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Abstract

Let G be a graph with |[V(G)| vertices and ¢ : V(G) — {1,2,3,--- ,|V(G)|} be a bijective
function. The weight of a vertex v € V(G) under ) is wy(v) = >,cn(,) ¥(uw). The function
1 is called a distance magic labeling of G, if wy(v) is a constant for every v € V(G). The
function ¢ is called an (a, d)-distance antimagic labeling of G, if the set of vertex weights is
a,a+d,a+2d,...,a+ (|[V(G)] — 1)d. A graph that admits a distance magic (resp. an (a, d)-
distance antimagic) labeling is called distance magic (resp. (a,d)-distance antimagic). In this
paper, we characterize distance magic 2-regular graphs and (a, d)-distance antimagic some classes
of 2-regular graphs.

Keywords: distance magic labeling, (a, d)-distance antimagic labeling, 2-regular graph

Mathematics Subject Classification: 05C78
DOI: 10.5614/ejgta.2021.9.1.3

1. Introduction

Let G = G(V, F) be a graph without isolated vertices. A vertex labeling of G is a one-to-one
function with domain the set of all vertices and co-domain the set {1,2,--- , |[V(G)|}. A vertex
weight of a vertex v under a vertex labeling is the sum of all vertex labels of the vertices adjacent
to v. If every vertex has the same vertex weights, then it is called a distance magic labeling of G.
If all vertices have distinct vertex weights, then it is called a distance antimagic labeling of G. In
particular, if vertex weights of all vertices are an arithmetic sequence with the first term @ and a
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common difference d then it is called an (a, d)-distance antimagic labeling of G. Formally, these
concepts can be stated as the following definitions.

Definition 1. A distance magic (DM) labeling of a graph G is a vertex labeling 1) of G such that
{wy(v) = X enw V() 1 v € V(G)} = 1, where N(v) = {u : wv € E(G)}. A graph that
admits a DM labeling is called a DM graph.

Definition 2. Let a > 0 and d > 0 be fixed integers. An (a,d)-distance antimagic (DA) labeling
of a graph G is a vertex labeling v of G such that {wy(v) = >_,c oy ¥ (u) 1 v € V(G)} is the set
{a,a+d,a+2d,...,a+ (|V(G)| — 1)d. Any graph which admits such a labeling is called an (a,
d)-DA graph

The concept of a DM labeling of a graph independently was introduced by Vilfred [12] and
Miller et al. [8]. Vilfred [12] called this labeling as a sigma labeling and Miller et al. [8] called
it as an 1-vertex magic vertex labeling. The term a DM labeling for this concept introduced by
Sugeng et al. [11]. Meanwhile, the notion of an (a, d)-DA labeling was introduced by Arumugam
and Kamatchi [1], in 2012.

Several papers on DM labelings have been published. Many classes of graphs have been shown
to be DM, see for instance [2, 8, 11, 12]. Additionally, a generalization of DM labeling to an any
set D C {1,2,...,diam(G)} is introduced in [9, 10]. Another generalization of DM labeling can
be seen in [3]. Meanwhile, some results on DA labelings can be seen in, for instance, [1, 4, 5, 7].
For more results in these subjects, we refer the readers to Gallian’s paper, dynamic survey of graph
labelings [6]. In this paper, we study these labelings for 2-regular graphs.

2. DM labeling of 2-regular graphs

In [8], Miler et al. provided some necessary conditions for graphs to have no DM labeling.
One of them is given in Lemma 2.1.

Lemma 2.1. [8] Let G be a graphand x,y € V(G). If[N(x) N N(y)| = |N(x)|—1=|N(y)|—1,
then G is not DM.

They also gave the following result.
Theorem 2.1. [8] The graph C,, has a DM labeling iff m = 4.
We now generalize this result as follows:
Theorem 2.2. The 2-regular graph G is a DM graph iff G = tCy for any positive integer t.

Proof. Suppose G contains a component C;,, where n # 4. Then by Lemma 2.1, G is not DM.
Conversely, define G = tCy as a graph with V(G) = {z;; : 1 < i < t,1 < j < 4} and
E(G) = {xi,jl’i,j—&—l 1 S 1 S t,l S j S 3} U {%‘,4%‘,1 : 1 S 1 S t} Next, Let 2 =
{{$i71,$i73},{$i72,$i74} o1 S 1 S t} and B = {{Z,4t +1-— l} o1 S 1 S 2t} It is clear that
U {i,4t + 1 — ¢} is a partition of {1,2,3,...,4t} and |2A| = |B]|. Also, it can be checked that
any bijective function f : 2l — B is a DM labeling of G. [
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3. DA labeling of 2-regular graphs

In [1], Arumugam and Kamatchi proved the existence of an (a, d)-DA labeling for some graphs
and they provided the following results.

Lemma 3.1. [1] If G is an (a, d)-DA graph with n vertices, then

J< 2nA—A(A—1)—6(5+1)‘
- 2(n—1)

Corollary 3.1. [1] Let G be a 2-regular graph with n vertices. If G is (a, d)-DA, then a = ”T” and
d=1.

Theorem 3.1. [1] Let t > 1 be an integer. The graph C,, is (a,d)-DA iff n =2t + 1 and d = 1.
They also posed the following problem.

Problem 1. [1] Find the necessary and sufficient conditions such that disconnected 2-regular
graphs are (a, d)-DA.

In this section, we give a partial answer to Problem 1 by characterizing some classes of discon-
nected 2-regular (a, d)-DA graphs.

It is clear that if a graph has two vertices v and v such that N(u) = N (v), then it is not a DA
graph. Thus, a forbidden subgraph for 2-regular graphs to be DA is C;. By this fact and Corollary
3.1, we have the following result.

Lemma 3.2. Let t > 1 be an integer and G = U._,C,,.. If G is (a,d)-DA, then Z§=1 n; is odd,
n;#4dforl <i<t andd=1.

To present the next three theorems, we use the following 3 x (2t 4 1) matrix A,

1 2 t t+1 ... 2t 2t+1
2t 2t—-2 ... 2 2t+1 ... 3 1

We can check that {a; ;+ag; : 1 <@ <2t+1} ={a1;+as; : 1 <i<2t4+1} ={ag;+as;: 1<
i <2t+1} ={t+2,t+3,...,3t+ 1,3t +2}. As we show later, this property of A preserves the
antimagic properties of (a, d)-DA labelings of 2-regular graphs m(C),. The matrix A is obtained by
increasing 1 each entry of the following 3 x (2t + 1) Kotzig array.

0 1 o t=1 "t .0 2t—-1 2t
t+1 t+2 ... 2t 0 ... t—1 ¢
2t—-1 2t—-3 ... 1 2t ... 2 0

Additionally, we use the notation b+ {a; : 1 <i <t} ={b+a;: 1 <i <t}. Also, in each figure,
the numbers at the outside of the cycles are the labels of the vertices and the bold number inside of
the cycles are the weights of the corresponding vertices.

The next theorem gives necessary and sufficient conditions of the disjoint union of odd numbers
of C,, to be an (a, d)-DA graph.
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Theorem 3.2. Let m and n be positive integers. The graph mC,, is (a,d)-DA iff m,n are odd and
d=1.

Proof. Let mC,, be an (a, d)-DA graph. Then by Corollary 3.1, a = 3(mn+ 3) and d = 1. Hence,
m and n should be odd integers. Conversely, let m and n be odd integers. For 1 < ¢ < m, define
mC, as a graph with

V(imC,) ={u;; -1 <j<n}

and
E(mC’n) = {umui,jﬂ o1 S] S n — ].} U {Ui,nui’l}.

Set m = 2t + 1 and, for 1 < ¢ < 2¢ + 1, define a vertex labeling f of (2t + 1)C,, as follows:

;

fluij) =
3n—1+7)2t+ 1)+ agy,

J—12t+1)+ay,, if j =1 (mod 4),
2n — 1+ 45)(2t + 1) + az,, if j =3 (mod4),
n—1)(2t+1)+as,, if j=n—1,

if n=1(mod4)andn —1+# j =0 (mod4),
if n =1 (mod4)and j = 2 (mod 4),

if n =3 (mod4)and j =0 (mod 4),
if n=3(mod4)andn — 1 +# 7 =2 (mod 4).

(
E
(n—=1+7)2t+1) + a1,
(
(
(

N e N P N P N [ I N PN T

)
3n—1+7)(2t+ 1) + agy,
n—147)2t+1)+a,

\

The vertex weights of all vertices are as follows:
Forn —2,n # j = 1,3 (mod 4),

wilg) = (20— 1+ 1) +1) 45,
for j = 0,2 (mod 4),

wilg) = 5(n—1+4 )2+ 1)+ 5,
forj =n— 2,

wy(u; ) = %(371 —3)(2t+1)+§,and
for j =n,

wilg) = 5(n = 1)@ +1) +,

where § = {t +2,t +3,...,3t +2}. Thus, for 1 < ¢ < 2t + 1, {wy(u;;) : 1 < j < n} =
(Grtlntd @rtlnts - 3@EDnELY g6 f s an (253 1)-DA labeling of mC,,. O

Figure 1. shows the labeling in the proof of Theorem 3.2 for m = 3 and n = 11.
Theorem 3.3. The graph tCs U Cj5 is a (3t + 3,1)-DA graph for every positive integer t.

Proof. First, define tCs U C5 as a graph with V (tCs UC3) = {1, Ti2, i, Yin, Yi2, Yig - 1 < <
t}U{z1, 22,23} and E(tCs UCs) = {x;1Yi1, TiYi2, TigiVis 1 <@ <ty U{yin%i2, Tioyis 1 <
7 < t} U {%‘,3%’,1 01 < ) < t} U {2122, 2923, 2321}.
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1 2 3

/3.7\ 36 A
27€18 22910  25@%9 21911 26€79 23912

17¢34  0¢21  13¢33 3919 1635 41970
7050 25¢30 S@49 24028 9@48  25¢29
33@31 43¢ 4 31@30 42@ 5 32032 44g ¢

46 28 45 27 47 29
24@0——@013 20——014 230———015

Figure 1. A (18, 1)-DA labeling of 3C};.

Next, for 1 < i <, consider g : V(tCs U C3) — {1,2,3,...,6t + 3} which is defined by

(= D2t +1) +aj, if u=2;;and 1<j<3,
glu) =1 (j—1@t+1)+ajoe40-i, if u=y;;and 1< <3,
(j—l)(2t+1)+(lj’t+1, if U= zj and 1§j§3,

where q; ; is the entry of the matrix A.

Clearly, f is a bijective function. We now can check that {w,(z;;) : 1 < i < t} = {6t +
4,6t + 5,6t +6,...,7t + 3}, {wy(zi0) : 1 < i <t} = {3t +53t+7,3t+9,...,5t+ 3},
{wg(wiz) 1 <1 <t} ={Tt+5,7+6Tt+7,....8+4}, {wy(yi1) : 1 <1 <t} =
{3t +4,3t+6,3t+8,...,5t+ 2}, {wy(yi2) : 1 <i <t} ={8t+6,8+7,8+8,...,9t+ 5},
{wg(yiz) : 1 < i <t} = {6t +4,5t+5,5t+6,...,6t + 3}, and {w,(z;) : 1 < j < 3} =
{3t + 3,7t + 4,8t + 5}. Hence, g is a (3t + 3, 1)-DA labeling of tCgs U Cs. ]

Theorem 3.4. The graph tC1y U Cs is a (5t + 4, 1)-DA graph for every positive integer t.

Proof. Let V(tC10UCs) = {Ti1, Ti2, Ti2, Tisa, Tiss Yi1s Yis2> i3> Yids Yis - 1 < 1 < tpU{21, 22, 23,
24, 25} and E(tC10UCs) = {131, Ti2Vi2, ©i3Yi 3, Tialias TisYis - 1 < @ < t}U{yi1%i2, TioYis,
TigYia Tialis 1 <0<t} U{yipin 1 1 <0 <t} U {2120, 2023, 2324, 2425, 2521 }-

For 1 < i < t, define a bijective function h : V (tCyo U C5) — {1,2,3,...,10t + 5} as the
following formula:
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Q1,34 if u= Tia,
6t+3—|—a2,i, if U = T2,
2t+1—|—a1,i, if U = T;3,
8t + 4+ a2 i, if u= Zi4,
4t+2+(137i7 if U = Tips,

Q7 f+i, if u= Yi1,
6t + 3 + a2 t+4, if u= Yi2,
h(u) =< 2t+14ay4q, if u=ys,

8t + 4+ A2 t+i, if u= Yia,
4t + 2+ azgqq, I u=y;s,
a1.2t41, if u=z,
8t + 4+ a2 2t+1, if u= 22,
6t + 3+ a2 2t+1, if u= 23,
4t + 2 + as 2t+1, if u= 24,
2t + 1+ 1,241, if u= z25.

\

Notice that a; ; in this formula is the entry of the matrix A. Under the labeling /, we can
verify that {wp,(z;1) : 1 <1 <t} = {6t+5,6t+6,...,7t + 3,7t + 4}, {wp(z,2) : 1 < i <
ty ={Tt+57t+7,...,9%+ 1,9t + 3}, {wp(z;3) : 1 <i <t} ={9%+6,9+8,...,11t +
2,11t + 4}, {wp(z44) : 1 < i <t} = {11t + 7,11t +9,...,13t 4+ 3,13t + 5}, and {wp,(x;5) :
1 < <t} ={13t+9,13t +10,...,14¢ + 7,14t + 8}. Also, {wy(yi1) : 1 < i < t} =
{Tt+6,7t+8,...,9t+2,9t +4}, {wp(yiz) : 1 <i <t} ={9+7,9t+9,...,11t + 3,11t + 5},
{wp(yiz) 1 <i <t} = {11t +8 11t +10,...,13t + 4,13t + 6}, {wp(yia) : 1 < i <t} =
{14t+9, 14t 410, ..., 15t+7, 15t +8}, {wn(yi5) : 1 <i <t} = {5t+4,5t+5,...,6t+2,6t+3},
and {wy,(2;) : 1 < j <5} ={6t+4,9t+5,11t+6,13t+7,13t+8}. Hence, hisa (5t +4, 1)-DA
labeling of tC'g U Cs. ]

In the next results, we characterize the graphs tCy,, U C,, to be (a,d)-DA for 1 < ¢ < 3.
Theorem 3.5. The graph Cy,, U C,, is (a,d)-DA iff n > 3 is odd and d = 1.

Proof. By Corollary 3.1, if C5, U C,, is an (a,d)-DA graph then a = 23, d = 1 and thus n
is odd. Conversely, we will show that Cy, U C, admits a (¥4 1)-DA labeling. The graphs
Cs U C3 and (¢ U C'5 admit the labeling by Theorems 3.3 and 3.4, respectively. For odd n > 7,
let V(Co, UC,) = {xi,yi, 2 - 1 < i <n}and E(Co, UC,) = {ay; - 1 < i <n}U{yxiq:
1<i<n—1}U{ypz1} U{zizi41 : 1 <i <n—1}U{z,21}. Next, define ¢ : V(Cy, UC,,) —
{1,2,3,...,3n} as follows:
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The weights of all vertices are given by

~

(3n+7),
(

(9n — 1),
(

(9n + 1),
(3n + 3),
(
(
(
(

9In — 3),
3n+5),

<
—~
<
S~—
,
BN [0 [0 [0 [0 [ 00 | 00 | D0 | 00 [0 | =

Thus, v is a (3"—;3, 1)-DA of Cy, U C,,.

Next, we consider the graph 2C5,, U C,, with V(2Cy, U C,,) = {x1;, 22, Y15, Y25 :
n}U{zj o1 S] S TL} and E(ZanUCn) = {xl,jyl,j>$2,jy2,j :

3n — 3+ 61),

3n + 5+ 6i),

3n + 7+ 3i),
6n + 7+ 3i),

(2(3i—1), ifu=ux;, n#i=1(mod?2),
s(3n+1), ifu=x,,
S(n+1+14), ifu=uw, i=0(mod2),
%(3@4—1) ifu=uy;, n#i=1(mod?2),
%( ) if u = yn,
2(3n—1+3i), ifu=y,; i=0(mod2),

Y(u) =4 2(i+3), ifu =2, i =1 (mod 4),

1(6n+5+31), ifu=z,i=23(mod4),
%(Sn - 1), ifu=2,_1,
S(n+3+14), ifu=z,n=1(mod4)andn —1%i=0(mod4),
2(9n+543i), ifu=z, n=1(mod4)andi= 2 (mod 4),
i(9n+5—i—3z) if u=2;, n=3(mod4)andi =0 (mod 4),

\ %(n+3—|—z), ifu=2z,n=3mod4)andn — 1 #i = 2 (mod 4).

ifU:.fEl,
ifu=x;,2<i<n-—1,
ifu=uxz,,

fu=y;, 1<i<n—2
ifu=yn1,

if u=y,,

if u = z;, 71s even,
ifu=2z,n—2n1iisodd,
ifu=z,_o,

if u=z,.

]

1< <
1 <j <n}U{y1,;21,+1, Y2,jT2j+1 :

1<j<n—1}U{yinz11, Y2221} U{zzj41 : 1 <j<n—1}U{z,2}. By Theorems 3.3 and
34,20, UC,is (a,1)-DA for n = 3 and 5. So, it is enough to consider n > 7.

Theorem 3.6. For n > 7, the graph 2C5,, U C,, is (a,d)-DA iff n is odd and d = 1.
Proof. By Corollary 3.1, n is odd and d = 1, if 2C5,, U C,, is an (a, d)-DA graph. Conversely, for

oddn > 7andi = 1,2, define f : V(2C,, UC,) — {1,2,3, ...,

(5j — 7+ 44),
(5n + 1+ 2i),

(5n+5j +9 — 6i),
(57 — 5+ 4i),
(
(

~

fu) =

BN [0 [0 [0 [ 00 [0 |

Ve

5n — 3+ 20),
5n +5j + 11 — 61),

5n} as follows:

ifu=ux;;, n#j=1(mod?2),
ifU:Z'im,

ifu=uwx;; j=0(mod?2),
ifu=uy,;, n#j=1(mod?2),
if u = yin,

ifu=y;;, j=0(mod?2).
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Clearly, f is a bijective function. Also it is easy to verify that the weights of all vertices are as

( (55 + 15), if j =1 (mod 4),
1(10n + 7+ 5j), if j = 3 (mod 4),
5(5n —3), ifj=n-—1,

f(z) =1 3(5n+15+5j5), ifn=1(mod4)andn — 1% j =0 (mod 4),
i(15n+7+5j), if n =1 (mod 4)and j = 2 (mod 4),
1(15n+ 7+ 5j), ifn =3 (mod4)and j = 0 (mod 4),

{ l(5n+15—i—5j) ifn=3(mod4)andn — 1 # j = 2 (mod 4).

follows:
( 1(5n + 3), ifu=m,,
s(B5n—1+105), fu=uwmy; j#1,
%(1571 - 1), ifu=1y1,-1,
%(5”"’5), ifu:yl,rw
s(Gn+5+105), fu=yy j#n—1n,
s(B5n+9), if u=a9,,
5(15n — 5), ifu=my,,
wi(u) =1 3(5n—3+105), ifu=uzxs;, j#1,n,
%(1571—3), ifu= Y2.,n—1,
5(5n + 11), ifu=ya,,
s(Bn+3+105), fu=ysy, j#£n—1n,
5(15n = 7), ifu=2z,_,
s(Bn+17), ifu=2,,
5(10n + 114 55), ifu=2z;, n—2,n# j=1(mod2),
| 5(5n+11+5j), ifu=z;, j =0 (mod?2).
Hence, fis a (5"; 3 1)-DA labeling of 2C,, U C,, . O

Figure 2. shows the labeling defined in the proof of Theorem 3.6 for n = 7.

1 2 24 25 6 7 29
@ @ @ . @
19 25 27 30 32 35 37
20 52 53 47 45 42
. 4 . L @ @

17 1 35 34 12 11 30
3 4 21 22 8 9 26
@ @ ® . @

22 24 26 29 31 34 36
23 50 51 46 44 41 39
@ . @ 4
18 20 32 31 14 13 27

Figure 2. A (19, 1)-DA labeling of 2C'14 U CY.
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Now, we consider the graphs 3C5,UC,,, n > 7, where V' (3C5,UC},,) = {ij, T2, T35, Y15, Y25
ys; 1 <j<n}tU{z; :1<j<n}and E(2Cy, UC,) = {x1,y1,5,T2,Y2, T3,Ys; : 1 < j <
n} U{y1%1 541, Y2241, Y3,%3541 0 L < J <n—1}U{y1nZ11, Yon®21, Ysn®sa} U {2241 :
1<j<n—-1}U{z,z}.

Theorem 3.7. Forn > 7, the graph 3Cs,, U C,, is (a,d)-DA iff n is odd and d = 1.

Proof. From Corollary 3.1, if 3C5,,UC,, is an (a, d)-DA graph then n is odd and d = 1, Conversely,
foroddn > 7andi =1,2,3, define g : V(3Cy, UC,) — {1,2,3,...,7n} as follows:

( 2(75 — 7+ 2i), ifu=m; n+#j=1(mod?2),
$(Tn + 9 — 44), if u =2,
o) = %(7@+7j+ 1+2i), ifu=ux;;, j=0(mod?2),
5(77 + 1+ 2i), ifu=1y,;, n#j=1(mod?2),
%(7n+7—42’), if u =y,
| 3(Tn+T7j =54 2i), ifu=y;, j=0(@mod2).
[ 2(75 +9), if j =1 (mod 4),
1(14n — 3+ 74), if j = 3 (mod 4),
S(Tn+7), ifj=n—1,
9(zj) =< 1(Tn+9+7j), ifn=1(@mod4)andn — 1+ j =0 (mod4),
i(21n —3+7j), ifn=1(mod4)andj =2 (mod 4),
%(2171 —3+47j), ifn=3(mod4)and j =0 (mod 4),
l(7n+9+7]) ifn=3(mod4)andn — 1 # j = 2 (mod 4).

Clearly, g is a bijective function. Also it is easy to verify that, for: = 1, 2, 3,

[ 2(Tn+ 15 — 24), ifu=uax;;,
5(21n — 5 — 2i), if u=ux;,,
%(771—}—14]—11—{—42) ifu=u,; j#1n,
5(Tn +9 — 2i), ifu=yn,
wy (1) = %(2171 + 3 — 2i), ifu=yn 1,
DT S(Tn+ 145+ 1+ 4i), ifu=y , j#n—1n,
5(21n —5), if u= 2,0,
>(7Tn + 15), ifu=z,,
%(14n+3+7]) ifu=z;, n—2n%#j=1(mod?2),
[ 5(Tn+3+ 7)), ifu=z;, j=0(mod?2).
Hence, gisa(m;r 3 1)-DA labeling of 3C5, U C,,. O

Based on Theorems 3.3 — 3.7, we propose the following conjecture:

Conjecture 1. For every positive integer t, the graph tCs,, U C,, is (a, d)-DA if and only if n is odd
and d = 1.

Next, we consider two classes of 2-regular graphs with two components.
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Theorem 3.8. Forn > 7, the graph Cs U C,, is (a,d)-DA iff n is odd and d = 1.

Proof. As an immediate consequence of Corollary 3.1, if Cs U C,, is an (a, d)-DA graph then n is
odd and d = 1. Next, forodd n > 7, let V(Cs U C},) = {uq, ug, uz, ug, us, ug} U{v; : 1 < j < n}
and E(Cs U C),) = {uqug, ugus, ustiy, ugus, uste, ugur } U {vju;41 1 < j < n—1} U {v,0}
Define h : V(Cs U C,) — {1,2,3,...,n + 6} as follows:

Casen =1 (mod 4)

h‘([uh U2, U3, Ugq, Us, UG]) = [anl’ 3”117’ nT%; 371121’ HTH—), —371113].
(7 +3), ifn—4,n+#j =1 (mod4),
h(v;) = $(3n+9), ifj =n—4,
) 2(2n+1144), ifn—2%# j =3 (mod4),
1(n+3), ifj=n—2

Sub case n = 1 (mod 8)
Ifn =09, h([v1,va,vs,...,00]) = [1,15,13,3,2,9,14,8,5]. If n > 17,

1(n—=3+4), ifn—7%#;j=2(modS8),
s(n+1), ifj=n-T1,
1Bn+21+), ifn—5+#j=4(mod8),
n—+ 9, if j =n —05,

h(v;) i(n+5+j), ifn—3+#j=06(mod8),

J %(n—5), if j =n-—3,

1(Bn+29+j), ifn—9,n—1%#j=0(modS8),
n + 6, ifj=n-09,
n + 4, ifj=n-—1,
| 1(3n+29), if j = n.

Sub case n = 5 (mod 8)

(2(n—3+7), ifj=2(mod3),
2Bn+29+), ifn—1+j=4(mod83),
n+4, ifj=n-—1,

h(v;) = 1(n+5+j), ifn—7+#j=06(mod8),
7Y S(n+1), ifj=n-—71,
(Bn+21+), ifn—5+#j=0(mod83),
n + 6, if j =n — 5,
| 1(3n + 25), if j = n.

It can be checked that & is a bijective function. When n = 9, {wp(w;) : 1 < j < 6} =
{10,11,13,21,22,23} and {wy(v;) : 1 < j < 9} = {9,12,14,15,16,17,18,19,20}. When
n # 9, wy(ve) = 22, wy(us) = 2212, and the weights of other vertices are consecutive integers

2 b
from —"211 to —3”;17.

Casen = 3 (mod 4)
1 3n+11 3 3n+15 5 3n+419
h([u17u27u37u47u57u6]) - [%7 ni 7%7 nj[ 7%7%]'
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(17 +3), if j =1 (mod 4),
1(2n+154j), ifn—4,n# j =3 (mod4),
%l(3n+23), ifj=n-—4,
h(v;) =< 1(3n+27), if j = n,
s(n+3+j), ifn—1%;j=2(mod4),
s(n+7), ifj=n—1,
| 1(3n+27+j), if j =0 (mod 4).
It can be checked that & is a bijective function, wy,(v,) = 22, wy(v,—2) = 22, and the
weights of the remaining vertices are consecutive integers from %ﬂ to w 0

Theorem 3.9. Forn > 5, the graph Cs U C,, is (a,d)-DA iff n is odd and d = 1.

Proof. As a direct consequence of Corollary 3.1, if Cs U C,, is (a, d)-DA then n is odd and d = 1.
Conversely, For odd n > 5, let V(Cs UC,,) = {w; : 1 < i <8t U{y; : 1 < j < n} and
E(CsUC,) = {uiuip - 1 <4 < 7} U {usur } U{vjvj4q 1 1 < j < n—1} U {v,v;}. Define
f:V(CsuC,) — {1,2,3,...,n+ 8} as follows:

n+9 n+ 15 n+13 n+17

2 .
2 9 2 ) ’57 2 9 2 ]

f([ul,U27U3,U4,U5,U6,U7,U8]) = [1737

Case n = 1 (mod 4)
When n = 5, f([v1, ve,v3,v4,v5]) = [4,6,8,13,12]. When n > 9 define f as the following
formula:

(4, ifj=1,
T(dn+41—j), if1 <j=1(mod38),
s(n+11), if j =3,
1(2n+17—j), if3 < j =3 (mod8),
1(4n+ 33— ), if j =5 (mod ),
n+7) ifj=17
2 ’ )
1(2n+25—j), if7<j=7(mod3),

f(v;) =% 3(n+17—j), ifn=1(mod8)and ;=2 (mod ),
i(Sn—i— 33 —j), ifn=1(mod 8)and j =4 (mod 8),
sn+20—73), 1uUn=1@mo and 7 = 6 (mo ,
! 25— if 1 (mod 8) and j = 6 (mod 8)
2(3n+41—j), ifn =1 (mod8)and j =0 (mod 8),
1(n+25—7), ifn=>5(mod8)andj =2 (mod8),
T(3n+41—j), ifn =5 (mod8)and j =4 (mod 8),
i(n—i— 17—7), ifn=>5(mod8)and j =6 (mod 8),

| 1(3n+33—), ifn =15 (mod8)and j =0 (mod ).

Casen = 3 (mod 4)
When n =7, f([vy, va, v3, v4, V5, V6, v7]) = [4,13,15,9,6, 14, 7]. When n > 11,
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(4, ifj =1,
s(n+14—j), ifj=3711,,
n+7, if j =5,
n+ 8, ifj =9,
n+ 6, if j = 13,

L4n +33 —j), if17 < j =1 (mod 8),
(4n+41 —j), if21 < j =5 (mod 8),

if j=n—3,
(2n+ 17 — j), ifn =3 (mod 8) and 19 < j = 3 (mod 8),
(n+20—j), ifn=3(mod8)and15 < j =7 (mod3),
(3n+41 —j), ifn =3 (mod 8)and j = 2 (mod 8),
(n+25—7j), ifn=3(mod8)and;j =4 (mod38),
(3n+ 33 —j), ifn =3 (mod 8) and j = 6 (mod 8),
(n+17—j), ifn=3(mod8)andn —3 # j =0 (mod 8),
(
(
(
(
(

2n 441 —j), ifn =7 (mod 8) and 19 < j = 3 (mod 8),
2n + 25— j), ifn =7 (mod 8) and 15 < j = 7 (mod 8),
3n+33 —7), ifn=7(mod8)and j = 2 (mod 8),
n+17—7), ifn=7(mod8) andn — 3 # j = 4 (mod 8),
3n+41 — ), ifn =7 (mod 8)and j = 6 (mod 8),

[ 1(n+25—7), ifn=7(mod8)and;j =0 (modS8).

Clearly, f is a bijective function. When n = 5 and 7, {ws(z) : € V(Cs U C,)} is
{8,9,10,...,20} and {9,10,11,...,23}, respectively. When n > 9, it can be checked that the
weights of all vertices are consecutive integers with the first term w(us) = %ﬂ and the last term
wy(vy) = 22428, O

N N N e N PN PN TN PN N TN TN P @) I N

Figure 3. shows the labeling defined in the proof of Theorem 3.9 for n = 15.

19 13 7 22 20 11 8
@ @ @ L @
19 13 18 14 17 26 35 27 33 28 34
4€29
15 21 16 22 31 24 30 23 32 25
20 . 4 @ g @
10 18 21 6 17 2

Figure 3. A (13, 1)-DA labeling of Cs U Cj5.

Based on Theorems 3.8 and 3.9, we have the following conjecture:

Conjecture 2. Let k,n > 5 be positive integers. The graph Coy, U C,, is (a,d)-DA if and only if n
isodd and d = 1.
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