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Abstract

Let G be a graph with n vertices. By N(v) we denote the set of all vertices adjacent to v. A
bijection f : V(G) — {1,2,...,n} is a distance magic labeling of G if there exists an integer k
such that the sum of labels of all vertices adjacent to v is k for all vertices v in V(G). A graph
which admits a distance magic labeling is a distance magic graph. In this paper, we completely
characterize all orders for which a 14-regular distance magic graph exists. Hereby we extended
similar results on 2-, 4-, 6-, 8-, 10-, and 12-regular distance magic graphs.
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1. Definitions and known results

Let G be a simple graph with vertex set V' and edge set 2. The number of vertices we denote
by n. A bijection f from V' to the set of integers {1,2,...,n} is called a distance magic labeling
of (G if for every vertex in GG the sum of labels of all adjacent vertices equals the same integer k.
The sum }, c v, f(u) is the weight w(v) of vertex v and k is the magic constant of f. A graph
which allows a distance magic labeling is called a distance magic graph.

Results include classification of specific classes as paths, cycles, complete graphs, and wheels,
see [11] or also [1, 6]. Distance magic labeling is a well established concept of graph labelings, see
the survey paper [1] by Froncek et al. A comprehensive overview on labelings in general is the dy-
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namic survey by Gallian [6]. The notion of distance magic labeling was introduced independently
also as 1-vertex magic vertex (or I-VMV) labeling [11] or sigma labeling (or > _-labeling) [7].

All 2-regular distance magic graphs were characterized in [12] and the existence of r-regular
distance magic graphs of even order n was completely solved in [4].

Proposition 1.1. An r-regular distance magic graph of even order n exists if and only if 2 < r <
n—2,r=0 (mod 2) and eithern =0 (mod 4) orn =71 +2 =2 (mod 4).

An easy counting argument showed that no odd-regular distance magic graph exists (see e.g. [11])
and that the magic constant of an r-regular distance magic graph of order n is k = r(n + 1)/2
([11, 8]). Later, further papers dealt with distance magic graphs of odd order. Clearly, no 2-regular
distance magic graph with 2¢+1 vertices exists, because every vertex has weight r(n+1)/2 = 2t+2
and for any vertex adjacent to the vertex labeled ¢ + 1, the second neighbor would also be labeled
t + 1, which is not possible. The existence of r-regular distance magic graphs of odd order was
settled for » = 4 in [8] and for » = 6, 8, 10, and 12 in [9]. This paper naturally extends the results
to r = 14 using similar techniques.

In [5, 10] distance magic graphs of high regularity were examined. Constructions in [5] cover
almost all orders for which 14-regular distance magic graphs exist, yet still the existence for certain
orders remained open. A single construction for all orders is provided in this paper. Moreover, it
yields connected graphs in comparison to [5].

We will use the following result from [10].

Proposition 1.2. An (n — 3)-regular distance magic graph G with n vertices exists if and only if

n =3 (mod 6). Moreover, G is isomorphic to I, 3[Ks)|.

Recent results on distance magic labeling use group elements for labeling and group operations
for evaluating the weights in oriented graphs, see e.g. [3], [2].

2. Odd orders

A 14-regular distance magic graph cannot be too small. Suppose G is a 14-regular distance
magic graph of odd order n. Certainly, n > 15, since the complete graph is not distance magic.
In K, the weight of the vertex labeled 7 is (g) —1. According to Proposition 1.2 there is no distance
magic 14-regular graph with 17 vertices. Immediately, we have the following lemma.

Lemma 2.1. There is no 14-regular distance magic graph of odd order with less than 19 vertices.

The construction of 14-regular distance magic graphs will proceed by induction on the number
of vertices. Subgraph A (see Figure 1) will play a crucial role in the construction below.

The vertex set of Ais V(A) = {x;,y;: i = 1,2,...,6}. The edge set £(A) = RU S, where
R = {xlmg,x1y2,y1xz7y1yz,xzw6,xzye,yzx&yzy671’3x4,x3y4,y3$4,y3y47$4x5,$4y5,y4$5,y4y5,

T35, T3Ys, Y3Ts, Y3Ys, T1T6, T1Ye, Y176, Y1Ye; and S = {waw3, 1oy, Y32, Y2ys, T5T6, TsYs, Y56,
ysYe }- Moreover, the labels assigned to vertices of A in labeling f of G will satisfy the following

equations: f(z;) + f(y;) =n+ 1fori=1,2,...,6, where n is the order of G.
Edges in R (red edges in Figure 1) will be removed from A in the inductive construction and
edges in S (green edges in the Figure 1) will stay untill the next step of the inductive construction.
The inductive step is based on the following lemma.
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Figure 1. Subgraph A.

Lemma 2.2. Let G be a 14-regular distance magic graph of odd order n with distance magic
labeling f. If G contains subgraph A with f(x;) + f(y;) = n+ 1 fori = 1,2,...,6, then there
exists a 14-regular distance magic graph with n + 4 vertices which contains subgraph A’, where
A~ A

Proof. Since G is 4-regular and distance magic, the weight of every vertex in f is 7(n + 1). We
construct a 14-regular graph G’ with n + 4 vertices along with a distance magic labeling f’ of G’
so that G’ contains subgraph A’, where A’ ~ A, with vertices {z/, =}, ..., x/ } for which the sums
of labels f(x}) + f(yl) =n+5,fori =1,2,...,6.

Figure 2 shows the addition of four vertices si, So, s3, 54 to the subgraph A in G. From G
we remove all 24 edges in set R (red edges in Figure 2). On the other hand, we add four
new vertices si, So, s3,S4 and 52 new edges (black and blue in Figure 2) in P, where P =
{811‘1, 8112, S173, S1T4, 51T5, S1T6, S1Y1, S1Y2, S1Y3, S1Y4, S1Y5, S1Y6, S2T1, S22, S2X3, S2T4, S2T5,
Soe, S2Y1, S2Y2, S2Y3, S2Y4, S2Ys, S2Y6, S31, S3L2, S3T3, S3X4, S35, S3L6, S3Y1, S3Y2, S3Y3, S3Y4, S3Ys,
S3Y6, S4L1, S4T2, S4X3, S4L4, S4T5, S4T6, S4Y1, S4Y2, S4Y3, S4Y4, S4Ys5, S4Y6, 5153, S154, 5253, 5284}

Notice, that G’ is again 14-regular. At every vertex x; and y; for i = 1,2,...,6 four edges
were removed, but four new edges were added to sy, s, S4, and s4. Also, the four new vertices are
joined to all 12 vertices x; and y; for2 = 1,2,...,6, as well as to two vertices among s1, So, S4,
and sy.

We show that the resulting graph G’ with n + 4 vertices has a distance magic labeling as well.
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Figure 2. Adding four vertices to a subgraph A, which is subgraph G.

Consider the following labeling f'V(G') — {1,2,...,n+4}.

(

fv)+2, forveV(G),
1, forv = sy,
f'(v) =< n+4, for v = s, (1)
2, forv = s3,
[+ 3, for v = s4.
Because 1 and 2 are assigned to the vertices s; and s3, the numbers 3,4, ..., n + 2 are assigned to

vertices in V' (G) and the remaining integers n + 3 and n + 4 are assigned to s, and sy, labeling f’
is a bijection. Now, we evaluate the weight of every vertex v in G'. For s; and s3 is wy/(s1) =
wpr(s2) = Yooy (F'(2:) + £/ (y)) + F/(s3) + f(s4) = 6(n+1) +12-24 2+ (n+3) = 7(n +5).
For s3 and s, the computation is analogous.

The weight of vertices 1, and yy is wp (z1) = wp (y1) = we(ry) +10-2 — f'(w) — f'(ys) —
f(@e) = f'(y2)+ f(s1)+ f'(s2)+ f'(s3)+ f(s4) = T(n+1)+20—2(n+1)+2(n+5) = 7(n+5).
For vertices x;, y; where ¢ = 2,3, ..., 6 the computation is analogous.

The weight of all remaining vertices v in G" is wy (v) = 3,y /(W) = 2 cnw (f(w) +
2) =wp(u) +14-2="7(n+ 1)+ 28 = 7(n + 5). Therefore f’ is a distance magic labeling of G'.
Finally, Figure 3 shows subgraph A’ in G'. Notice, that f'(z;) + f'(y;) =n+5fori =1,2,...,6
and f'(s1) + f'(s2) = f'(s3) + f'(s4) =n + 5. O

3. Main result
Now we are ready to prove our main result.

Theorem 3.1. There exists a 14-regular distance magic graph of odd order n if and only if n > 19.
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Figure 3. Subgraph A’ in graph G’.

Proof. By Lemma 2.1 there is no 14-regular distance magic graph of odd order n < 19. 14-regular
distance magic graphs with 19 vertices and with 21 vertices are presented in Figures 4 and 5. Both
contain subgraph A, which is highlighted. By induction, repeatedly using Lemma 2.2, we construct
a 14-regular distance magic graph for all odd orders greater than 21. Thus, the claim holds. [
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Figure 4. A 14-regular graph with 19 vertices, containing subgraph A.

We expect similar, though more elaborate constructuions to exist also for distance magic graphs
of odd order and higher regularities.
Combining Proposition 1.1 and Theorem 3.1 we immediately have the following claim.

Theorem 3.2. There exists a 14-regular distance magic graph of order n if and only if n = 16 or
n>19andn =0,1,3 (mod 4).
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Figure 5. A 14-regular graph with 21 vertices, containing subgraph A.
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