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Abstract

For simple bipartite graphs G, G2, G, the three-colour bipartite graph Ramsey number Ry,(G,
G, Gi3) is defined as the least positive integer n such that any 3- edge - colouring of K, ,, assures a
monochromatic copy of G; in the ith colour for some 7, i € {1, 2, 3}. In this paper, we consider the
three-colour bipartite Ramsey number R,(G1, Go, Ps). Exact values are determined when G; =
G9 = Cy and when (G1, G5) = (a bistar, a bistar). For integers m, n > 2, a recursive upper bound,
Ry(Koms Ky P3) < Ry(Kn—1.m—1, Knns P3)+ Ro(Kpmy Kn—1n—1, P3)+3, is given. When G4
and (G, are even cycles, a lower bound is provided. In addition to these results, we have obtained
the relations: R(G, K1 ,,) < Ry(G, K1 ,+1) and R(G, H) < Ry(G, H, P3).
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1. Introduction

Graph Ramsey theory is one of the widely explored areas in Extremal graph theory. Many
interesting books are contributed to its various aspects. Rich development of the theory is well dis-
cussed in the book Ramsey Theory by Graham, Rothschild and Spencer [8]. For positive integers p,
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q the classical Ramsey number is defined as the least positive integer n such that, in every 2- edge -
colouring of the complete graph K, there is a copy of K, in colour 1 or a copy of K, in colour
2. Generalizing this, graph Ramsey number was introduced. Given simple graphs G, G, . . ., G,
the graph Ramsey number R(G1,Go,...,Gy) is the smallest positive integer n such that every
k- edge - colouring of the complete graph K, contains a monochromatic copy of G; in colour ¢ for
some i,i € {1,2,...,k}.

Ramsey type problems involve also in the k- edge - colouring of different types of host graphs
besides the conventional one K,,. Replacing K, by K,, ,, in R(G1, G, ..., G}), we have bipartite
graph Ramsey number Ry,(G1, G, ..., Gy). For simple bipartite graphs Gy, Gy, . . ., Gy the bipar-
tite (graph) Ramsey number R,(G1, Gs, . .., G}) is defined as the least positive integer n such that
any k- edge - colouring of K, ,, assures a copy of G, in the ith colour for some 7. Particular version
of this, Ry(G1,G2) was initially introduced by Beineke and Schwenk (see [2]) in 1975. Some
variants of graph Ramsey number appear as a result of generalisation of the host graphs K,, and
K, », where complete balanced multipartite graph takes the place. For example, set multipartite
Ramsey number [3] and size multipartite Ramsey number [4, 13, 14, 16].

In [2], Beineke and Schwenk showed that Ry(Ks2, Ko2) = 5, Ry(Ka4, Ko4) = 13 and
Ry(K33,K33) = 17. Also, they proved that R,(Ks,,, Ks,) = 4n — 3 for n odd and less than
100 except possibly n = 59 or n = 95.

In [9], Hattingh and Henning have proved a recursive inequality Ry,(K, m, Knp) <
Ry(Kp—1,m—1, Knn) + Ro(Kmm, Kn—1n—1) + 1 and computed that R, (K32, K33) = 9 and
Ry(Ks2, K44) = 14. Also, they calculated Ry, (K, P,) (see [10]). Hattingh and Joubert calcu-
lated the number R?;, for pair of bistars (see [11]).

Bipartite graph Ramsey number for the following graph pairs are calculated by Christou, Il-
iopoulos and Miller [6]: (m Py, nP,), (1), T,,) (Where T, is a tree on n vertices) and (7, n.P;) for
certain values of m and n.

When GG; and G5 are even cycles, Zhang and Sun [17] gave a lower bound for the number R,
and also calculated the exact value of R,(Cy,,, Cy). Zhang, Sun and Wu computed the value of
Rb(Cgm, Cﬁ) in [18]

Carnielli and Carmelo [5] showed that Ry,(K> ,, K5 ,,) = 4n — 3 if 4n — 3 is a prime power and
Ry(Ka2, K1) =n+qforg*—q+1 < n < ¢* where ¢ is a prime power. In [12], Irving showed
that Rb(K4’4, K474> S 48.

Regarding R,(G1, G, . .., Gy), Hattingh and Henning [9] gave the following results:

1. For all integers k > 2, Ry(Ka2, Kaa,..., Kao) < k* + k — 1.

For disjoint copies of K 5, they have estabklished a lower and an upper bound.

2. For all integers n > 2, 4n — 1 < Ry(nKs2,nKs5) < 4n + 1.

In this paper, we determine the exact value of the bipartite Ramsey number R,(G1, G2, P3) for
certain families of graph pairs (G, G). More precisely, in this paper, given simple bipartite graphs
G and Gy, we give (i) a recursive upper bound for Ry, (K, 1, Ky, Ps), (44) a lower bound for
Ry(Caopm, Cop, P3), and compute the value of R, (G, G, Ps) for the pairs: (G, Gy) = (Cy, Cy), and
(B(m,n), B(p,q)), where B(r, s) denotes a bistar. In addition to these results, we have obtained
the inequalities: R(G, K1,) < Ry(G, K1,11) and R(G, H) < Ry(G, H, P;).

Some of the known results related to the study of Ry(G1, G2, Ps) are below:
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t—1
Lett > 2,s,nq,n9,...,n; be positive integers and r = > (n; — 1).
i=1

Theorem 1.1. (see [9]) Let T}, be any tree of order m > 2. Then
Rb(Kl,nla Kl,n27 s 7K1,nt71a Tm) S r+m— 1.
Theorem 1.2. (see [9])

f < |52
Rb(Kl,nly Kl,nzu . ’Kl,ntfu SK2) — {S or r L ﬂ ,

r+ [+ 1 for r> |5

t
Theorem 1.3. (see [9]) Ry(K1pny, Kingy -3 Kin,) =2 (ni — 1)+ 1=1r+mn,.
i=1

Theorem 1.4. (see [15]) Let m be a positive integer. Then

(=] ifr<s[3],
241 ity g <r<g (5]
Ry(Kynyy Ky, oo Ky s Pr) =4+ 2 if »> %, m even,
r+ 2t 1fr>m— modd, r = 0 mod(™1),
\r+mT_1 if r > 2L modd, r # 0 mod("52).

2. Notation

Notation not defined here can be found in [1]. If 7" C V(G), the induced subgraph G[T) is the
subgraph of G whose vertex set is 7" and whose edge set consists of all edges of G which have both
ends in 7. For any k- edge - colouring of a simple graph G, let E; denote the set of edges of colour
i and we use G(E;) to denote the spanning subgraph of G with edge set E;, wherei = 1,2,... k.
A spanning 1- regular subgraph of G is called a 1- factor of G.

For any positive integer n, the stripe graph nP, consists of 2n vertices and n independent
edges, K ,, denotes the star on n + 1 vertices and F,, denotes the path on n vertices. A bistar is
a tree with diameter three. A leaf of a tree is a vertex with degree one. A support vertex of a tree
is a vertex that is adjacent to a leaf and has degree at least two. For integers r and s with r, s > 2,
B(r, s) denotes the bistar with two support vertices having degrees r and s.

If (X,Y) is a bipartition of K, ,, — [ with X = {zo,z1,..., 2,1} and Y ={yo,y1, ..., Yn_1},
then the 1- factor [ can be taken as {xoyo, T1Y1, - - -, Tn_1Yn_1}-

3. Rb(Gl, Gz, P3)

We study R,(G1,Gs, P3) by introducing bipartite minus a 1-factor graph Ramsey number
Ry—1(G4, Gs). For simple graphs GG; and G,, we define R,_1(G1,G2) as the smallest positive
integer n such that every 2- edge - colouring of K, ,, — I contains a copy of G in colour 1 or a
copy of G5 in colour 2, where [ is a 1- factor of K, ,,.

The following theorem provides a proof on the existence of R;,_1(G;, G3) by establishing its
relation with R, (G1, G, Ps).
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Theorem 3.1. For simple bipartite graphs G and G,
Ry(G1, G2, P3) = Ry 1(G1, Ga).

Proof. Lett = R,_1(G1,G2) — 1. By the definition of R, 1(G1,G2), there exists a 2-edge -
colouring (E4, E) of T" = Ky, — I such that neither 7"(E)) contains a copy of G nor T"(Es)
contains a copy of Gy. Then, (F1, Es, I) is a 3-edge - colouring of 7" = K, such that 7" (E})
contains no copy of Gy, T"(E>) contains no copy of G5, and 7" (I) contains no copy of Ps. Now,
by the definition of Rb(Gl, GQ, Pg), we have Rb(Gl, Gg, pg) Z t+1= Rb—l(GL Gg)

Let s = Ry(G1,Ga, Ps) — 1. By the definition of R,(G4,Go, P3), there exists a 3-edge -
colouring (E4, Es, E3) of U = K, such that neither U’(E}) contains a copy of Gy nor U'(Es)
contains a copy of Gy nor U'(FEj3) contains a copy of P3. This implies that U’(E3) is a match-
ing of K ;. So U'(E3) C I, for some 1-factor I. Now, (E; \ I, E5 \ I) is a 2- edge - colouring of
U" = K, s— I such that neither U”(E; \ I) contains a copy of G nor U”(E,\ I) contains a copy of
G. Thus, by the definition of R,_1(G1, G3), we have Ry,_1(G1,Gy) > s+1 = Ry(G1,Gy, P3). O

Throughout the paper, all our proofs on R,(G1, G2, P3) are provided in terms of R,_1(G1, G2).

4. Bounds

4.1. A recursive upper bound for K, ,, versus K, ,,

Here, we provide an upper bound for Ry (K, 1, Knn, Ps).

Theorem 4.1. For integers m,n > 2,
Rbfl(Kmm”w Kn,n) S Rbfl(Kmfl,mfla Kn,n) + Rbfl(Km,ma anl,nfl) + 3.

Proof. For the sake of simplicity, we denote R,_1(K,,, K, ) as Ry_1(p,q). Lett = Ry_1(m —
1,n)+ Ry—1(m,n — 1) + 3. Consider a 2- edge - colouring (Ey, E») of T(X,Y) = K;+ — I, where
X = {l’o, L1y .- 7xt—1}7 Y = {y07y17 s 7yt—1} and [ = {xoy()vxlyla s 7It—1yt—1}- We need to
prove that there is a copy of K, ,,, in colour 1 or a copy of K, ,, in colour 2. We have three cases.

Case 1. 6(T'(Ey)) > Rp—1(m — 1,n) + 1.

Then, by symmetry, let z; be a vertex of X such that dpg,)(z;) = 6(T(E1)). Let y; €
Nrey(z:) (i # 7). Then dpgy(y;) = 6(T(E1)) > Ry—1(m — 1,n) + 1. Consider the sub-
graph T (X1,Y1) = T[(Nrg,) (i) U Nreey)(y;))\{@i, y;}], where Xy = Nree,(y;)\{z:} and
Y1 = Nyg,) ( )\{y;}. Then | X1| > Ry_1(m —1,n) and |Y;| > R,_1(m —1,n). By the definition
of Ry_1(m—1,n), T} contains a colour 1 copy of K, ,,—1 or a colour 2 copy of K, ,,. If we have
a colour 2 copy of K, , then we are done. Otherwise, T[X; U Y; U {z;, y;}] gives us a colour 1
copy of Ky, -

Case 2. 6(T(E2)) > Ry—1(m,n —1) + 1.
Proof of Case 2 is similar to the proof of Case 1.

Case 3. §(T'(E1)) < Rp—1(m — 1,n) and 0(T(Es)) < Rp_1(m,n — 1).
By symmetry, let x; € X be a vertex such that dpg,)(z;) = 6(T(E1)). Then dpg,)(z;) =
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t—1— dT(E1)<xz) Z Rb_l(m, n— 1) + 2.
Subcase 3.1. dp(g,)(y;) > Re—1(m,n — 1) + 1 for some y; € Np(g,) ().

Let T5(X2, Y3) = T[(Nr(p,)(2:) U Nre,) (y5))\{ 2, y; 1, where Xo = Np(gy) (y;)\ {2} and
Yo = Nryy(2:)\{y;}. Then | Xyo| > Ry_1(m,n — 1) and |Y5| > Ry_1(m,n — 1) + 1. By the
definition of R,_1(m,n — 1), T contains a colour 1 copy of K, ,, or a colour 2 copy of K,,_1 1.
If we have a colour 1 copy of K, ,,, then we are done. Otherwise, T[ X, U Y, U {z;, y; }] gives us
a colour 2 copy of K, .

Subcase 3.2. drg (y]) < Ry_1(m,n — 1) for all y; € Np(g,) ().
3.2.1. dr(g,) (:c,,) 2 Ry_1(m,n — 1) +1forall z, € X.

Then \E2| > t(Rp—1(m,n — 1) + 1), and therefore there exists a vertex y; € Y such that
dry) (k) = Rp—1(m,n—1)+1. Letx; € Np(g,)(yx). By assumption, dpg,)(x¢) > Rp—1(m,n—
1) + 1. Consider T'[(Nr(g,)(2¢) U Nr(e,) (yr))\{e, Y }]. As similar to previous cases, we have a
colour 1 copy of K, ,,, or a colour 2 copy of K, , inT.

3.2.2. There exists x, € X such that dpg,)(zs) < Ry—1(m,n —1).

Then drp,)(2s) =t — 1 — drm,)(2s) > Ry—1(m —1,n) + 2. Since t = Rp_1(m — 1,n) +
Ry—1(m,n—1)+3, Np(g,) () N Nrgyy(xs) # 0. Let y, € Npg,)(x;) N Nr(g,)(25). By assump-
tiOIl, dT(Eg)(yp) S Rb 1( ,n— ]_) Then dT E1)(yp) =t—1-— dT Eg)(yp) Z Rb 1( —1 n) + 2.
Therefore, |NT(E1)(yp)\{:1:s}| > Ry_1(m—1,n)+1and |Npg,) () \{yp}| = Ry—1(m—1,n)+1.
Consider T'[(Nr(g,) (2s)UNT £ (Yp)) \{Zs, Yp }|. Again, similar to previous cases, we have a colour
1 copy of K, ., or a colour 2 copy of K, ,, inT".

This proves the theorem. O

4.2. Lower bound for even cycle versus even cycle
Theorem 4.2. For m,n > 2, Ry_1(Cay,, Cop) > m +mn — 1.

Proof. Consider T'(X,Y) = Kmﬂl omin—2 — I with X = {xo, 21, ..., Zingn-s}t, Y = {yo, v1,

oy Yman—stand I = {x;y; i = 0,1,...,m + n — 3}. Let the colour 1 graph be the subgraph
induced by {xg, x1, .. ., I‘m_g} U'Y and the colour 2 graph be that of {x,, 1, Zn, .- ., Tmin_3} U
Y. As one of the partite sets of colour 1 and colour 2 graphs contain, respectively, m — 1 and n — 1
vertices, neither 7'(F;) contains a Cy,,, nor T'(Fy) contains a Cs,. O

Corollary 4.1. Form > 2, R, 1(Cy,,,Cy) > m + 1.

5. Exact values

5.1. Cyversus Cy

A decomposition of a graph G is a collection { H;} of nonempty subgraphs of G such that each
edge of G appears in exactly one subgraph in the collection. If { H;} is a decomposition of G such
that, for each ¢, H; = H for some graph H, then G is said to be H-decomposable, and we denote
itby H | G.

The Fano plane has point set P = {1,2,3,4,5,6,7} and line set L = {{1,2,4}, {2,3,5},
{3,4,6}, {4,5,7}, {1,5,6}, {2,6,7}, {1,3,7}}. The Heawood graph is the incidence graph of
the Fano plane, in otherwords, it is a bipartite graph with bipartition (P, L) in which p € P is
adjacent to ¢ € L if, and only if, p € ¢. Figure 1 is a diagram of Heawood graph.
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SOXN

Figure 1. Heawood graph

Lemma 5.1. If H denotes the Heawood graph, then H | (K77 — I), where I is a 1- factor of K 7.
Furthermore, R,_1(Cy,Cy) > 8.

Proof. Let X = {xg, x1, ..., x¢} and Y = {yo, v1, ..., Ys} be the partite sets of Kr;; —
I, where I = {xoyo, T1y1, - .., Te¥s}- Let Hy = (Ciu © ToY1T6YoT5Y6TaY5T3YaT2Y3T1Y2T0) D
{xoy4,x1y5, T2Ys, $3y07$4y1,965y27136y3}- Then Hy = (Cly © ToY6T1Y0T2Y173Y2T4Y3T5Y4T6Y5Z0)
S¥) {$0y3,x1y4,x2y5, I3y6,$4y0,l’5y1,$6y2}. Observe that H1 = H = H2 and therefore H |
(K77 —1I). Since H is of girth 6, R,_1(Cy, Cy) > 8. O

Theorem 5.1. R, 1(Cy,Cy) = 8.

Proof. By Lemma 5.1, R, 1(Cy,Cy) > 8. We prove the other inequality R, 1(Cy, Cy) < 8 by
contradiction. Suppose that there exists a 2-edge - colouring (Ey, Es) of T(X,Y) = Kgg — 1
such that neither 7'(E;) nor T'(FE5) contains a Cy. Since | X| = 8 and T is 7-regular, we have,
by pigeonhole principle, at least four vertices in X, say, zg, x1, x> and 3, with at least four in-
cident edges of the same colour, say, colour 1. As T'(F;) does not contain Cy, |Np(g,)(z;) N
Nrgy(x;)] < 1, for distinct x; and x;, where 0 < 4, j < 3. For distinct z; and x;, 0 < 4,5 < 3,
if |Npg,y(2i) N Nee)(z;)] = 0, then |Y'| > 16, a contradiction. Hence, there exists a pair,
say, To and z; having one common neighbour in T'(E}), say, y». Without loss of generality, let
NT(El)(xO) 2 {ylv Y2, Y3, y4}' Then NT(El)(xl) ) {yoa Y2, Ys, yﬁ} or NT(E1)<x1) 2 {yQa Ys, Ye, y7}'
As dr(g,)(x2) > 4, x5 is adjacent to at least two vertices of Np(g,)(xo) or at least two vertices
of Np(g,(x1) in T'(E,). But then, we have a Cy in T'(E,), with either {zo, 22} C V(Cy) or
{z1, 22} C V(Cy), a contradiction. O

5.2. Bistar versus bistar
Hattingh and Henning gave a lower bound for R,(G1, G, . .., Gy) as follows:

Lemma 5.2. (see [9]) Let ny,no, ... ,n, (k > 2) be positive integers, and let G; be a bipartite
graph of maximum degree at least n; fori =1,2,... k. Then
k
Rb<G1, GQ, ceay Gk) Z Z(nl — 1) + 1.
i=1

In our consideration of R,(Gy,Ga, Ps), for some GG; and G, this bound is attained. In the
places, we make use of the above lemma.
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Hattingh and Jourbert gave the following result on bipartite Ramsey numbers of & copies of
bistars.

Theorem 5.2. (see [11]) If there are k copies of bistars, where k > 2 and s > 2, then
Ry(B(s,5), ..., B(s,s)) < Ms 1)+ /(5 — 1202 — k) — k(2s — 4)] .

Here, we wish to determine Ry,(B(m,n), B(p, q), Ps). For the sake, first we prove the following
theorem.

Theorem 5.3. For positive integers m and n withm > n > 2,
Rb—l(B(m7 m)7 B(”a n)) =m+n.

Proof. By Lemma 5.2, R, 1(B(m,m),B(n,n)) = Ry(B(m,m),B(n,n),P3) > m + n. Let
t = m+n. To prove R,_1(B(m, m), B(n,n)) < t, we contrarily assume that there exists a 2- edge -
colouring (Ey, Ey) of T(X,Y) = Ky — I, where X = {zo,z1, ..., 21}, Y = {yo, v, .- -, Y1}
and I = {xoyo,z1Y1,--.,%_1Y¢—1} such that neither T'(E;) has a B(m,m) nor T(FEs) has a
B(n,n).Let A = {z; € X | dpg,)(x;) > m}and B = {y; €Y | dpg,)(y;) > m}. This implies,
for x; € X\A, dpg,)(2;) < m —1and dpg,)(z;) > n; and for y; € Y\B, dpg,)(y;) <m —1
and dT(EQ)(yZ) >n.

Claim 1. T[AU B] C T(E3).
Otherwise, there exists an edge x;y; € £ with z; € A and y; € B. Then we have a B(m, m)
in T'(E;) with support vertices z; and y;.

Claim 2. T[(X\A) U (Y\B)] C T(E,).

Otherwise, there exists an edge x;y; € E; with z; € X\A and y; € Y\B. Note that
dT(EQ)(IZ) Z n and dT(Eg)(yj) Z n. Let V g NT(EQ)(xz> and U Q NT(EQ)(y]) be such that
Ul =V =n.

For some z,, € U, if dp(g,)(xp) > n, then z,, € X'\ A and so we have a B(n,n) in colour 2 with
support vertices x,, and y;, which is a contradiction. Therefore, for every z, € U, dpg,)(z,) <
n — 1 and so dy(g,)(z,) > m. Similarly, for every y, € V, drg,)(y,) > m. Consequently,
U C Aand V C B. The facts V' C Ny, (2:), U € Npw)(y;), Ul = |[V| = n and
Claim 1 together imply that every edge of T[U U V] is a non-pendant edge of a B(n,n) in
T(Ey) NT[(AUA{z;}) U (B U{y;})| and every such edge provides two support vertices, say,
u € Aandv € B with dyp(g,)(u) > n and dp(g,)(v) > n. This gives a contradiction to the way in
which A and B are chosen. This proves Claim 2.

Now we divide the proof into four cases.

Then §(T'(E;)) > n. Hence T'(Fy) contains a B(n, n).

Case2. A # ()and B = (.
Subcase 2.1. A # X.
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Then, by Claim 2, we have a B(n,n) in T'(E»).
Subcase 2.2. A = X.

We obtain a contradiction by counting |E| in two different ways. For every x; € A = X,
drg,y(x;) > mimplies |Ey| > m(m + n), and for every y; € Y\B =Y, dpg,)(y;) < m—1
implies |E;| < (m — 1)(m + n).

Case 3. A= () and B # 0.
By symmetry, proof follows from Case 2.

Cased. A # () and B # ().

Therefore, | X\ A| > m and [Y\B| > m. As dpg,)(x;) > nand dp(g,)(y;) > nforz; € X\A
and y; € Y\ B, every edge z;y; € T[(X\A)U(Y'\B)] acts as a non-pendant edge of some B(n,n)
in T(E,).

In all the cases, we obtain a contradiction.

Hence R,_1(B(m,m), B(n,n)) =m+n. O
Theorem 5.4. Form >n > 2andp > q > 2, Ry, 1(B(m,n), B(p,q)) = m + p.

Proof. Asm >nandp > q, Ry_1(B(m,n), B(p,q)) < Ry_1(B(m, m), B(p,p)). From the above
theorem, R,—1(B(m, m), B(p,p)) < m+pandthus, R,—1(B(m,n), B(p,q)) < m+p. By Lemma
5.2, Rp_1(B(m,n), B(p,q)) > m + p. Hence R,_1(B(m,n), B(p,q)) = m + p. O

Corollary 5.1. For positive integers m and n withm > n > 2, R,_1(B(m,n), B(m,n)) = 2m.

6. Relations among different Ramsey numbers

Let X = {Jfo, L1y .. ,.I't_l}, Y = {yo,yl, e ,yt_l} and [ = {J]Oy(),l’lyl, ce axt—lyt—l}-
Assume T'(X,Y) = K, and T'(X,Y) = K, — 1.
€: A coloring transformation. To each blue-red colouring (#, %) of S = K,; with V(S) =
{vo,v1,...,v:_1}, there corresponds a 2-edge - colouring (Ey, E/) to T"(X,Y) = K;; — I and
(Ey, E,) to T(X,Y) = K, as follows: Edges z;y;, z;y; € E, if, and only if, vyv; € %;
zy;, x;y; € B if, and only if, v;u; € #; and, E, = E/ U{z;y; :i=0,1,...,t—1}.

A result of Gongalves and Carmelo relating R(Ks ,, K1) and Ry(K3,,, K1 541) 18 as below:
Proposition 6.1. [7] For every m > 2 andn > 2
R(Kypm, K1) < Ry(Kom, K1 nt1).
This is extended as follows.

Theorem 6.1. Let G be a simple bipartite graph. For any positive integer n, Ry(G, K1 1) >
R(G, K1 ,).

202



Three-colour bipartite Ramsey number Ry(G1,G2, P3) | R. Lakshmi and D.G. Sindhu

Proof. Lett = R(G, K, ,,) — 1. By the definition of R(G, K ,,), there exists a blue-red colouring
of S = K, say (%, %), such that neither S(%) contains a copy of G nor S(Z) contains a copy
of K;,. By ¥, we have a 2-edge - colouring (Ey, E,) to T'(X,Y) = K,;;. We show that T'(E})
contains no copy of G and T'(E, ) contains no copy of K .. If T'(E}) contains a copy of G, then,
as x;y; € E,, we have a copy of G in S(Z#), a contradiction. Therefore, 7'( E},) does not contain
G as a subgraph. Also, there is no K ,,+1 in T'(E,.). Otherwise, A(T'(E,)) > n + 1. This together
with dpg,)(z;) = dpg,)(yi) = de(vi) +1, forevery i € {1,2,..., ¢}, implies that A(S(Z)) > n,
a contradiction to the fact that S(%) does not contain K ,, as a subgraph. O

Theorem 6.2. For simple bipartite graphs G and H, R, (G, H) > R(G, H).

Proof. Lett = R(G, H) — 1. By the definition of R(G, H), there exists a blue-red colouring of
S = K, say (%, %), such that neither S(%) contains a copy of G nor S(Z) contains a copy of H.
Again, by €', we have a 2- edge - colouring (£, E).) to T'(X,Y) = K, — I. We show that T"(E},)
contains no copy of G and 7"(E!) contains no copy of H. If 7'(E}) contains a copy of GG, then, as
x;y; € I, we have a copy of G in S(Z), a contradiction. Therefore, 7"(E,) does not contain G as
a subgraph. By a similar argument, we have that 7" (E,.) does not contain H as a subgraph. a
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