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Abstract

In this paper we find the number of different signatures of P(3, 1), P(5,1) and P(7, 1) up to switch-
ing isomorphism, where P(n, k) denotes the generalised Petersen graph, 2k < n. We also count
the number of non-isomorphic signatures on P(2n + 1,1) of size two for all n > 1, and we
conjecture that any signature of P(2n + 1, 1), up to switching, is of size at most n + 1.
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1. Introduction

Throughout the paper we consider simple graphs. For all the graph-theoretic terms that have
not been defined but are used in the paper, see Bondy [1]. Harary [4] firstly introduced the notion of
signed graph and balance. Harary [2] used them to model social stress in small groups of people in
social psychology. Subsequently, signed graphs have turned out to be valuable. The fundamental
property of signed graphs is balance. A signed graph is balanced if all its cycles have positive sign
product. The second basic property of signed graphs is switching equivalence. Switching is a way
of turning one signature of a graph into another, without changing cycle signs. Many properties of
signed graphs are unaltered by switching, the set of negative cycles is a notable example. In [6],
the non-isomorphic signatures on the Heawood graph are studied. The author in [9] determined
the non-isomorphic signed Petersen graph, using the fact that the minimum signature on a cubic
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graph is a matching. Using the same technique, we find the number of non-isomorphic signatures
on P(3,1),P(5,1) and P(7,1). We also determine the number of non-isomorphic signatures of
size two in P(2n + 1,1) forall n > 1.

2. Preliminaries

A signified graph is a graph G together with an assignment of 4 or — signs to its edges. If X
is the set of negative edges, then we denote the signified graph by (G, X). The set X is called the
signature of (G,X). Signature X can also be viewed as a function from E(G) into {+1,—1}. A
resigning (switching) of a signified graph at a vertex v is to change the sign of each edge incident
to v. We say (G, o) is switching equivalent to (G, %) if it is obtained from (G, 1) by a sequence
of switchings. Equivalently, we say that (G, ¥,) is switching equivalent to (G, ¥;) if there exists
a function f : V' — {41, —1} such that ¥s(e) = f(u)¥;(e)f(v) for each edge e = uv of G.
Resigning defines an equivalence relation on the set of all signified graphs over GG (also on the set
of signatures). Each such class is called a signed graph and is denoted by |G, X], where (G, X) is
any member of the class.

We say two signified graphs (G, %;) and (H,Y,) to be isomorphic if there exists a graph
isomorphism ¢ : V(G) — V/(H) which preserve the edge signs. We denote it by ¥; = 3.
They are said to be switching isomorphic if >, is isomorphic to a switching of >J5. That is, there
exists a representation (H, >J,) which is equivalent to (H, ¥5) such that >; = >,. We denote it by
Y~ 2.

Proposition 2.1. [5] If G has m edges, n vertices and ¢ components, then there are 2""+¢)
distinct signed graphs of G.

A cycle in a signified graph (G, X) is called positive if the product of its edge signs is positive
and negative, otherwise. A signified graph (G,X) is called balanced if each cycle in (G, X) is
positive and unbalanced, otherwise. One of the first theorems in the theory of signed graphs tells
that the set of negative cycles uniquely determines the class of signed graphs to which a signified
graph belongs. More precisely, we state the following theorem.

Theorem 2.1. [8] Two signatures 3.1 and Y5 of a graph G are equivalent if and only if they have
the same set of negative cycles.

3. Notations

The distance between two vertices = and y in a graph G, denoted by dg(x,y), is the length
of a shortest path connecting = and y. The distance between two edges e; = ujus and e; =
v1vy in a graph G, denoted by dg(eq, e2), is min{dg(u;,v;) : i € {1,2},j € {1,2}}. For
example, dg(eq,e2) = 1 for the edges e; = upuy and ey = ugvy of the graph P(3,1) in Figure 1.
Throughout this paper, the solid lines and dotted lines in a graph represent positive and negative
edges respectively.

In a signed graph [G,X], a signature ¥ which is equivalent to ¥ is said to be a minimum
signature if the number of edges in ¥ is minimum among all equivalent signatures of >. We
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denote the number of edges in ¥’ by |¥'|. For example, if [G, Y] is balanced then ¥’ = ) and
thus |¥'| = 0. A signed graph may have more than one minimum signatures. To see this, take a
signified complete graph (K3, X), where ¥ = {12, 23, 31}. Switching (K3, X) by vertex 3 gives an
equivalent signature >; = {12} and by vertex 1 gives an equivalent signature >, = {23}. Clearly,
Y1 and ¥, are minimum signatures of (K3, X2).

The following theorem tells about the maximum degree of a vertex in a minimum signature,
when the signature is considered as a spanning subgraph of a given graph G.

Theorem 3.1. Let [G, Y] be a signed graph on n vertices and let &' be an equivalent minimum
signature of ¥. Then dg, (v) < | %5+ | for each vertex v € V(Gx).

Proof. Let, if possible, there exists a vertex u € V(Gy) such that dg,,(u) > “5*. Resign at u to
get an equivalent signature X;. It is clear that || > |¥;|. We apply the same operation on ¥,
if Gy, has a vertex of degree greater than "T_l Repeated application, if needed, of this process
will ultimately give us an equivalent signature 3 of minimum number of edges such that degree of
every vertex of 3 is at most [ 251 ]. Tt is clear that 53] = |%'|, and every vertex of ¥ has degree at
most | %1 ]. O

The following theorem will remain our key result throughout this paper.
Theorem 3.2. [9] Every minimum signature of a cubic graph is a matching.

From now onward, matching of a graph G stands for a minimum signature. With a few ex-
ceptions, most of the time switching transforms a matching (when considered as a signature) of
P(n, 1) to a new matching. The notation (e, es, . .., ;) denotes a signature or a set of edges
which contains the edges ey, e, . . ., e; of a graph. For example, in the graph P(3, 1) of Figure 1,
Y (upug, v102) denotes a signature containing the edges ugu; and vvs.

Further, we say that two signatures Yy and X, of a graph G are automorphic if there exists
an automorphism f of G such that uv € ¥ if and only if f(u)f(v) € Xo. If two signatures are
automorphic then they are said to be automorphic type signatures. If two signatures >; and X9
of a graph G are not automorphic to each other, then we say that they are distinct automorphic
type signatures. For example, in the signed graphs [P(5,1), {ujus}] and [P(5,1), {usus}], the
signatures {ujus} and {uzuy} are automorphic type signatures.

4. Generalised Petersen Graph

Let n and k be positive integers such that 2 < 2k < n. The generalized Petersen graph,
denoted by P(n, k), is defined to have the vertex set {ug, u1, ..., U,—1, Vo, V1, ..., V,_1} and edge
set

{ujuipr :i=0,1,...,n =1} U{vuap 0 =0,1,...,n =1} U{ww; :i=0,1,...,n— 1},

where the subscripts are read modulo n. We call the cycle ugu; . . . u,_1uq as outer cycle and the
cycle vougvay . . . Vg as inner cycle of P(n, k). The edges of the form w;v; are called the spokes of
P(n, k). Itis clear that P(2n + 1, 1) has 4n + 2 vertices and 6n + 3 edges. Now we discuss certain
structural facts of P(2n + 1,1), where n > 1.
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Theorem 4.1. For n > 1 and 2 < | < 2n + 1, the number of 2l-cycles and the number of
(2n + 1)-cycles of P(2n + 1,1) are 2n + 1 and 2, respectively.

Proof. 1t is obvious that the cycles given by {ug, u1, ..., us,} and {vg, vy, ..., vs,} are the only
cycles of length 2n + 1. This proves the second part of the theorem.

We prove the first part of the theorem by counting the number of 2/-cycles, where 2 < [ <
(2n+1). Itis important to note that any even cycle in P(2n+1, 1) must contain as many w;’s as v;’s.

It is clear that for each @ = 0,1, ..., 2n, the cycle w;v;viq1 . . . Vig—1) Uit (1—1)Uit(1—2) - - - Uit1U; 1S
of length 2/, and any even cycle of P(2n + 1, 1) is of this form. Hence there are 2n + 1 cycles of
P(2n+1,1) of length 21, where 2 < | < (2n + 1). This proves the theorem. O

Theorem 4.2. The distance between any two edges in P(2n + 1, 1) is at most n for all n > 1.

Proof. Ttis clear that the distance between any two spokes of P(2n+1, 1) is at most n. Further, the
distance between any two edges of the outer, as well as of the inner cycle, is at most n. Without loss
of generality, if we pick the edge upu; from the outer cycle, then the edges v,,v,,+1 and v, 11V, 42
are the only edges of the inner cycle which are at maximum distance of n from wugu;. Similarly,
Up+1Vn+1 18 the only spoke which is at maximum distance of n from wuou,. This completes the
proof of the theorem. ]

For each £ = 0,1,2,...,2n, we define the permutations -, px, 0y of V(G) such that for all
1=0,1,2,...,2n, we have

Y(wi) = v, Y(v;) = u; and pi(w;) = Wik, (Vi) = Vigr;

SR Ug, if d(ulyuk) = d(Ul,Uk) and ¢ 7£ k77’ 7£ l7

5 (U) . Vs, if 7= k,

R o, ifd(vi,vp) = d(ug, vy) and i # ki # L
Note that each pj, represents a clockwise rotation of P(2n + 1,1). Also each ¢ represents a
reflection of P(2n + 1,1) about a line induced by the edge wuyvy. Further, «y just swaps the inner

and outer cycles of P(2n + 1,1). Thus the automorphism group of P(2n + 1,1) is given by
Aut(P(2n+1,1)) = (pk, ok, 7| k=10,1,2,...,2n).

Accordingly, the automorphisms of P(2n + 1,1) are some combination of rotations, reflections
and interchanges of v;’s with u;’s. Using this fact, if H; and H, are two given subgraphs of
P(2n+1,1), it is easier to decide whether there is an automorphism of P(2n + 1, 1) that maps H;
onto H.

Example 1. The graph P(3, 1) is given in Figure 1. The automorphism p; rotates the graph P(3, 1)
clockwise through the angle %”, the automorphism ¢; flips P(3, 1) about the line containing the
edge uqv; as its segment, and v switches the cycles ugu;us and vyvy v, to each other.

For more on automorphism group of generalised Petersen graph, see [3]. Yegnanarayanan [7]
studied various aspects of the generalised Petersen graph.

238



Non-isomorphic signatures on some generalised Petersen graph |  D. Sehrawat and B. Bhattacharjya

51

Figure 1: The graph P(3,1).

5. Signings on P(3,1)

From Theorem 3.2, it is easy to see that finding non-isomorphic signatures on P(3, 1) is equivalent
to determining the non-isomorphic matchings of P(3,1) of size up to three. Let )M} denotes a
matching of size k, where k = 0, 1, 2, 3. We classify all the automorphic type matchings of P(3, 1)
of size up to three in the following lemmas. Let a matching of size zero be denoted by Xy.

Lemma 5.1. The number of distinct automorphic type matchings of P(3, 1) of size one is two.

Proof. A matching of size one that does not contain a spoke is > (uou1). A matching of size one
containing a spoke is Yo (ugvp). It is easy to see that any other matching of size one is automorphic
to either >; or Yo, and that J; is not automorphic to >5. This proves the lemma. OJ

Lemma 5.2. The number of distinct automorphic type matchings of P(3, 1) of size two is four.

Proof. We classify the matchings of size two by looking at the distance between their edges. The-
orem 4.2 gives us that the distance between any two edges of P(3,1) is at most one.

(1) Let M, have no spoke. We may assume that one edge is upu;. There are two possibilities
for such matchings of size two. One of such matchings is ¥3(ugu,vovy) and another is
Y4 (upuy, v1v9).
(ii) Let M, have one spoke and let it be ugvo. One of such matchings is 35 (uqv,, ujus).
(iii) Let M, have two spokes. One of such matchings is 3¢ (ugvg, u1v1).

Any other matching of P(3,1) of size two is automorphic to X3, 34, 35 or 4. Further, no two of
these matchings are automorphic. This concludes the proof of the lemma. [

Lemma 5.3. The number of distinct automorphic type matchings of P(3, 1) of size three is two.

Proof. Any M3 must contain at least one spoke, as at most one edge can be taken from the inner
cycle as well as from the outer cycle. If a matching of size three contains two spokes of P(3,1),
then no other edge can be included in that matching. Thus, following are the possibilities for M.

(i) Let M5 have one spoke and let it be uyvy. There is only one possibility for such a matching,
and let it be E7<UOUU, UiUg, Ulvg).
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(ii) Let M3 has three spokes and let that M3 be Xg(uguvg, uivy, ugvs).

Any other matching of size three is automorphic to > or X, and that >J; is not automorphic to >s.
This completes the proof. ]

The matchings obtained in the preceding lemmas along with > give us nine different automor-
phic type matchings of P(3,1) viz., 3o, X1, ..., Xs. However, some of these nine matchings may
be switching isomorphic to each other. We have the following observations.

e In X4, by resigning at ug, u1, uz; we get a matching automorphic to 5. Thus g ~ Xs.
e In X7, by resigning at u, vy, vo; we get a matching automorphic to 4. Thus X7 ~ 3J,.

e In X5, by resigning at ug, u1, u2; we get a matching automorphic to >y. Thus g ~ >J.

So we are left with the matchings >, X1, 25, 23, 24, 2J5, and their corresponding signed graphs
are depicted in Figure 2, where the label of the vertices correspond to that of Figure 1. In the
following theorem we show that these six matchings are not switching isomorphic to each other.

Theorem 5.1. There are exactly six signed P(3,1) up to switching isomorphisms.

Proof. The number of negative 3-cycles and negative 4-cycles for the signed P(3,1) shown in
Figure 2 are given in Table 1. We see that the set of negative cycles are different for all these six

Table 1: Number of negative 3-cycles and negative 4-cycles of some signed P (3, 1).

Yo | X1 | Yo | X3 | Xy | X
Number of negative C3 | O | 1 | O | 2 | 2 | 1
Number of negative Cy | O | 1 | 2 | 0 | 2

signatures. So by Theorem 2.1, we conclude that all these six signatures are pairwise not switching
isomorphic. This completes the proof. [

2o
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24 25

Figure 2: The six signed P(3,1).

6. Signings on P(5,1)

The graph P(5, 1) is shown in Figure 3. Recall from Theorem 3.2 that finding non-isomorphic
signatures of P(5, 1) is equivalent to finding matchings of P(5, 1) of sizes 0, 1,2, 3,4 and 5, up to
switching isomorphism. We now classify all the automorphic type matchings of P(5, 1) of sizes
up to five. We denote a matching of size zero by ;. We emphasize that at most two edges of
a matching may lie on the outer cycle or on the inner cycle. We use this fact to get the possible
automorphic type matchings of different sizes.

Figure 3: The graph P(5,1).

Lemma 6.1. The number of distinct automorphic type matchings of P(5, 1) of size one is two.

Proof. We have only the following two cases.

(i) Let M, have no spoke. There is only one automorphic type matching of size one. One of
such matchings is 3 (uguy ).

(i) Let M; have one spoke. There is also only one automorphic type matching of size one. One
of such matchings is 35 (ugvp).

Any other matching of P(5,1) of size one is automorphic to 3J; or 3, and that ¥, is not automor-
phic to >5. This completes the proof. 0

Lemma 6.2. The number of distinct automorphic type matchings of P(5, 1) of size two is eight.
Proof. We classify the matchings of size two by looking at the distance between the edges of the

matching.
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(i) Let the edges of the matching be at distance one. There are five different automorphic type
matchings of size two and one of each such automorphic type matchings is X3(uguy, vov1),
Y4 (uguy, v1v9), Ls(uguy, ugug), Mg (uouy, vaus) and 3 (ugvg, uyvy). Let My be a matching
of size two other than X3, >4, 35, ¢ and X7 whose edges are at distance one. Note that
M, must contain either two spokes, or two edges from outer cycle, or two edges from inner
cycle, or one edge from outer cycle and one from inner cycle, or one edge from outer/inner
cycle and one spoke. In each of these cases, M is automorphic to either Y7, X5, 23, >34 or
Y. Thus X3, >4, Y5, 2 and X7 are the only automorphic type matchings of size two whose
edges are at distance one. It is clear that these matchings are pairwise non-automorphic.

(i1) Let edges of M, be at distance two. There are three automorphic type matchings of size two
whose edges are at distance two. We denote them by Yg(uguy, vovs3), Yo (ugus, vsus) and
Y10(ugvo, ugve). In a similar manner (as in case(i)), one can show that any other matching
of size two whose edges are at distance two is automorphic to one of g, >9 and >1y. The
matchings g, 29 and X1 are clearly pairwise non-automorphic.

This concludes the proof of the lemma. [
Lemma 6.3. The number of distinct automorphic type matchings of P(5, 1) of size three is 11.

Proof. We classify all the automorphic type matchings of size three by looking at the number of
spokes contained in these matchings.

(i) Let M3 have no spoke. Out of three edges of M3, two edges lie on outer (inner) cycle and
the remaining one edge lies on inner (outer) cycle. Because of the automorphism v, we
may assume that two edges are lying on the outer cycle, and let they be uyu; and usus.
Therefore, the possible automorphic type matchings for this case are 11 (uouy, vovy, usus),
Yio(uguy, v109, ugug) and Xi3(upus, v3vy, usug). Any other matching of size three which
does not contain a spoke is automorphic to one of Y1, >15 and X;3. Further, these matchings
are not automorphic to each other.

(i) Let M35 have one spoke and let it be ugvy. If the other two edges of Mj lie either on the outer
cycle or on the inner cycle, then one of such matchings is X14 (ugvo, g, usuy). If one edge
of Msj lies on the outer cycle and one lies on the inner cycle, then following are the only
possibilities: Yq5(ugv, gz, V1V2), X16(Ugvo, Ut Uz, Vav3) and X7 (ugvo, ugusz, Vovs). Any
other matching of size three containing only one spoke is automorphic to one of 14, X215, 216
and X.;7. Further, no two of these matchings are automorphic.

(ii1) Let M3 have two spokes. If the spokes are consecutive then there is only one possibility, viz.,
Y18(ugvo, urv1, ugus). If the spokes are not consecutive then there is also only one possibil-
ity, viz., 219 (uovo, voug, uguy). Any other matching of size three containing only two spokes
is automorphic to ;5 or X9, and that X5 is not automorphic to Xg.

(iv) Let M5 have three spokes. In this case, there are only two automorphic type matchings of size
three and one of each such type of matchings is Yo (ugvo, U1 V1, uzv9) and Yoq (ugvo, U1V, UzV3).
Any other matching of size three containing only spokes is automorphic >iog or XJo;.

This proves the lemma. [
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Lemma 6.4. The number of distinct automorphic type matchings of P(5, 1) of size four is 10.

Proof. We classify the matchings of size four by considering the number of spokes contained in
these matchings.

(1)

(ii)

(111)

(iv)

v)

Let M, have no spoke. Note that, at most two edges of M, may lie on the outer cycle and at
most two edges may lie on the inner cycle. So, without loss of generality, let the edges uouq
and usug be lie on the outer cycle. Thus following are the only possibilities for the match-
ings of size four having no spoke: oo (ugu1, Ustiz, VU1, Va¥s3), Yiag(Uely, Uiz, Vo1, V3Vy)
and o4 (uguy, ugus, V109, v304). Any other matching of size four which does not contain
a spoke is automorphic to one of Yoo, Y93 and Xoy. Further, these matchings are pairwise
non-automorphic.

Let M, have one spoke and let it be uyvy. Out of the three remaining edges, two edges will lie
on the outer (inner) cycle and one edge will lie on inner (outer) cycle. The two edges which
lie on the outer cycle can be taken to be u;us and uguy. Thus the possible automorphic type
matchings of size four are Xo5(ugvo, u1tg, Usty, v1v2) and Yog(ugvg, Ui Uz, Uz, V3U). ANy
other matching of size four having only one spoke is automorphic to either o5 or Yog, and
that X935 is not automorphic to Xog.

Let M, have two spokes. If spokes are at distance one then let they be ugvy and u,v;. Fur-
ther, out of remaining two edges, only one edge may lie on outer cycle and other may lie
on inner inner. Let usug lies on outer cycle. Then, the possible automorphic type match-
ings are Yo7 (ugvo, u1v1, ugg, vovz) and Yog(ugvg, U101, ugug, v3vg). If the two spokes are
at distance two then let they be ugvy and usve. The only possibility for such matching is
Y09 (g, UgVa, Ugliy, U3V4). Any other matching of size four with only two spokes is auto-
morphic to one of Yo7, Yiog and Xog. Also these matchings are pairwise non-automorphic.
Let M, have three spokes. If one of the spokes is at distance two from the other two spokes,
then no edge from the outer or inner cycle can be contained in M. Therefore, the only
possibility is Yo (ugvg, u1v1, UgVg, Uzlly).

Let M, have four spokes. One of such matchings is Y31 (ugvg, U101, Ugvs, uzv3). Any other
matching for this case is automorphic to Xg;.

This completes the proof of the lemma. 0

Lemma 6.5. The number of distinct automorphic type matchings of P(5, 1) of size five is three.

Proof. 1t is clear that a matching M5 of size five must have at least one spoke. Further, if M5 has
exactly two spokes, then only three vertices are unsaturated in the outer cycle as well as in the
inner cycle. However, we must have at least two edges in M5 either from the outer cycle or from
the inner cycle. Therefore, M5 cannot have exactly two spokes. Similarly, M5 cannot have four
spokes. Thus following are the only possible cases.

(1)

(ii)

Let M; have one spoke. There is only one such automorphism type Ms. We denote it by
Y32 (ugvo, U1y, V1Vg, Usly, V3Vy).
Let M5 have three spokes. There is only one automorphism type of M;. We denote it by
Y33 (ugvo, U101, UgVg, Usly, V3Vy).
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(ii1) Let M5 have five spokes. There is also only one automorphism type of Ms5. We denote it by
Y34(uovo, U1v1, UgV2, UzV3, UsVy).
This completes the proof of lemma. [

The matchings obtained in the preceding lemmas along with >y give us 35 different automor-
phic type matchings of P(5,1) viz., ¥g, %1, . .., X34. However, some of these 35 matchings may
be switching isomorphic to each other. We have the following observations.

In X;, by resigning at ug, u1; we get a matching automorphic to 5. Thus X7 ~ Y.
In X1, by resigning at uq, us, v1, v2; we get a matching automorphic to ;. Thus 17 ~ ;.
In X1, by resigning at uq, us, v1; we get a matching automorphic to >g. Thus X159 ~ Y.

In 13, by resigning at uy, vy, us, V9, v3; We get a matching automorphic to >g. Thus >3 ~
Y.

In 14, by resigning at ug, uy, us; we get a matching automorphic to ;g. Thus 14 ~ Y.
In XJ15, by resigning at ug, uy, v1; we get a matching automorphic to >4. Thus X5 ~ 4.

In 17, by resigning at ug, uy, us, v1, v2; we get a matching automorphic to >4. Thus >17 ~
Y.

In >15, by resigning at uq, ug, ug; we get a matching automorphic to >g. Thus X415 ~ Xg.
In X5, by resigning at ug, uy, us; we get a matching automorphic to 5. Thus Yog ~ Xs.

In X9, by resigning at ug, uy, us, us, us; we get a matching automorphic to X1o. Thus Yoy ~
Y10.

In 55, by resigning at uq, vy, us, v2; we get a matching automorphic to y. Thus Yoy ~ 3.

In o3, by resigning at uq, ug, vy, V9, v3; We get a matching automorphic to >5. Thus >o3 ~
o.

In X254, by resigning at uq, us, v9, v3; We get a matching automorphic to g. Thus oy ~ .

In o5, by resigning at wug, uy, U4, Vg, V1, v4; We get a matching automorphic to . Thus
225 ~ 26-

In Y96, by resigning at ug, u1, ug; we get a matching automorphic to ;9. Thus Yo ~ Yqg.
In X57, by resigning at ug, uy, us, v2; we get a matching automorphic to >g. Thus Xo7 ~ 3ig.
In Yo, by resigning at ug, uy, us; we get a matching automorphic to ;6. Thus Yog ~ Yy6.

In Y59, by resigning at ug, vy, v3; we get a matching automorphic to >16. Thus o9 ~ Ygg.
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e In X3y, by resigning at ug, u1, ug, ug; We get a matching automorphic to >g. Thus Y39 ~ Y.

e In >31, by resigning at g, uq, us, us, uyg; wWe get a matching automorphic to 5. Thus gy ~
Y.

e In X35, by resigning at vo, us, us, v3; we get a matching automorphic to Xs. Thus Ygo ~ 3.

e In >33, by resigning at ug, uy, us, us, vs3; we get a matching automorphic to g. Thus >33 ~
2.

e In >34, by resigning at ug, uq, us, us, uyg; We get a matching automorphic to . Thus gy ~
>o.

Thus we are left with 12 different matchings viz., >o, 21, 29, 23, 24, 25, 2, 28, 229, 2310, 216, and
Y19. The corresponding signified graphs of these 12 matchings are shown in Figure 4, where the
label of the vertices correspond to that of Figure 3.

16

Figure 4: Twelve signed P(5,1).

Theorem 6.1. There are exactly twelve signed P(5, 1) up to switching isomorphism.

Proof. The number of negative 4-cycles, negative 5-cycles and negative 6-cycles for the 12 signed
P(5,1) in Figure 4 are given in Table 2.

From Theorem 2.1 and Table 2, it is easy to see that the twelve signed P(5,1), shown in
Figure 4, are non-switching isomorphic. This concludes the proof of the theorem. [
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Table 2: Number of negative 4-cycles, 5-cycles, 6-cycles of some signed P (5, 1).

Yo | X1 | Do | Mg | Xy | U5 | Mg | Dg | Yo | X1 | X1 | Yo
number of negative C, | O | 1 | 2 | O | 2 | 2|3 | 2|3 4 4 5
number of negative Cs | O | 1 | O | 2 | 2 | 0| 1] 2|1 0 2 1
number of negative Cs | O | 2 [ 2 | O | 2 | 4 |2 | 4 | 4| 2 2 0

7. Signings on P(7,1)

The graph P(7,1) is shown in Figure 5. From Theorem 4.1, we see that the number of 4-
cycles, 6-cycles, 7-cycles and 8-cycles in P(7,1) are 7,7,2 and 7, respectively. We now find the
non-isomorphic matchings of sizes 0, 1,2, 3,4,5,6 and 7, up to switching isomorphism. We have
the following lemmas to settle the possible cases of matchings of different sizes.

Figure 5: The graph P(7,1).

Lemma 7.1. Consider the subsets o1 = {uguy,vovi,voust, o0 = {uguy,vivs, ugus},
03 = {UOUhUlUQa U4U5}, 04 = {UOUhUOUla U3U4}, 05 = {UOUhUOU& U3U4}7 06 = {Uovo,ulvh U2U3}
and o7 = {ugvy, u1v1, usve} of edges of P(7,1). If any one of these seven signatures appears in a
matching M; of P(7,1), where | > 3, then M, is switching equivalent to My, where I’ <[ — 1.

Proof. Let Ml] be a matching of size j which contains the set o;, where j = 1,...,7and [ >
3. Consider the sets S; = {uy,v1,v2}, Sy = {ug,ve,us}, Sz = {uq, v9, ug, ug, ug, v3,v4}, Sy =
{Ul, U1, Ug, Vg, Vs, Ug}, S5 = {’Uo7 Ui, V1, U9, Vg, U3, Ug}, SG = {Ul, V2, UO} and 57 = {U(), Uy, UQ}. If
we resign at the vertices belonging to .S}, then we get a signature of sizeup to [ — 1, i.e., M; ~ My,
where [’ < [ — 1. This proves the lemma. O

In Lemma 7.1, the inequality [’ < (I — 1) may be strict. For example, if M3 = o4, then
by resigning at the vertices uy, vy, s, V2, v3 and ug, we get M3 ~ M;. The matchings o;, where
1 <4 < 7, are said to be forbidden matchings of P(7,1). Let M denotes the matching >; = () of
size zero. Further, there are only two automorphic type matchings of size one, we denote them by
Yo (upuy) and X3(ugvp). Any other matching of P(7,1) of size one is automorphic to either 35 or
3’3, and that 3J5 is not automorphic to 3.
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Lemma 7.2. The number of distinct automorphic type matchings of P(7,1) of size two is 12.

Proof. We classify these matchings by looking at the distance of their edges. Recall that the
distance between any two edges of P(7,1) is at most three.

(1) Let the edges of M, be at distance one. Five such possible matchings of size two are
E4(U0U,1, U[)Ul), E5(UOU1, ’011)2), 26(u0u1, UQUQ), Z7(UOU1, U2U3) and Eg(UOU(), ulvl). Note
that any matching of P(7,1) of size two contains either two consecutive spokes, or one
spoke and one edge from outer (inner) cycle or two edges from the outer (inner) cycle, or
one edge from the inner cycle and one from the outer cycle. Each such possible M,, whose
edges are at distance one, is automorphic to one of X5, ¢, 27, 24 and 5. These five match-
ings are also pairwise non-automorphic.

(i1) Let the edges of M5 be at distance two. There are only four automorphic type matchings of
size two having edges at distance two. We denote them by g (ugu, vov3), X10(uot1, v3us),
Y11 (ugvo, vaus) and Yo (upuy, usuy). It is easy to see that any other matching of size two
whose edges are at distance two is automorphic to one of X9, 319, 217 and 5. Further,
these matchings are pairwise non-automorphic.

(iii) Let the edges of M, be at distance three. There are only three automorphic type match-
ings of size two whose edges are at distance three. We denote them by ¥q3(uguy, v3vy4),
Y4(uguy, vauy) and Xq5(uguo, vsus). Any other My whose edges are at distance three is
automorphic to one of 13, i14 and >15. Further, no two of these matchings are automorphic
to each other.

This completes the proof. 0
Lemma 7.3. The number of distinct automorphic type matchings of P(7,1) of size three is 23.

Proof. We classify matchings of size three on the basis of the number of spokes contained in it.
Since each forbidden matching is a matching of size three and that they are switching equivalent
to a matching of size at most two, we consider matchings other than the forbidden matchings.

(i) Let Mj5 have no spoke. The possible distinct automorphic type matchings of size three with-
out spokes are denoted by ig(uguq,ugus, ugus), Yi7(uou, ugus, v4v5)  and
Yis(upuy, ugus, v5vg). Any other matching of size three with no spokes is either a forbidden
matching or automorphic to one of X145, 217 and >;5. Further, it is easy to see that they are
pairwise non-automorphic.

(i) Let M3 have only one spoke, say wugvg. Possible automorphic type matchings are
Z19(U0Uo’ Uiz, U3U4), 220(U0U07 Uiz, U4U5), Yo (UOU07 UjUg, U5U6)7 Z22(“0110, UgU3, U4U5),
E23(U0?10, U1Uz, 712113), E24(“0710, U U, U3U4), Z25(160?)0, UjUg, U4U5), E26(“0710, Ui U2, U5U6),
Z327(“07107 U2Us, U3U4), EZS(UOUOa U2Us, U4U5)7 z329(160?)07 UgUs, U5U6) and 230(UOUO, U3zUy, U5U6)-
Any other matching of size three containing only one spoke is automorphic to one of these
twelve matchings. Further, any two of these matchings are pairwise non-automorphic.

(i11) Let M3 have only two spokes. If the spokes are consecutive then let they be vyuy and
viuy. Thus the only possible automorphic type matching is 31 (voug, v1uy, usuy). If spokes
are at distance two then let the spokes be vyuy and vouy. The possible automorphic type
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(iv)

matchings are 3o (voug, Uata, usty) and Ysz(voug, vousg, usus). If the spokes are at dis-
tance three then let they be vyug and vsus. The possible automorphic type matchings are
Y34(voug, v3ug, urug) and Ygs(voug, vsus, usus). Because of the forbidden matchings and
the automorphism group of P(7,1), it is easy to see that any other matching of size three
containing only two spokes is automorphic to one of X3y, Y30, >33, X34 and Y35. Further,
these matchings are pairwise non-automorphic.

Let M3 have three spokes. The possible automorphic type matchings of size three hav-
ing three SpOkCS are 236(U0U07 V1Uq, U3U3), E37(UOU0, V1Uq, U4U4) and Egg(UoUo, VU2, U4U4).
Any matching of size three with three spokes is automorphic to X34, 237 or 235. Also, these
matchings are pairwise non-automorphic.

This completes the proof of the lemma. [

Lemma 7.4. The number of distinct automorphic type matchings of P(7,1) of size four is 10.

Proof. We classify the matchings of size four on the basis of number of spokes contained in it. If
any M, contains a forbidden matching then that matching is not considered as a possible candidate
for distinct automorphic type matching of size four.

(1)

(i)

(iii)

(iv)

Let M, have no spoke. It is clear that any such M, has its three edges on outer cycle and
the remaining edge on the inner cycle, or two edges on the inner cycle and other two edges
on the outer cycle. Therefore, any such ), must contain one of 05,03 and 4. Hence by
Lemma 7.1, every matching of size four containing no spoke is equivalent to a matching M,
where [’ < 3.

Let M, have one spoke and let it be ugvy. It is clear that the remaining three edges of
M, either lie on the outer (inner) cycle, or two edges lie on the outer cycle and one edge
lies on the inner cycle. If three edges lie on the outer cycle, then one such matching is
Y30 (votg, U g, uguy, usug). If two edges lie on the outer cycle and one edge lies on the
inner cycle, then the possible automorphic type matchings are ¥4 (voug, U1, Ustly, Vs0g)
and Y41 (voug, u1Ug, U3V, Ustg). Any other matching of size four containing only one spoke
either contains one of the forbidden matchings or automorphic to one of Y39, 249 and 4.
Further, these three matchings are pairwise non-automorphic.

Let M, have two spokes. If the spokes are consecutive then by resigning at the end vertices of
the spokes lying on the outer cycle, we find that the matching is equivalent to a matching (sig-
nature) of size four. Note that this resultant signature is either equivalent to a matching of size
four of case (1) or it is not a matching. Therefore in both cases, it is switching equivalent to a
matching My, where I’ < 3. If the spokes are at distance two or three, then the possible auto-
morphic type matchings of size four are Y42 (voug, Votle, ustiy, Usts), 2a3(voto, Valie, Uiy,
Vsg), 244 (Volo, Vallz, Uglls, VsVs ), 2a5(Volo, V3Us, Uite, Usls), 2ae(Vollo, UsUs, Ui g, VaUs)
and Y47 (voug, v3us, ugus, vsvg). Any other matching of size four containing only two spokes
is automorphic to one of these six matchings. Further, any two of these matchings are pair-
wise non-automorphic.

Let M, have three spokes. It is clear that a matching of size four cannot contain two or three
consecutive spokes up to switchings. Thus the only possible automorphic type matching is
248(UOU0, VoUg, ValUy, U,5U6).
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v)

Let M, have four spokes. By resigning at the vertices from the set {ug, w1, us, us, uy, g, ug},
we see that such a matching is equivalent to a matching of size three containing three spokes.

This proves the lemma. ]

Theorem 7.1. Every matching of P(7,1) of size five is switching equivalent to a matching My,
where ! < 4.

Proof. We prove the theorem by classifying the matchings of size five on the basis of number of
spokes contained in it.

(1)

(ii)

(iii)

Let M5 have no spoke. Note that three edges of M5 may lie on the outer (inner) cycle
and remaining two edges lie on the inner (outer) cycle. It is easy to see that each such
combination of five edges of P(7, 1) must contain either o5 or o4. Therefore by Lemma 7.1,
each such Mj is switching equivalent to a matching M, where I’ < 4.

Let M5 have only one spoke and let it be ugvy. There are two possibilities for the remaining
four edges of M.

(a) Three edges of Mj5 lie on the outer (inner) cycle and one edge lies on the inner (outer)
cycle.

(b) Two edges of M5 lie on the outer cycle and remaining two edges lie on the inner cycle.
Note that in (a), the three edges lying on the outer cycle must be w5, uzuy and usug. There-
fore for the fifth edge of M;5, whichever edge we choose from the inner cycle, M; will contain
either o, or 04. Hence by Lemma 7.1, each such M; is switching equivalent to a matching
My, where I < 4.

In (b), let two edges of M5 lying on the outer cycle be uyuy and uguy. The possibilities for
the remaining two edges from the inner cycle are {v,vy, v3v4}, {v1v2, V405 }, {v1V2, V5V6},
{vavs, v4v5}, {vous, vsv6} and {vsvy, vsv6}. In all of these possible cases, it is easy to see
that M5 contains a forbidden matching. Hence by Lemma 7.1, each such Mj5 is switching
equivalent to some matching My, where I’ < 4. In the similar way, it can be proved that any
other matching of size five, containing one spoke and two edges from both outer as well as
inner cycles, is switching equivalent to a matching M/, where I’ < 4.

Let M5 have two spokes. If M5 has two consecutive spokes, i.e., spokes at distance two,
then by switching at their end vertices lying on outer cycle, we find that M; is switching
equivalent to either a signature of P(7,1) of size five with no spokes or a matching of size
five with no spoke. In both cases, M5 is switching equivalent to a matching M, where
' <4.

If two spokes of M5 are at distance two then let they be ugvg and usvs. The remaining three
edges have to be chosen from {usuy, usus, usug, v3vy, V405, V506 . We can take two edges
from outer cycle and one edge from inner cycle or vice-versa. If the two edges from the
outer cycle are usu, and usug, then for all possible choices of the edge from the inner cycle,
M5 must contain either o7 or 0,. Similarly, if two edges are taken from the inner cycle, Mj;
will contain some forbidden matching. Hence each such Mj5 is switching equivalent to a
matching M, where I’ < 4. Similarly, it can be shown that if the two spokes of M5 are at
distance three, then also M5 is switching equivalent to a matching M/, where I’ < 4.

249



Non-isomorphic signatures on some generalised Petersen graph |  D. Sehrawat and B. Bhattacharjya

(iv) Let M5 have three spokes. It is clear from part (iii) that, out of the three spokes, no two spokes
can be at distance one. Hence the only possibility for such a matching of size five is
{ugvg, ugvy, ugvy, usug, vsve ;. But this matching contains oy, hence by Lemma 7.1, we get
that this M5 is switching equivalent to a matching M, where I’ < 4.

(v) Let M5 have four spokes. Obviously, resigning at wug, u1, usg, U3, Ug, U5 and ug, each such
matching of size five becomes switching equivalent to a matching My, where I’ < 4.

(vi) Let M5 have five spokes. Resigning at ug, uq, ug, us, Uy, us and ug, we see that each such
matching of size five is switching equivalent to a matching of size two.

This completes the proof of theorem. [

Note that any matching of P(7,1) of size six or seven contains some Mj5. So by Theorem 7.1,
we get the following corollary.

Corollary 7.1. Every matching of P(7,1) of size six or seven is switching equivalent to a matching
My, where I < 4.

In the preceding lemmas, along with the signatures >;, >, and X3, we get 48 distinct auto-
morphic type matchings of P(7,1) of different sizes. However, among these 48 automorphic type
matchings, some of them may be switching isomorphic to each other. Now we attempt to eliminate
such switching isomorphic matchings. We have the following observations.

e In g, by resigning at ug, u;; we get a matching of size two automorphic to ;. Therefore
28 ~ 27.

e In >y7, by resigning at u, vy, us, vo and using the automorphism ; we get a matching auto-
morphic to >14. Thus X7 ~ Xq6.

e In X5, by resigning at ug, vy, ug, vg and using the automorphisms o3 followed by d5; we get
a matching automorphic to ;7. Thus >3 ~ >¢7.

e In X5, by resigning at u, ug; we get a matching automorphic to >19. Thus Xog ~ Yqg.
e In X5, by resigning at uy, ug, ug; we get a matching automorphic to ;7. Thus >o; ~ Jq5.

e In Y55, by resigning at ug, u;, and using the automorphism ¢;; we get a matching automor-
pth to 224. Thus 225 ~ 224.

e In Y6, by resigning at vy, vy, vg, u1; we get a matching automorphic to Yg3. Thus Yog ~ Yos.

e In X.o9, by resigning at vg, vy and using the automorphism ; we get a matching automorphic
to 224. Thus 229 ~ 224.

e In X3y, by resigning at vg, vy and using the automorphism ; we get a matching automorphic
to 225. Thus we get 230 ~ 225.

e In X531, by resigning at ug, u1; we get a matching automorphic to 1. Thus 231 ~ Yqg.
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e In X34, by resigning at usus; we get a matching automorphic to >35. Thus X34 ~ Ygs.

e In X34, by resigning at ug, u; and using the automorphism J5; we get a matching automorphic
to 219. Thus 236 ~ 219.

e In X3;, by resigning at ug, u1; we get a matching automorphic to >o5. Thus Y37 ~ Yo.
e In X34, by resigning at ug, ug, u1; we get a matching automorphic to X33. Thus Y39 ~ Ys3.

e In >, by resigning at ug, uq, ug, us, Ug, V4, V5 and using y; we get a matching automorphic
to 233. Thus 240 ~ 233.

e In >4y, by resigning at ug, uq, ug and using v; we get a matching automorphic to >33. Thus
Y1 ~ Ys.

e In X5, by resigning at ug, uy, us, us3, g, v4 and vs; we get matching automorphic to Xlsg.
Thus 242 ~ 238-

e In X4y, by resigning at ug, us, ug, vs and using d4; we get a matching automorphic to .
Thus 244 ~ 246-

e In X5, by resigning at ug, u1; we get a matching automorphic to >45. Thus X5 ~ Yys.

e In Y4, by resigning at us, uz and using d5; we get a matching automorphic to ;3. Thus
Y6 ~ 3.

e In 47, by resigning at uy, vs, V4, v3 and using -y; we get a matching automorphic to 4.
Thus 247 ~ 244.

Hence we are left with the following matchings: X1, 3o, Y3, 24, 25, 2g, 227, 228, 239, 2210, 211
Y12, 213, 214, D15, 218, 219, 2322, 2423, 2325, 227, 2132, 2433, 2436, 2437, 241 and Y47, The correspond-
ing signed graphs of these matchings are shown in Figure 6, where the label of the vertices corre-
spond to that of Figure 5.

Theorem 7.2. There are exactly 27 different signed P(7,1) up to switching isomorphism.

Proof. Let |C, |,|Cq |, |C+ | and |Cy | denote the number of negative 4-cycles, negative 6-cycles,
negative 7-cycles and negative 8-cycles of a signed graph. These numbers for the signed graphs
shown in Figure 6 are given in Table 3 and Table 4. From Table 3, Table 4 and Theorem 2.1, it is
clear that all these 27 signed P(7,1) are switching non-isomorphic. This concludes the proof of
theorem. [
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Figure 6: Twenty seven signed P(7,1).
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Table 3: The number of negative 4, 6, 7, and 8-cycles of some signed graphs of Figure 6.

21 Z)2 Z:3 24 Z:5 z)6 Z:7 29 Z)10 Z:11 212 213 Z:14 Z:15
C;[lol1[2]0[2 3 [22[3 |42 ]2]3]4
Ci[l o220 2244424 4] 4]4
C-[fol1]o0o|2]2]1]0]2]1]0]0]2]1]o0
Ciflol3[2]0[2 34|43 461652

Table 4: The number of negative 4, 6, 7 and 8-cycles of some signed graphs of Figure 6.

Y6 | 219 | Yoo | Mo | Moy | Moy | Mg | Uzo | Mz | M35 | Uzg | 2z | Yy
C[ 3 | 4| 4| 4444555161617
Col1 614 6 244624142210
[T o002 212 21 11021
Ccl 5 [ 41214412 2531446

8. Conclusions and Remarks

In the Sections 5, 6 and 7, we have found the exact number of non-isomorphic signatures of
P(3,1),P(5,1) and P(7,1) up to switching. However this number for the general case is still
unknown. So, it is natural to pose the following problem.

Problem 1. What is the exact number of non-switching isomorphic signatures on P(2n+ 1, 1) for
all n > 4 up to switching ?

We have a partial answer towards the solution of Problem 1, that is, we give the answer for
non-isomorphic matchings (or minimum signatures) of size two of P(2n + 1, 1) for all n > 4. We
have the following theorem.

Theorem 8.1. Up to switching isomorphism, the number of matchings of P(2n + 1,1) of size two
is 4n — 1, where n > 4.

Proof. From Theorem 4.2, we know that edges of any M, can be at maximum distance n. Four
matchings of size two, whose edges are at distance one are MJ' = {uguy, vovy }, My? = {ugu,
UV}, M3 = {uguy, v1vo} and M3* = {uguy, usus}. For any matching of size two whose edges
lie either on the inner cycle or on the outer cycle of P(2n + 1, 1), there exists some automorphism
pr of P(2n+1,1) which maps the matching onto MJ*. If a matching of size two contains any two
spokes which are at distance one, then by resigning at their end points lying on the outer cycle,
we see that resultant matching is automorphic to M}, Similarly, it can be shown that all other
matchings of size two whose edges are at distance one are automorphic to one of Mj!, M}? and
M3,
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Further, the number of negative 4-cycles in Mj', M2 M3 and MJ* are 0,3,2 and 2, re-
spectively. The number of negative 2n + 1-cycles in My, M)? M)3 and My* are 2,1,2 and
0, respectively. These numbers of negative cycles show that MJ', MJ% Mj? and M}* are pair-
wise non-isomorphic. Hence up to switching isomorphism, Mj', MJ}? MJ}3 and M}* are the only
matchings of size two whose edges are at distance one. Similarly, For each 7, one can show up
to switching isomorphism that there are exactly four matchings of size two whose edges are at
distance i, where 2 < i < n.

Three matchings of size two whose edges are at distance n are Mg“ = {uwou1, Uns1Unt1},
MP? = {ugui, vy and M3? = {ugvy, u,v, }. It is clear that any other matching of size two
whose edges are at distance n is automorphic to one of M7, M2 and M. Further, the number
of negative 4-cycles in M5!, M52 and M2 are 3,2 and 4, respectively. Thus these three matchings
are pairwise non-isomorphic.

It is easy to see that any two matchings of size two whose edges are at different distances are
different up to switching isomorphisms. This concludes the proof of theorem. [

Having proved this theorem, we propose the following problem.

Problem 2. Can we find the number of non-isomorphic matchings of sizes 3, ...,2n+1in P(2n+
1,1) foralln > 4?

In Section 5, we noticed that P(3, 1) has no matching (or minimum signature) of size 3, up to
switching isomorphism. In Section 6, we noticed that P(5,1) has no matching of sizes 4 and 5,
up to switching isomorphism. In Section 7, we noticed that P(7,1) has no matching of sizes 5,6
and 7, up to switching isomorphism. On the basis of these observations, we propose the following
conjecture.

Conjecture 1. Any matching in P(2n + 1,1) can be of size at most n + 1, where n. > 4.
Now Problem 2 can be reformulated as follows.
Problem 3. Can we find the number of non-isomorphic matchings of size 3,4,5,....,n + 1 in
P@2n+1,1) foralln > 42
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