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Abstract

A k-partite r-digraph (multipartite multidigraph) (or briefly MMD)(k > 3, » > 1) is the result
of assigning a direction to each edge of a k-partite multigraph that is without loops and contains
at most r edges between any pair of vertices from distinct parts. Let D(X;, Xo, -+, X}) be a k-
partite r-digraph with parts X; = {x;1, xi2, -+, Tin, }, 1 <@ < k. Let d;j and d;ij be respectively
the outdegree and indegree of a vertex z;; in X;. Define a,,, (or simply a;;) as a;; = d;j —d. ;
as the imbalance of the vertex x;;, 1 < j < n;. In this paper, we characterize the imbalances of
k-partite r-digraphs and give a constructive and existence criteria for sequences of integers to be
the imbalances of some k-partite r-digraph. Also, we show the existence of a k-partite r-digraph
with the given imbalance set.
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1. Introduction

A digraph without loops and without multi-arcs is called a simple digraph. The imbalance of
a vertex v; in a digraph as a,, (or simply a;)= d, — d, where d and d are respectively the
outdegree and indegree of v;. The imbalance sequence of a simple digraph is formed by listing the
vertex imbalances in non-increasing order. For undefined terms, we refer to [12].
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The following result [5] provides a necessary and sufficient condition for a sequence of integers
to be the imbalance sequence of a simple digraph.

Theorem 1. A sequence of integers A = [a1,az,- -+ ,a,| withay > ag > -+ > a, is an imbalance
sequence if and only if it has sum zero and satisfies

k
Zai < k(n—k),
i=1

for 1 < k < n, with equality when k = n.

On arranging the imbalance sequence in non-decreasing order, we have the following observa-
tion.

Corollary 2. A sequence of integers A = [ay, ag, -+ ,ap| withay < ag < --- < a,, is an imbalance
sequence of a simple digraph if and only if for 1 <k <n

k
Zai > k(k—n),
i=1

with equality when k = n.

Various results for imbalances in simple digraphs, bipartite and multipartite digraphs can be
seen in [6, 8, 9, 27] while as characterization of imbalances in multidigraphs, bipartite multitour-
naments and tripartite multidigraphs can be found in [7, 10, 11].

An r-digraph (r > 1) is an orientation of a multigraph that is without loops and contains at most
r edges between any pair of distinct vertices. Clearly 1-digraph is an oriented graph and complete
1-digraph is a tournament. Various results on scores and marks on tournaments and digraphs can
be seenin [2, 13, 14, 15, 16, 17, 18, 24, 25] and on scores and degrees in hypertournaments can be
found in [1, 3, 4, 19, 20, 21, 22, 23, 26]. The definition of an imbalance of a vertex in r-digraph is
same as in a simple digraph. The following characterization for imbalances in multidigraphs can
be found in Pirzada et al. [7].

Theorem 3. A sequence A = [a1,as, - - ,a,| of integers in non-decreasing order is the imbalance
sequence of an r-digraph if and only if

k
Z a; > rk(k —n),
i=1

for 1 < k < n with equality when k = n.
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2. Imbalance sequences in multipartite multidigraphs

A k-partite r-digraph (k > 3, r > 1) (or briefly MMD) is the result of assigning a direction to
each edge of a k-partite multidigraph which is without loops and having at most r edges between
every pair of vertices, one vertex from each part. We note that k-partite 1-digraph is an oriented
k-partite graph and complete k-partite 1-digraph is a k-partite tournament. The case when k = 1
gives multidigraph and when £ = 2 gives bipartite multidigraph, and these have been studied in
[9]. Thus throughout this paper the MMD under discussion will have three or more than three
parts. Let D(X;, Xy, -+, X) (or briefly D) be an MMD with parts X; = {1, 20, -+, Tin, }»
1 <4 < k. For any vertex z;; in D, let dj{ij and d, = denote the outdegree and indegree. Define
ag,; (or simply a;;)= d;j — d,, as the imbalance of the vertiex z;;, where 1 < j < n;. Note that
we have 1 < i < kand 1 < j < n;, unless otherwise stated.

Let D be an MMD and z;; € X;, 2, € X,, and x5y € X, where ¢ # m, m # s and
s # 1. If there are f arcs directed from vertex x;; to x,,, and g arcs directed from z,,, to z;;,
with0 < f <r,0<g<rand0 < f+ g < r,itis denoted by x;;(f — —g)Zpmn. An r-triple
is an induced r-subdigraph of three vertices with one vertex from distinct part and is of the form
zii(fi — —f2)Tmn(g1 — —g2)Tst(h1 — —ha) Ty, Where 0 < f1, fo, 91, G2, ha, ho, f1 + fo, 1 +
g2, h1 + hy < 7. Also an oriented triple (or 1-triple) in D is an induced 1-subdigraph of three
vertices, with one vertex each from distinct part. An oriented triple is said to be transitive if it is
of the form z;;(1 — —0)Z,, (1 — —0)25(0 — —1)x;5, or 2;;(1 — —0) X1, (0 — —1) 25 (0 — —0) x5,
or z;;(1 — =0)xpn(0 — —=0)x5 (0 — —1)a;5, or ;5(1 — —0)Zpn(0 — —0)x (0 — —0)z45, or
2;;(0 — =0)2pn (0 — —0)z5(0 — —0)x;;, otherwise it is intransitive. An MMD D is said to be
transitive if each of its oriented triple is transitive. In particular, an r-triple C' in an MMD D is
transitive if every oriented triple of C' is transitive.

We have the following observation.

Theorem 4. Let D and D' be two MMD with the same imbalance sequences. Then D can be
transformed to D' by successively transforming

(i) appropriate triples in one of the following ways.

Either (a) by changing an intransitive oriented triple(cyclic triple) x;;(1 ——0)Z (1 ——0) x5 (1 —

—0)z;; to a transitive oriented triple x;;(0 — —0)2y,,(0 — —0)x 5 (0 — —0)z;; which has the same
imbalance sequences, or vice versa,

or (b) by changing an intransitive oriented triple x;;(1 — —0)x (1 — —0)24(0 — —0)x;; to a
transitive oriented triple x;;(0 — —0)x,, (0 — —0)x4 (0 — —1)x;; which has the same imbalance
sequences, or vice versd.

or (ii) by changing the symmetric arcs x;j(1 — —1)Zy,, t0 2;;(0 — —0)2,,,,, which has the same

imbalance sequences, or vice versa.

Proof. This can be easily established. ]
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As a consequence of Theorem 3, we observe that among all MMD’s having same imbalance
sequences those with least number of arcs are transitive in nature.

Corollary 5. Among all MMD'’s with given imbalance sequences, those with the fewest arcs are
transitive.

In an MMD, a vertex with indegree zero is called a transmitter. Evidently in a transitive oriented
MMD with imbalance sequences A; = [a;1, a2, - - - , @i, |, any of the vertices with imbalances a;,,,,

can act as a transmitter.

The next result provides a useful recursive test of checking whether the sequences of integers
are the imbalance sequences of an MMD.

The following result is a combinatorial criterion for determining whether k& sequences of inte-
gers are realizable as imbalances.

Theorem 6. The k sequences of integers A; = [a;1, iz, -+ ,ain,), 1 < i < k, in non-decreasing
order are imbalance sequences of an MMD if and only if

mi mo my
E &1j+§ azj—i‘""i‘é akj
7j=1 7j=1 7j=1

k ) k k (1)
<r|m H (nj —m;) + my H (nj —mj) + -+ my H (n; —m;)
j=1,#1 =172 =1,k

or briefly
k

YD oag<r|d mi| I] (ny—my) ||,

i=1 j=1 i=1 j=1,j#i

for all sets of k integers m;, 1 < m; < ny, with equality when m; = n;, for all i.

Proof. The necessity of the condition follows from the fact that a directed multipartite multi sub-
graph of an MMD induced by m; vertices for all 7, 1 < ¢ < £k, 1 < m; < n; has a sum of
imbalances zero and these vertices can gather at most

k k k
r|m H (nj —m;) + mg H (nj —mj) + -+ my H (n; —m;)
i=14#1 i=1j#2 =Lk

imbalances from the remaining n; — m; vertices.

For sufficiency, assume that A; = [a;1, a2, - - , a;n,| be k sequences of integers in non-decreasing
order satisfying conditions (1) but are not imbalance sequences of any MMD. Let these sequences
be chosen in such a way that n;, are the smallest possible and a;; is the least for the choice of n;.
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We consider the following two cases.
Case (i). Suppose equality in (1) holds for m; < n;, for 1 < j < k so that

mg
Za1]+2a23 --+Zakj
j=1

J=1
k k k
=r|m [[ (y=mp)+ms [[ j—mp)+-+m [] (n
j=1,j#1 J=1,j#2 Jj=1,j#k

Consider the following k& sequences.

_ . oy
A= [allj];ill =TT H (ne —my) ;
L t=1,t#1 1
_ . N
Ay = [aéj]}ii = (G2 T H (g — my) ;
L t=1,t£2 1
k mE
A I | ]
t=1,t#k =1

For1l <r; <m;foralll <i <k, we have

k T4 T1 79 Tk
o / !/ !/

i=1 j=1
—Z<alj—r H ng — mt>+z<agj—r H ng — mt>
t=1,t#£1 t=1,t#£2
k
'—i-Z(akj—r H (nt—mt)>
j= t=1,t#£k
Tk
:<ZG1J+ZCL2] ~~+Zakj>
Jj=1 j=1

—r(rl H (ng —my) + 19 H (ng —my) + -+ H (ny —

t=1,t#£1 t=1,t£2 t=1t£k
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t=1,t#1 t=1,t£2 t=1,t£k
k k
=7 E i H (my — 1)
i=1 t=1t£i
and
k  my mq mo mg
r / / /
DD a =D ay ) ah e+ )y
=1 j5=1 j=1 j=1 j=1
mi k me k
= ay —r H (ng —my) | + E Qg — T H (g — my)
j=1 t=1t#£1 j=1 t=1,t£2

_l’_
_l’_
—
g
|
5
£
5
§
~_

t= ltyék

= (Zalj —|—Za2j + - —i—Zakj)
i=1 i=1 i=

TN

t=1,t#1i

Thus the & sequences A} = [a;]];n: - forall 1 < i < k satisfy (1) and by the minimality of n;
the sequences A’ are the imbalance sequences of some MMD D' (V/, Vy,--- VI E').
Now consider the following k£ sequences.
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k i
A == [al(m1+j>+”’ 11 mt]

t=1,t#£1 =1

k m2
A2(maytj) T T H my ;
=ti£2 1,

"no__
A2_

"no__
=

k Mk
ak(mk+j)+r H mt]

t=1,t#k j=1

Foralll1 <i<Ekand1l <r; <n; —m;, we have

k T TL
S za +za z

i=1 j=1
Z( 1mi+g) T 7 H mt)—l—Z(angﬂ +7r H mt)
=1 t=1,t#1 t=1,t#2
k
+ Z (ak(mk+]‘) +7r H mt>
= t=1,t#k

1 k T2 k
:z<amﬂ->+r 1 mt) +z(ag<mm+r 1 mt)
j=1 t=1,t£1 j=1 t=1,t£2

Tk

k
+...+Z<ak(mk+j)+r H my

j=1 t=1,t£k

mi1-+r1 ma+r2 mg+rg
= E a1j+ E a2j+---+ (ij

mi m2 mg
— (Za1j+2agj+---+2akj>
j=1 j=1 Jj=1
k k k
+r<r1 H my + 7o H my+ -+ 1 H mt>

t=1,t#1 t=1,t4£2 t=1,t+£k
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Therefore
kK r
2D
i=1 j=1
k k
<r(my+r) H (ng — (my +14)) + r(mae + 19) H (ny — (my + 1))
j=1,j#1 i=L#2
k
++T<mk+rk) H (nt—(mt‘l‘Tt))
j=Lj#k
k k k
—r (ml H (ng — my) + mo H (ng —my) + -+ my H (nt—mt))
t=1,t+£1 t=1,t+£2 t=1,t+£k
k
(ﬁ H my + T9 H me—+ -+ 1 H mt>
t=1,t#£1 t=1,t£2 t=1,t£k
k k k
<r (7"1 H (ng —my — 1) + 19 H (ng —my —ry) + -+ 1% H (nt—mt—rt)>
t=1,t£1 t=1,t+£2 t=1,t+£k
k k
= TZH ( H (ng —my —rt)>
i=1 t=1,t£i

with equality when r; = n; — m; for all 4, 1 < ¢ < k. Therefore by the minimality of n;, the k&
sequences A/ form the imbalance sequences of some MMD D"(V{/", V' - V' E").

Construct an MMD D(Vy, Vy, - Vk, E) as follows.

LetVi =V/uV/, Vo =V]U e Ve=ViUV and V) N Vj” = ¢ for all 7, j. The arc set

E contains (a) all the arcs between V’ and V}, i # j, (b) all arcs between V;" and V', i # j and (c)
r arcs from each vertex of V' to every Vertex of V.

Then D(Vi, Vs, -+, V}) has imbalance sequences A;, which is a contradiction. Clearly this
contradicts the given assumption.

Case (ii). Assume that the strict inequality holds in (1) for m; # n;. Let Ay = [a;; —
1, a12,° 5 A1(n;—1), A1ny + 1] and Let Aj = [ajl, Qj2, """ ,ajnj] for all j, 2 S ] S ]{3, so that Az
satisfy the conditions (1). Therefore by the minimality of a;;, the sequences A; are the imbalance
sequences of some MMD D, (Y3,Ys,- -+ ,Y;). Let az,, = any — 1 and a,,, = ai,, + 1. Since
xy,, > gy, + 1, there exists a vertex x5, in Yj, 2 < j < k, 1 < p < ny, such that Z1pn, (0 —
—0)zp(1 ——=0)z11, of 1y, (1 = —0)x;,(0 — —0) 211, OF T1p, (1 — —0)2(1 — —0) 211, OF 14, (0 —
—0)2,,(0——0)z1; in Dy (Y7, Y2, - - -, Y}), and if these are changed to 1,,, (0——1)x;,(0——0) 11,
Or T1n, (O — —O)ijp(o — —1)1‘11, Or X1n, (0 — —O)ZL'JP(O — —O)ZEH, Or X1n, (0 — —1)IL’JP(O — —1)1'11
respectively, the result is an MMD with imbalance sequences A;, which is again a contradiction.
This completes the proof. ]
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3. Imbalance sets in multipartite multidigraphs

The set of distinct imbalances of the vertices in an MMD is called its imbalance set. Now we
give the existence of an MMD with a given imbalance set.

Theorem 8. Let P = {p17p27 e me} and Q = {_q17 —q2, - 7_Qn}y where P1,P2, s Pms,
q1,q2, - - ,Qn are positive integers with p; < py < -+ < ppand q1 < qa < --- < q, and the
greatest common divisor (p1, D2, ,Pm,q1,G2, "+ s qn) = t, where 1 <t < r. Then there exists

an MMD with imbalance set P U Q).

Proof. Since (p1,p2,** ,Pm,q1,G2," -+ ,qn) = t there exist positive integers f1, fo, -, fm. 91,
o, ,gnWith fi < fo < - < f,and g1 < go < --- < g, suchthatp, =tf; for1 <¢ <m and
q; = tg; for 1 < 5 < n. First assume that £ is even, say k = 2s where s > 1. Construct an MMD
D(X1, Xs,- -+, X}) as follows. Let

X1:X11UX12UUleUXllUX%UUX{l,

Xo =X UXpU--UX, UXJUXZ2U---U X7,
X3=Xz3UXpU---UX3, UXaUXZU---UX%,

Xog = Xog1 U Xoo U+ U Xogm UX,, UXZ U ---U X2,

with X;; N X, =0, X;; N XY =0, Xij NXY =0, |Xy| =g foralli, 1 <i<m,|X|| =g for
all i, 1 < i < n,|Xo| = fiforalli, 1 <i<m,|Xi| = fiforalli, 1 <i<n,|X;| =g forall
oddi,3 <i<2s—1,and | X;;| = f; forall even i, 4 < i < 2s. Let there be ¢ arcs directed from
each vertex of Xj; to every vertex of Xy, for all 1 < ¢ < m; ¢ arcs directed from each vertex of
X { to every vertex of X 5 1 <7 < nandt arcs directed from each vertex of X;; to every vertex of
Xy forall odd 7, 3 <7 < 25 — 1 so that we obtain 2s-partite r-digraph MMD with imbalance
of vertices as follows.

Forl <i<m,
Ay, =t Xos| =0 =1tf; =p;, forall xy; € Xy

for1 <j<n, A , ;
ay =t Xo| —0=tfi =p1, forall zy € Xj;

forl <j <m,
Ayy, = 0— t’Xh’ = —tgl = —(q1, fOT all To; € XQZ,

for1 <5 <n,
agy =0 —tX{| = —tg; = —q;, forall x; € X5;
foralloddi,3 <1 <2s-—1

Az, = t|X(i+1)1| —0=tfi =p1, forall z;; € Xi;
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and foreven 7, 4 <1 < 2s,
Uz, =0 —t| X(o1p1| = —tgr = —qu, forall x4 € Xi.

Therefore imbalance set of D(X;, Xo, -+, X;)is PU Q.
By using the same argument as above, it can be shown that the result holds for odd % also.
Hence the proof is complete. ]
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