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Abstract

Let GG be a threshold graph. In this paper, we give, in first hand, a formula relating the chromatic
polynomial of GG (the complement of (=) to the chromatic polynomial of . In second hand, we
express the chromatic polynomials of G and G in terms of the generalized Bell polynomials.
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1. Introduction

Recall that for a given graph G = (V, E) of order n, a A-coloring of G, A € N, is a mapping
f:V = {1,2,...,\} where f(u) # f(v) whenever the edge uwv € FE. If such mapping f
exists, the graph G is said to be A-colorable, the chromatic number of GG, denoted by x (G) , is the
minimal value of A for which the graph G is A-colorable and the number of A-colorings of G is
called the chromatic polynomial P(G, \), see [4, 8, 9]. This paper is concerned with the chromatic
polynomials and the sigma polynomials of threshold graphs. These graphs was introduced by
Chvatal et al. [3] and Henderson et al. [S] and have numerous applications, see for example [6].
They can be constructed from an isolated vertex by repeated applications to addition a vertex to
be an isolated vertex or a dominating vertex to the graph. From this definition, it follows that
the complement graph G of G is also a threshold graph. The object of our investigations in this
paper is, in first hand, to deduce for a given threshold graph G the chromatic polynomial P(G, \)
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from the chromatic polynomial P(G, \), and, in second hand to express the chromatic polynomials
of G and G in terms of the generalized Bell polynomials B, s () defined by Carlitz and studied
extensively by Blasiak, Penson and Solomon, see [1, 2]. Below, we use the following notation:
A),=AA=1)---(A=n+1)ifn>1and (N), =1,

G, is a graph of order n and without edges with the convention P(Gy, A) = 1.

2. Chromatic polynomials of threshold graphs

Upon using the definition of threshold graphs G and G, the following theorem gives simple
expressions for their chromatic polynomials.

Theorem 2.1. Let (G,,,n > 1) be a sequence of threshold graphs and G,, has n vertices. Then

P(Gn7)‘) = )‘(/\_in—l)"'()‘_in—l_"'_il)a
P(GuA) = AA=Jnt) A=t — = 1),

for some integers iy,... iy 1,71, -, Jn-1 € {0,1} such that i, + j, =1, k=1,2,....,n— 1.
Furthermore, we have

P(Gn,/\) = ATO(A_1>T1"'(A_R+1)rn_17

P (Gn, >\) = )% ()\ — 1)81 .. ()\ —n4+ 1)871—1 :
where
n—1 i

Ty = Z = 5(k:0) + 5(in—l+"'+in—1,k)v Sk = = 6(14:,0) + 5(j7L—l+"'+jn—1,k)7 k= O, oo, n = 1,
=1 =1

with ig = jo = 0 and ¢ is the Kronecker delta, i.e. 0 jy = 1 ifi = j and d(; j) = 0 if i # j.

Proof. By construction, GG, is the graph G,,_; plus a vertex z,, such that z,, is an isolated vertex or
a dominating vertex. Similarly, by construction, G,, is the graph G,,_; plus a vertex x,, such that z,,
is an isolated vertex (if it is a dominating vertex in (G,,) or a dominating vertex (if it is an isolated
vertex in (z,,). Then, for n > 2 we get

P (G, \) = AP (Gn_1,\), if z, is an isolated vertex in G,,,
w0l AP (Gro1, A — 1), if x, is a dominating vertex in G,

and B
P (Gp,A) = AP (anl, A— 1.) ; 1f. Tn 1s an 1so}ated Verte?c in G,
AP (anl, >\) , if x, is a dominating vertex in G,,

which can be written as

P(Gp,\) = AP(Gp_1,N\—in_1), n>1, i, €{0,1},
P(Gn,A) = AP (Gpet, A= Jno1), n>1, juoi=1—1,4 €{0,1}.
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Thus, the desired expressions follow.
Let now ry be the order of multiplicity of a number & of the zeros of P (G,,, \) :

{i072.n—17 Z.n—l + in—?a s 7in—1 + in—? + - Z1} .
n—1 n—1
It is obvious that 7, = 0(k,0) + D (i, ,+-tin_s, k)- Similarly we get s, = d0) + D 0yt k)-
=1 =1

O

For a given threshold graph GG with known chromatic polynomial P (G,_)\) , the following theorem
gives the explicit expression of the chromatic polynomial P (G , /\) of G.

Theorem 2.2. Let (G,;n > 1) be a sequence of threshold graphs and G, has n vertices such that
P(G’N,))\) :)\TO ()\_ 1)7‘1...()\_”_'_1)7'”71’

for some non-negative integers ro, vy, ..., n_1 Suchthatrg +ri+---+r,_1 = n.
Then, the following holds

PG\ =AM =710+ 1) (A=rg—11+2)--(A=rg— - —patn—1).

Proof. From Theorem 2.1, the chromatic polynomial P (G, A) can be written asP (G, \) =
NoA=1)"---(A=n+1)"", n > 1. We prove that the chromatic polynomial P (Gn, /\)
must be as follows

PG A)=AA=ro+1)(A=ro—11+2)-(A=rg—++—Tpo+n—1).
Indeed, by induction on n. The case n = 1 is obvious and assume

PG, \)=AA=ro+1)A=rg—114+2)--(A=rg——rpot+n—1).
If x,,,1 is an isolated vertex in (&, 1, necessarily

P(Gpi1,A) = AP(Gp, N
= X A-D)" A =n+ 1)
= XA=1"-(A=n)"
where so =rg+1, s, =7, (1<j<n-1),s,=0.
Butsince A\ — 1=\ —s9—--- — s, + n, we get
P (Gpi1,A) = AP (Gn,A—1)
= A A= A=rg)A=1rg—1r1+1)---A=19g—+-—Tpo+n—2)
= AA=so+1)---A=sp—--—8p2+n—1)(A—sg—---—8,+n)

If x,,,1 is a dominating vertex in (G, 1, necessarily

P(Guyi,\) = AP (Gp A —1)
= A=D1 A=) (A —n) = A0 (A — 1) (A — )
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where sp =1, s; =7, (1 <j <n),andsince A = X — sy + 1 we get
P (Gpi1,A) = AP (G, )

= )\2()\—7’04—1)()\—7'0—7"1—|—2)--~()\—7"0—~--—7’n,2+n—1)
AA=so+1)(A=sp—s1+2)---(A=sp—81— - —Sp_1+7n).
So, the induction is true and produces the desired result. ]

Corollary 2.1. Let G be a threshold graph of n vertices. Then
X(Gn) +x(Gn) =n+ 1.
Proof. 1t is easy to see that

X(Gp) = 1+sz and x (G,

k=1 k=1

@l
T
-
]
-

n—1

which show that x(G,,) + x(G,) =2+ > (ix + jx) =n + 1. O
k=1

Corollary 2.2. Let G be a threshold graph of n vertices. Then, the sum of all zeros of the polyno-
mial P (G, \) P (G, \) equals @

Proof. Setting
PGAN) = XNoA=1D)" - (A=n+1)"",
P(@,)\) = NXA=1D"-A=n+1)"",
for some non-negative integers rg, 1, ..., ,_1 and Sg, S1, ..., S,_1 such that

ro+Tr1+ 1 =8+ S+ -+ S =n.

-1 -1

Since Z Jr; (resp. Z js;) is the sum of all zeros of P (G, \) (resp. P (G /\)) then, from Theorem
=0 7=0

2.2 the sum of all zeros of the polynomial

P (G, )\) P (a’ )\) — \"o+so ()\ _ 1)r1+s1 o ()\ 4+ 1)7“n—1+5n—1

is to be
n—1 n—1
Y ilrits) = D gri+04+ o=+ +(ro++raa—(n—1))
§=0 3=0
n—1 n—1 n—1
- St - 5
§=0 §=0 §=0
n—1
-1
= (n—1) rj_n(n )
. 2
7=0
_ n(n—1)
B 2
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3. The generalized Bell polynomials and threshold graphs

To give some connections between the chromatic polynomials and the generalized Bell polyno-

mials (see [7]), letrg, ..., 7, 1 and s, . . ., S,,_1 be non-negative integers and setr = (1o, ..., 7,_1),
s = (S0, ..., sp—1) . Recall that the generalized Stirling numbers of the second kind S, s (n, k) are
defined by
S0+ Fsn—1
(@ D) e (@0 D%) = 2t Y Spg(n, k) 2 DF,
k=sg

and the so-called generalized Bell polynomials B, s () are to be

("1 D=1 - (20 D*) exp (1) = 2% exp (7) Bes (2),

where
S0+ Fsn—1 n—1
Bis(x)= > Sis(nk)a* and d, =) (r; —s;) > 0.
k=so i=0
By choosing f (z) = z* in the identity
S0+ +Sn—1
(D) (@0D%) f () = 2™ YT Ses (nk) 2" DM (a),
k=sg
we obtain
S0+ +Sn—1
Atdi), - Atdaa), = D Ses(n k) (V)
k=so
j—1
where d; = Y (r; —s;), j > 1, see a combinatorial proof in [7].

=0
For a given sequence (G,,,n > 1) of threshold graphs with G,, has n vertices, we prove in this
section that the sequence of the sigma polynomials (o(G,,z),n > 1) can be expressed in terms
of the generalized Bell polynomials. The useful representation of the chromatic polynomial of a
given graph G = (V, F) used here is

Vi

P(GA) = Y o (G)(\),,

k=x(G)
where |V/| is the number of vertices of V' and «; (G) is the number of ways of partitioning V' into ¢

nonempty sets. The sigma polynomial o(G, \) of a graph G = (V, E) is defined by

o(Gx)= Y ap(G)a".
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Lemma 3.1. It holds
o (G,z) =exp( ZP (G j

7>0

Proof. From the definition of the chromatic polynomial of G we get

14 j
N | @
exp ( ZPG; = exp(-2)Y | Y (@) () o
>0 720 \k=x(G) o
14 l’j k
D IS e
k=x(G) J>k
V]
o k
= Z a (G) x
k=x(G)
= o0(G,x).

]

The following theorem shows that some generalized Bell polynomials can be interpreted by the
chromatic polynomials for the threshold graphs and gives another version of Theorem 2.2.

Theorem 3.1. It holds

n

P (Gn, /\) = Z Sr,s (n> k — X (Gn)) (/\)k ’
k=x(Gn)

PG = 3 Ses(nk—x(Ga)) (N,
k:x(§n>

where

I':(l,‘.., 1), S:(jo,...7jn_1), S:(’io,..., in—l)-

Proof. Forn > 1 we have P (G,,, \) = AP (G,—1, A\ —i,—1) . Then, by Lemma 3.1 and the proof
of Theorem 2.1 we get exp (x) 0 (G, x) = > P(Gy, /{:)’”k—lf

k>0
For 7, 1 = 0 we get
a* d
exp () ZkP n1,k Tk (exp (z) 0 (Gp-1, 7)),
k>0
and for ¢, _; = 1 we get
o
exp () ZkP n1, k 1) o = Lexp ()0 (Gp-1, ).
k>0
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Then, an equivalent expression is to be
exp (1) 0 (G, ) = 2D’ (exp (2) 0 (Gp1,2)), jn1=1—1i,1 € {0,1}.
and this can be rewritten recursively as

exp (7)o (Gn,z) = D’ (exp (2) 0 (Gp_1,7))

= (xD]" D) (xD2) -+« (D7) (exp (z) 0 (G1, z))
= (zD’ ) (xD2) -+ (xD”) (wexp (z))

= (zD’Y) (xD2) -+ (D) exp (2)

= exp(z) dans (x)

Jo+ “+in—1
= exp(x Z Sps(n, k) x
k=sg
n—x(Gn)
= exp (z)z™ Z Ses(n, k) 2"
k=0
n—1 n—1 o
where d,, = kZ:O(l—jk) =n— lek :n+1—x(Gn) =x(G,).

n— XG'n

So we get o (G, ) = Z Ses (n, k) 2¥X(G) which gives
=0

n—x(Gn)
P(GuA) = D Ses (k) (Mg -
k=0
The correspondent expression of P (@n, )\) can obtained by symmetry. [
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