
n
c+2

i

)
=f
(
x
b k
n
c+1

i

)
+ f
(
x
b k
n
c+1

i x
b k
n
c+2

i

)
+ f
(
x
b k
n
c+2

i

)
=n
(
b k
n
c+ 1− 1

)
+
(
n
(
2
⌊
k
n

⌋
+ 2− 2

⌊
k
n

⌋
− 1
)
+ i
)
+ n
⌊
k
n

⌋
=n(2b k

n
c+ 1) + i = n(2j − 1) + i.

For 1 ≤ i ≤ n and b k
n
c+ 2 ≤ j ≤ m− 2, we have

wtf (x
j
ix

j+1
i ) =f(xj

i ) + f(xj
ix

j+1
i ) + f(xj+1

i ) = n
⌊
k
n

⌋
+
(
n
(
2j − 2

⌊
k
n

⌋
− 1
)
+ i
)
+ n
⌊
k
n

⌋
=n(2j − 1) + i.

For 1 ≤ i ≤ n and j = m− 1, we obtain

wtf (x
m−1
i xm

i ) =n
⌊
k
n

⌋
+
(
2mn− 3n− k − n

⌊
k
n

⌋
+ i
)
+ k = 2mn− 3n+ i = n(2j − 1) + i.

This means that for 1 ≤ i ≤ n and 1 ≤ j ≤ m − 1, the edge-weights are numbers from the set
{n + 1, n + 2, . . . , 2n, 3n + 1, 3n + 2, . . . , 4n, 5n + 1, 5n + 2, . . . , 2mn − 3n + 1, 2mn − 3n +
2, . . . , 2mn− 2n}.

Combining the previous we get that the edge-weights are distinct numbers from the set {1, 2,
. . . , 2mn−2n}. This shows that all edges have different weights. So f is a reflexive edge irregular
k-labeling of the graph Cn × Pm for n even, n ≥ 4 and m ≥ 2. This completes the proof.
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Theorem 2.3. For n odd, n ≥ 3 and m ≥ 2,

res(Cn × Pm) =


⌈
n(2m−1)

3

⌉
if n(2m− 1) 6≡ 2, 3 (mod 6),⌈

n(2m−1)
3

⌉
+ 1 if n(2m− 1) ≡ 2, 3 (mod 6).

Proof. Let n, n ≥ 3, be an odd integer. Using Lemma 2.1 we have the lower bound for the reflexive
edge strength of a generalized prism graph Cn × Pm also for n odd as follows

res(Cn × Pm) ≥


⌈
n(2m−1)

3

⌉
if n(2m− 1) 6≡ 2, 3 (mod 6),⌈

n(2m−1)
3

⌉
+ 1 if n(2m− 1) ≡ 2, 3 (mod 6).

Let us define the parameter k in the following way

k =

d
n(2m−1)

3
e if n(2m− 1) 6≡ 2, 3 (mod 6),

dn(2m−1)
3
e+ 1 if n(2m− 1) ≡ 2, 3 (mod 6).

According to the parity of k we distinguish two cases. Note, that k is odd if and only if n ≡ 1
(mod 6) and m ≡ 1 (mod 3) or if n ≡ 5 (mod 6) and m ≡ 0 (mod 3).
Case 1. When k is even.

We define a total labeling f of Cn × Pm such that

f(xj
i ) =


(n− 1)(j − 1) if 1 ≤ i ≤ n, j = 1, 2, . . . , b k

n−1c+ 1,

(n− 1)
⌊

k
n−1

⌋
if 1 ≤ i ≤ n, j = b k

n−1c+ 2, b k
n−1c+ 3, . . . ,m− 1,

k if 1 ≤ i ≤ n, j = m,

f(xj
ix

j
i+1) =


2(j − 1) + i if 1 ≤ i ≤ n, j = 1, 2, . . . , b k

n−1c+ 1,

2(j − 1) + 2(n− 1)
(
j −

⌊
k

n−1

⌋
− 1
)
+ i if 1 ≤ i ≤ n, j = b k

n−1c+ 2,

b k
n−1c+ 3, . . . ,m− 1,

2mn− 2n− 2k + i if 1 ≤ i ≤ n, j = m,

f(xj
ix

j+1
i ) =


2j − 1 + i if 1 ≤ i ≤ n, j = 1, 2, . . . , b k

n−1c,
2j − 1 + (n− 1)

(
2j − 2

⌊
k

n−1

⌋
− 1
)
+ i if 1 ≤ i ≤ n, j = b k

n−1c+ 1,

b k
n−1c+ 2, . . . ,m− 2,

2mn− 3n− k − (n− 1)
⌊

k
n−1

⌋
+ i if 1 ≤ i ≤ n, j = m− 1.

The vertices are labeled with even numbers and all vertex labels and all edge labels are at most
k.

For the edge-weights we get the following. For 1 ≤ i ≤ n and 1 ≤ j ≤ b k
n−1c+ 1, we obtain

wtf (x
j
ix

j
i+1) =f(xj

i ) + f(xj
ix

j
i+1) + f(xj

i+1) = (n− 1)(j − 1) +
(
2(j − 1) + i

)
+ (n− 1)(j − 1) = n(2j − 2) + i.
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For 1 ≤ i ≤ n and b k
n−1c+ 2 ≤ j ≤ m− 1, we have

wtf (x
j
ix

j
i+1) =f(xj

i ) + f(xj
ix

j
i+1) + f(xj

i+1)

=(n− 1)
⌊

k
n−1

⌋
+
(
2(j − 1) + 2(n− 1)

(
j −

⌊
k

n−1

⌋
− 1
)
+ i
)
+ (n− 1)

⌊
k

n−1

⌋
=n(2j − 2) + i.

For 1 ≤ i ≤ n and j = m, we get

wtf (x
m
i x

m
i+1) =f(xm

i ) + f(xm
i x

m
i+1) + f(xm

i+1) = k + (2mn− 2n− 2k + i) + k

=n(2m− 2) + i.

Thus for 1 ≤ i ≤ n and 1 ≤ j ≤ m the edge-weights are 1, 2, . . . , n, 2n+ 1, 2n+ 2, . . . , 3n, 4n+
1, 4n+ 2, . . . , 2mn− 2n+ 1, 2mn− 2n+ 2, . . . , 2mn− n.

For 1 ≤ i ≤ n and 1 ≤ j ≤ b k
n−1c, we have

wtf (x
j
ix

j+1
i ) =f(xj

i ) + f(xj
ix

j+1
i ) + f(xj+1

i ) = (n− 1)(j − 1) + (2j − 1 + i) + (n− 1)j

=n(2j − 1) + i.

For 1 ≤ i ≤ n and j = b k
n−1c+ 1, we get

wtf
(
x
b k
n
c+1

i x
b k
n
c+2

i

)
=f
(
x
b k
n
c+1

i

)
+ f
(
x
b k
n
c+1

i x
b k
n
c+2

i

)
+ f
(
x
b k
n
c+2

i

)
=(n− 1)b k

n−1c+
(
2b k

n−1c+ 1 + (n− 1)
(
2b k

n−1c+ 2− 2b k
n−1c − 1

)
+ i
)

+ (n− 1)b k
n−1c = n(2j − 1) + i.

For 1 ≤ i ≤ n and bm−2
3
c+ 1 ≤ j ≤ m− 2, we have

wtf (x
j
ix

j+1
i ) =f(xj

i ) + f(xj
ix

j+1
i ) + f(xj+1

i )

=(n− 1)
⌊

k
n−1

⌋
+
(
2j − 1 + (n− 1)

(
2j − 2

⌊
k

n−1

⌋
− 1
)
+ i
)
+ (n− 1)

⌊
k

n−1

⌋
=n(2j − 1) + i.

For 1 ≤ i ≤ n and j = m− 1, we obtain

wtf (x
m−1
i xm

i ) =(n− 1)
⌊

k
n−1

⌋
+
(
2mn− 3n− k − (n− 1)

⌊
k

n−1

⌋
+ i
)
+ k = n(2m− 3) + i.

This means that for 1 ≤ i ≤ n and 1 ≤ j ≤ m − 1, the edge-weights form the set {n + 1, n +
2, n+ 3, . . . , 2n, 3n+ 1, 3n+ 2, . . . , 4n, 5n+ 1, 5n+ 2, . . . , 6n, . . . , 2mn− 3n+ 1, 2mn− 3n+
2, . . . , 2mn− 2n}.

Thus the set of edge-weights is {1, 2, . . . , n(2m− 1)}. This shows that all edges have different
weights. This means that the labeling f is reflexive edge irregular.
Case 2. When k is odd.
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In this case we define a total labeling f of Cn × Pm in the following way

f(xj
i ) =


(n− 1)(j − 1) if 1 ≤ i ≤ n, j = 1, 2, . . . , b k−1

n−1c+ 1,

(n− 1)
⌊
k−1
n−1

⌋
if 1 ≤ i ≤ n, j = b k−1

n−1c+ 2, b k−1
n−1c+ 3, . . . ,m− 1,

k − 1 if 1 ≤ i ≤ n, j = m,

f(xj
ix

j
i+1) =


2(j − 1) + i if 1 ≤ i ≤ n, j = 1, 2, . . . , b k−1

n−1c+ 1,

2(j − 1) + 2(n− 1)
(
j −

⌊
k−1
n−1

⌋
− 1
)
+ i if 1 ≤ i ≤ n, j = b k−1

n−1c+ 2,

b k−1
n−1c+ 3, . . . ,m− 1,

2mn− 2n− 2k + 2 + i if 1 ≤ i ≤ n, j = m,

f(xj
ix

j+1
i ) =


2j − 1 + i if 1 ≤ i ≤ n, j = 1, 2, . . . , b k−1

n−1c,
2j − 1 + (n− 1)

(
2j − 2

⌊
k−1
n−1

⌋
− 1
)
+ i if 1 ≤ i ≤ n, j = b k−1

n−1c+ 1,

b k−1
n−1c+ 2, . . . ,m− 2,

2mn− 3n− k + 1− (n− 1)
⌊
k−1
n−1

⌋
+ i if 1 ≤ i ≤ n, j = m− 1.

The vertex labels are all even numbers not greater than k and also the edge labels are at most
k.

First we compute the weights of the edges of the form xj
ix

j
i+1, i = 1, 2, . . . , n, j = 1, 2, . . . ,m,

where the index i is taken modulo n. For 1 ≤ i ≤ n and 1 ≤ j ≤ b k−1
n−1c+ 1, we get

wtf (x
j
ix

j
i+1) =f(xj

i ) + f(xj
ix

j
i+1) + f(xj

i+1) = (n− 1)(j − 1) +
(
2(j − 1) + i

)
+ (n− 1)(j − 1) = n(2j − 2) + i.

For 1 ≤ i ≤ n and b k−1
n−1c+ 2 ≤ j ≤ m− 1, we obtain

wtf (x
j
ix

j
i+1) =f(xj

i ) + f(xj
ix

j
i+1) + f(xj

i+1)

=(n− 1)
⌊
k−1
n−1

⌋
+
(
2(j − 1) + 2(n− 1)

(
j −

⌊
k−1
n−1

⌋
− 1
)
+ i
)
+ (n− 1)

⌊
k−1
n−1

⌋
=n(2j − 2) + i.

For 1 ≤ i ≤ n and j = m, we have

wtf (x
m
i x

m
i+1) =f(xm

i ) + f(xm
i x

m
i+1) + f(xm

i+1) = (k − 1) + (2mn− 2n− 2k + 2 + i) + (k − 1)

=n(2m− 2) + i.

Thus for 1 ≤ i ≤ n and 1 ≤ j ≤ m the edge-weights are distinct numbers from the set
{1, 2, . . . , n, 2n + 1, 2n + 2, . . . , 3n, 4n + 1, 4n + 2, . . . , 5n, . . . , 2mn − 2n + 1, 2mn − 2n +
2, . . . , 2mn− n}.

Now we compute the weights of the edges of the form xj
ix

j+1
i , i = 1, 2, . . . , n, j = 1, 2, . . . ,

m− 1. For 1 ≤ i ≤ n and 1 ≤ j ≤ b k−1
n−1c, we get

wtf (x
j
ix

j+1
i ) =f(xj

i ) + f(xj
ix

j+1
i ) + f(xj+1

i ) = (n− 1)(j − 1) + (2j − 1 + i) + (n− 1)j
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=n(2j − 1) + i.

For 1 ≤ i ≤ n and j = b k−1
n−1c+ 1, we have

wtf
(
x
b k−1
n−1 c+1

i x
b k−1
n−1 c+2

i

)
=f
(
x
b k−1
n−1+1

c
i

)
+ f
(
x
b k−1
n−1 c+1

i x
b k−1
n−1 c+2

i

)
+ f
(
x
b k−1
n−1 c+2

i

)
=(n− 1)b k−1

n−1c+
(
2b k−1

n−1c+ 1 + (n− 1)
(
2b k−1

n−1c+ 2− 2b k−1
n−1c − 1

)
+ i
)
+ (n− 1)b k−1

n−1c = n(2j − 1) + i.

For 1 ≤ i ≤ n and b k−1
n−1c+ 1 ≤ j ≤ m− 2, we obatin

wtf (x
j
ix

j+1
i ) =f(xj

i ) + f(xj
ix

j+1
i ) + f(xj+1

i )

=(n− 1)
⌊
k−1
n−1

⌋
+
(
2j − 1 + (n− 1)

(
2j − 2

⌊
k−1
n−1

⌋
− 1
)
+ i
)
+ (n− 1)

⌊
k−1
n−1

⌋
=n(2j − 1) + i.

For 1 ≤ i ≤ n and j = m− 1, we obtain

wtf (x
m−1
i xm

i ) =(n− 1)
⌊
k−1
n−1

⌋
+
(
2mn− 3n− k + 1− (n− 1)

⌊
k−1
n−1

⌋
+ i
)
+ k − 1

=n(2m− 3) + i.

This means that for 1 ≤ i ≤ n and 1 ≤ j ≤ m − 1, the edge-weights are {n + 1, n +
2, n+ 3, . . . , 2n, 3n+ 1, 3n+ 2, . . . , 4n, 5n+ 1, 5n+ 2, . . . , 6n, . . . , 2mn− 3n+ 1, 2mn− 3n+
2, . . . , 2mn − 2n}. Thus also if k is odd we get that edge-weights are distinct numbers from the
set {1, 2, . . . , 2mn− 2n}. This concludes the proof.

Immediately from Theorems 2.2 and 2.3 we obtain the following result for the reflexive edge
strength of generalized prism graphs

Theorem 2.4. For n ≥ 3 and m ≥ 2,

res(Cn × Pm) =


⌈
n(2m−1)

3

⌉
if n(2m− 1) 6≡ 2, 3 (mod 6),⌈

n(2m−1)
3

⌉
+ 1 if n(2m− 1) ≡ 2, 3 (mod 6).

3. Conclusion

In this paper we proved the precise values of the reflexive edge strength for the generalized
prism graphs Cn × Pm for n ≥ 3, m ≥ 2.
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