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Abstract

The anti-Ramsey number ar,(H) of an r-uniform hypergraph is the maximum number of colors
that can be used to color the hyperedges of a complete r-uniform hypergraph on n vertices without
producing a rainbow copy of H. In this paper, we determine anti-Ramsey numbers for paths of
length 2, certain stars and complete hypergraphs, and the complete 3-uniform hypergraph of order
4 with a single hyperedge removed.

Keywords: hyperedge coloring, paths, stars

Mathematics Subject Classification: 05C15, 05C65, 05C55, 05D10
DOLI: 10.5614/ejgta.2021.9.2.12

1. Introduction

First defined by Erdds, Simonovits, and S6s [4] in 1973, the anti-Ramsey number of an r-
uniform hypergraph H (") determines the number of colors needed for the hyperedges of a complete
r-uniform hypergraph to guarantee the existence of a rainbow subhypergraph isomorphic to H ),
While much work has been done on the evaluation of such numbers in the case of graphs (e.g., see
[1], [5], [6], and [8]), little work has considered more general uniformities. One exception is the
recent work of Ozkahya and Young [7], where anti-Ramsey numbers for hypergraph matchings
were studied. In this article, we determine the anti-Ramsey numbers for r-uniform paths of length
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2, certain stars and complete r-uniform hypergraphs, and the complete 3-uniform hypergraph of
order 4 missing a single hyperedge.

We begin with the relevant definitions. Suppose throughout that » > 2. An r-uniform hyper-
graph H(") = (V, E) consists of a nonempty set V' of vertices and a set £ consisting of unordered
r-tuples of distinct vertices. Elements of E are called hyperedges. When we wish to specify the
underlying hypergraph, we write V (H ™) and E(H ™) in place of V and F, respectively. We refer
to such a hypergraph by just H("), including the superscript () to emphasize the specific unifor-
mity being considered. If the uniformity is dropped from the notation, it should be assumed that
r = 2. The complete r-uniform hypergraph K. ) contains n vertices and every r-tuple of distinct
vertices forms a hyperedge. If a single hyperedge is removed, we write K — ¢ to denote the
resulting hypergraph.

The other two types of hypergraph that we will consider fall under the category of trees when
r = 2: paths and stars. Let 1 < ¢ < r. The t-tight r-uniform path of length £, denoted Pé;),
consists of distinct vertices 1, Ta, . . ., Try(k—1)(r—¢) and hyperedges

€i = T(r—t)(i—1)+1T(r—t)(i—=1)42 * * * T(r—t)(i-1)4r, TOr1 < < k.

Figure 1 gives some examples of paths with varying parameters. In the special case where ¢t = 1

HBSIBIDTD

Figure 1. Examples of paths with various uniformities, lengths, and tightnesses.

and r = 2, we replace P} ; with the usual notation FP;,. The ¢-tight r-uniform star of order p,
denoted S, has vertex set V = C U U, where CNU =0, |C| =t,and |U| = p — t. The

pit>
hyperedge set of S},j;’ consists of all hyperedges that include all vertices in C' and some selection
of r — t vertices from U. The set C' is called the center of the star SI(;). Figure 2 provides some
examples of stars with varying parameters. In the special case where ¢ = 1 and = 2, we replace

Sp,1 with the usual (bipartite) notation K ,_;.
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Figure 2. Examples of stars with various uniformities, orders, and center cardinalities.

For k > 1, a k-coloring of K" is a map
¢c: B(K") — {1,2,...,k}.

A k-coloring is called exact if it is surjective. Denote the set of all exact k-colorings of K by
Cr(K. r(f)). Given an exact k-coloring c of K 7(:)’ we say that a subhypergraph H ") of KL is rainbow
if the restriction of ¢ to H") is injective:

C|H(7‘) : E(H(T)) — {1,2, .. .,/f}.

If we assume that H (") is an r-uniform hypergraph of order p that lacks isolated vertices, then for
n > p, the anti-Ramsey number ar,,(H (’“)) is defined to be the maximum k£ such that some exact

k-coloring in Ck(Kff)) lacks a rainbow subhypergraph isomorphic to 7). Observe that every (:f) -

coloring of K" results in a rainbow copy of H™ and |E(H™)| colors are required to produce a
rainbow H). Tt follows that

|E(HD)| =1 < ar,(H") < (”) ~1.
r
The anti-Ramsey number ar,,(H (") is related to the rainbow number b, (H")), defined to be the

minimum k such that every exact k-coloring of K. ™) contains a rainbow H (c.f. Section 11.4 of
[3D). It follows that
by (H") = ar,(H™) + 1,

and the reader should be aware that the definition of a rainbow number is sometimes given as the
definition of an anti-Ramsey number.
In Section 2, we prove several results for general uniformity. In particular, we show that

arn(PQ(;)) =1 foralln >2r—t.

We also provide a theorem relating anti-Ramsey numbers for r-uniform complete hypergraphs to
anti-Ramsey numbers for certain (n — r)-uniform stars. This result allows us to use some known
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results on graphs to obtain anti-Ramsey numbers for certain hypergraphs. The section is concluded
with the determination of lower bounds for the anti-Ramsey numbers ar, o (K ﬁ?l)

The anti-Ramsey number for K f’) — e (the complete 3-uniform hypergraph of order 4 with a
single hyperedge removed) is the focus of Section 3. We prove a general upper bound and give
exact evaluations in the cases n = 5, 6. Section 4 concludes with a few directions for future inquiry.

2. General r-Uniform Results

In this section, we focus on proving a few results that are independent of uniformity. First, we
consider the case of paths of length 2.

Theorem 2.1. For all n > 2r —t, arn(PQ(;)) = 1.

Proof. Observe that 2 colors are needed to produce a rainbow path of length 2. So, arn(PQ(;)) > 1.
To prove the other direction, consider an exact 2-coloring of K ") We claim there exists red and
blue hyperedges with non-empty overlap. Otherwise, suppose that e; [)ea = ) with e; colored
red and e, colored blue, where e;, e; are hyperedges in K&, Any hyperedge that includes vertices
from both e; and e; must be colored red or blue, creating a nontrivial overlap between a red
hyperedge and a blue hyperedge. It remains to be shown that for any 1 < ¢ < r — 2, there exists a
rainbow path Pg(;) if and only if there exists a rainbow path P2(,7;)+1-

(=) Assume there exists a t-tight rainbow path of length 2 with blue hyperedge e; and red
hyperedge e,. Without loss of generality, suppose that

€1 =Y1Y2 YT T2y and ey =TTy W22 By

(see the first image in Figure 3). If no (¢ + 1)-tight rainbow path of length 2 exists, then the hyper-

. 0 o
yr—t—1 Yr-t

Figure 3. Increasing tightnesses for rainbow paths of length 2.
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edge es = Y, _+XT1To - - - T42129 - - - Zr—¢—1 Must be blue and the hyperedge ey = yoys3 - - - Y —tT2x3 - - -
x4212-—¢ must be red (see the second image in Figure 3). However, e3 and ¢4 now form a (¢ + 1)-
tight rainbow path of length 2.

(<=) Assume there exists a (¢ + 1)-tight rainbow path of length 2 with blue hyperedge e; and red
hyperedge e,. Without loss of generality, suppose that

€1 =Y1Y2 " Yr—t—1T1T2 "~ Teqy1 aNd €9 = BT+ - Typ12122* ** Zr—t—1

(see the first image in Figure 4). Note that since n > 2r — ¢, there exists some vertex w that is

[~

[~

w
o

Figure 4. Decreasing tightnesses for rainbow paths of length 2.

not contained in e; or es. If no ¢-tight rainbow path of length 2 exists, then the hyperedge e; =
WToX3 - - Ty1121%2 - - - Zr—y—1 Must be blue and the hyperedge e, = xy1ys - Yr_t_ 11T - - - X4
must be red (see the second image in Figure 4). However, e3 and e4 now form a ¢-tight rainbow
path of length 2.

Hence, at most 1 color can be used without creating a rainbow path of any given tightness, con-
cluding the proof. 0

One particularly useful trick to working with anti-Ramsey numbers of hypergraphs is to con-
struct a natural bijection between exact k-colorings of K and exact k-colorings of K&,
Specifically, let

c: B(K"Yy — {1,2,...,k}
be an exact k-coloring with n — r > 2. Then c induces an exact k-coloring Z(c) on K by
taking
Z(e)(xpi1Tpro - xy) = c(T129 -+ - ),

where the vertex sets of K\~ and K"~ are both identified with {z1,29,...,2,}. We call Z(c)
the induced coloring of ¢ and observe that

T: Cu(K) — Cr(K(")
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is a bijection.

Theorem 2.2. Foralln >m >r > 2, arn([ﬂ(f;)) _ a?“n(S("_T) )

n,n—m

Proof. Letc: E(K,(f)) — {1,2,..., k} be an exact k-coloring of K\ andlet T (¢) be its induced
coloring on K =), Equivalently, c is the induced coloring of Z(c). We must argue that ¢ contains
a rainbow K. if and only if Z(c¢) contains a rainbow Sg:%l. The hyperedges of a complete r-
uniform hypergraph with vertex set U := {1, s, ..., 2, } receive distinct colors under c if and
only if the hyperedges containing all of the vertices in V(K,(f)) — U, and a subset of m — r of
the vertices in U receive distinct colors under Z(c). Thus, every exact k-coloring of K" contains
a rainbow K. if and only if every exact k-coloring of K\"" contains a rainbow S,(lfﬂ",)n (for
example, see Figure 5). [

(4)

Figure 5. An exact coloring ¢ of K"’ contains a rainbow K §4) if and only if its induced coloring Z(c) of K~ contains

(3)
a rainbow S §32)

Applying Theorem 2.2 to known anti-Ramsey numbers on graphs, we can obtain select results
on hypergraphs. Erd6s, Simonovits, and Sos [4] proved that

ar,(K3) =n—1, foralln >4,
from which it follows that

ary (S 2y =n—1, foralln > 4.

n,n—3

Jiang [6] proved that

2
arn(K14) =n+1 and ar,(Ky) = {%J +1, foralln > 5,
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from which Theorem 2.2 implies that

n2
—J + 1, foralln > 5.

n,n—4

arg,(Kf’)) =6 and arn(S("_z)) = { 1

The same principal of using induced colorings leads us to the following theorem involving
complete hypergraphs.

Theorem 2.3. If r > 2, then

. r+2)(r—1 r+2
a"”r+2(K£+)1)2( )2( )"‘\‘ 3 J

Proof. Using the concepts introduced in Theorem 2.2, the bijection
T:C(K}y) — C(Kopo)

sends a rainbow Kfi)l to a rainbow K ,.;. One way to maximize the number of colors used in
a rainbow K, ;-free coloring of K, is to color edges by maximizing the number of disjoint
small cycles, which are each given distinct colors. By the Division Algorithm, there exists unique
q,t € Z such that

r+2=3q+t, where() <t <2.

When ¢ = 0, we can partition the vertices in K, 5 into ¢ K3-subgraphs, with each K3 receiving
its own color. The remaining edges each get their own color, producing a K ,,-free coloring of

K, using a total of
2
q+ ( T;r ) —3q

colors. When ¢ = 1, we partition the vertices into ¢ — 1 K3-subgraphs and a single cycle Cy of
length four. Giving each cycle and all remaining edges distinct colors gives a total of

chr(T;r2 ) —(3¢+1)

colors. When t = 2, we partition the vertices into ¢ — 1 K3-subgraphs and a single cycle C5 of
length five. Following the same color scheme as before, we obtain a total of

q+<r_52 ) — (3¢ +2)

colors. In all three cases, we have produced a coloring of K., that lacks a rainbow K ,1; using
2
q+ ( r—;— ) —(r+2)

12 | completes the proof of the theorem. 0

colors. Observing that ¢ = [
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3. The Anti-Ramsey Number for K f) —e

Denote by K f’) — e the complete 3-uniform hypergraph of order 4 with a single hyperedge
removed. An exact k-coloring of K,(l?’), with k& > 3 and n > 4, contains a rainbow K f)) — e if and

only if it contains a K f’) spanned by hyperedges using at least 3 colors. It follows that

ary (K — e) = 2.

Beginning with an exact 2-colored K f’) having vertex set {x1, x5, x3, 24}, One can construct an
exact k-colored K ,2?2 that lacks a rainbow K f’) — e by assigning color s (with s = 3,4,...,k) to
all hyperedges of the form x;x ;7,42 whenever i < s + 2 and j < s + 2. It follows that

arn (K —¢) >n —2. (1)
The following theorem proves that this bound is exact when n = 5.
Theorem 3.1. ar5(Kf) —e)=3.

Proof. It remains to be shown that every exact 4-coloring of K é?’) (using say, red, blue, green,
and purple) contains a K f) spanned by hyperedges using at least 3 colors. We will prove this by
contradiction. Consider a 4-coloring of K é?’) that lacks a K f’) spanned by hyperedgers using at
least 3 colors. By Theorem 2.1, there exists a 2-colored P2(,32)- Without loss of generality, suppose
that this path is given by xxx324 With 12523 red and xox324 blue. Since no 3-colored K ig)s
exist, the subhypergraph induced by S := {z1, 22, 23,24} is a red/blue K f’). Without loss of
generality, assume that it has at least as many red hyperedges as it has blue hyperedges. The
remaining six hyperedges in the K, ég) all contain x5 and at least one of them is green and another is
purple. If any green hyperedge has a vertex from S in common with a purple hyperedge, then a 3-
colored K f’) is produced. This forces there to only be a single green hyperedge and a single purple
hyperedge whose intersection in S is empty. One of these hyperedges must include two vertices
from {xo, z3,x4}. Suppose it is the green hyperedge, which is given by xoxszs. Then xyz4z5 is
purple and at least one of zyx5x4 and zi232,4 is red. Suppose the former case. At this point, we
have Figure 6. Observe that the subhypergraph induced by {1, x2, 24, x5} is red/purple and the
subhypergraph induced by {x2, z3, x4, x5} is blue/green. This gives us a contradiction since no
coloring of the hyperedge xox 425 satisfies these conditions. It follows that every exact 4-coloring
of K ég) contains a K f’) spanned by hyperedges using at least 3 colors. U

Theorem 3.2. Foralln > 5,

in(n—2)—1, ifniseven
arn(Kf) —e) <

(n—1)2—1, ifnisodd.

Proof. We proceed by weak induction on n, with Theorem 3.1 providing the base case when n = 5.

Let
in(n —2) —1, ifniseven

-~

(n—1)> -1, ifnisodd.

NI
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Figure 6. A subhypergraph contained in an exact 4-coloring of K ég) that lacks a K f’) spanned by hyperedges using at
least 3 colors.

Suppose the theorem is true for n — 1 and consider an exact p-coloring of K ) Label the vertices

of this complete hypergraph by x1, xs, ..., x,. If no rainbow K f’) — e is contained in this color-
ing, then by the inductive hypothesis, the subhypergraph induced by {x1, zs,...,z, 1} contains
hyperedges spanned by at most ¢ colors, where

(n—2)%* -1, if n is even

=

q:
i(” —1)(n—3) -1, ifnisodd.

The remaining hyperedges are those that contain z,, and exactly two vertices from {x1, o, ..., Zp_1}.
If n is even, then n—1 is odd, and adding in 7 additional colors forces two such hyperedges to have
some vertex in common from {x1, z, ..., x, 1 }. Without loss of generality, suppose that x1zox,
and xox3, have two of the additional colors. Then the subhypergraph induced by {z1, o, x3, 2, }

contains a rainbow K f’) — e, and this resulted from having at least

1 1
Z(n—2)2—1+g:1n(n—2)

colors. Similarly, If n is odd, then n—1 is even, and adding in "T“ additional colors forces two such

. . . 3
hyperedges to have some vertex in common from {x1, 25, ..., x, 1}, forming a rainbow K i ) _e.
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The subhypergraph induced by {z1, 25, 3, z,, } contains a rainbow K f’) — e, and this resulted from

having at least

}l(n—1>(n—3)—1+”“—}l(n_nz

colors. The resulting upper bounds follow for ar,, (K. f’) —e). 0

For arg(K f’) —e), we can slightly improve upon the lower bound that is given by (1). Consider

the exact 5-coloring of K, ég) that is given by the 4 hyperedges shown Figure 7, with all remaining
hyperedges colored orange. In this construction, the removal of any two vertices removes 3 colors,

0
Y

Figure 7. An exact 5-coloring of K ég) (all hyperedges not pictured are assigned the fifth color) that lacks a rainbow
K 4(13) —e.

resulting in a 2-colored K f). Hence,
aTG(Kf) —e) > 5.

Combining this lower bound with Theorem 3.2 results in the following corollary.

Corollary 3.1. arg(K f) —e)=5.
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4. Concluding Comments
We conclude by stating a few directions for future inquiry.

1. We have not discussed it here, but anti-Ramsey numbers are intrinsically connected with
Turdn numbers. While little is known about hypergraph Turdn numbers, known results may
offer some additional information about their anti-Ramsey counterparts (e.g., see [4] and
[7]).

2. Using the ideas introduced in the proof of Theorem 2.2, what other hypergraphs are pre-
served under induced exact colorings? Through examples, we have found that certain cycles
correspond with other cycles or matchings under Z.

3. Finally, what results do induced colorings offer for the determination of traditional Ram-
sey numbers for hypergraphs (e.g., see [2])? Analogous to Theorem 2.2, a k-coloring ¢ of
K\ contains a monochromatic K if and only if the induced coloring Z(c) contains a
monochromatic S ")

n,n—m:-
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