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Abstract

Given a regular (connected) graph I' = (X, F') with adjacency matrix A, d+ 1 distinct eigenvalues,
and diameter D, we give a characterization of when its distance matrix Ap is a polynomial in A,
in terms of the adjacency spectrum of I' and the arithmetic (or harmonic) mean of the numbers of
vertices at distance at most D — 1 from every vertex. The same result is proved for any graph by
using its Laplacian matrix L and corresponding spectrum. When D = d we reobtain the spectral
excess theorem characterizing distance-regular graphs.
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1. Preliminaries

Let I' = (X, E) be a (finite, simple, and connected) graph on n = | X| vertices, with adjacency
matrix A € Maty (R), and spectrum sp T’ = {AT'?) \PO A where A > Ay > - >
Ag are the distinct eigenvalues, and the superscripts stand for their multiplicities m; = m(\;). If I’
has diameter D, we denote by I';(z) the set of vertices at distance ¢ = 1,..., D from x € X, and
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ki(x) = |T;(x)|. We abbreviate k1 (x) by k(z), the degree of vertex z. It is well known that D < d,
see for instance Biggs [1].

Given two symmetric square matrices M, N € Mat,,,,,(R), let sum()/) denote the sum of all
entries of M, so that tr(M N) = sum(M o N), where ‘o’ stands for the Hadamard (or entrywise)
product. The predistance polynomials py,p1,...,pq of T', with deg(p;) = i fori = 0,...,d,
introduced by the first author and Garriga [11], are a sequence of orthogonal polynomials with
respect to the scalar product

m (i) f(Ai)g( ), (D

d
=0

S|

(F.9)a = ((A)g(A4)) = sum(f(4) o g(4)) =

n

7

normalized in such a way that ||p;||% = p:(X\o). For instance, since

d

tr(A") = n(A" T)a =D m(A)AL,

=0
the two first predistance polynomials are py(z) = 1 and p;(z) = %;'13, with k = L3 k(z)
being the average degree of I, see also Lemma 1.1. (It is known that £ < A with equality if and

only if I' is regular, see for instance Brouwer and Haemers [2].) Moreover, the value of the highest
degree polynomial p, at Ay can be computed from sp [ as

d

-1
2

=0

where ¢; = H#i()\i —Aj),i=0,...,d(see [11]).
The predistance matrices Py, P, . . ., P, are then defined by P, = p;(A) fori =0,1,...,d. By
[3, Prop. 2.2], there exist numbers «;, (;, and ; such that

PPj(= PP)=pi-1Pi1 + aiPi+ v Piy1 fori=0,...,d,

where P = P, Py = P;,; = 0,7 = 1, and o = 0. Also, it can be shown that the polynomial
par1(x) = (x — ag)pa(z) — Ba—1ps—1(x) is a scalar multiple of the minimal polynomial of A.
Hence, pg.1(A) = 0, and the distinct eigenvalues of I" are precisely the zeros of pgy1.

The above names come from the fact that, if I is a distance-regular graph, then the p;’s and P;’s
correspond to the well-known distance polynomials and distance matrices A;, respectively. In fact,
a known characterization states that I is distance-regular if and only if such polynomials satisfy
pi(A) = A; forevery i = 1,..., D; see, for instance, [7]. Moreover, in this case, D = d. If we
do not impose that the degree of each polynomial coincide with its subindex, then it can be D < d
and the graph is called distance-polynomial, a concept introduced by Weichsel [13].

In fact, if D = d, the first author, Garriga, and Yebra [10] proved the following.

Proposition 1.1. A regular graph I" with diameter D and d + 1 distinct eigenvalues is distance-
regular if and only if D = d and its highest degree predistance polynomial satisfies ps(A) = Ag.
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From the predistance polynomials, we also consider their sums ¢; = pg + -+ + p; for v =
0,...,d, which satisfy 1 = qy(Xo) < ¢1(No) < -+ < qa(No) = |X|, with g; = H being the
Hoffman polynomial that characterizes the regularity of I" by the equality H(A) = J, the all-1
matrix (see Hoffman [12]). Notice that ¢;(A\o) = ||gi(Xo)[|4 fori =0, ..., d.

We also recall that the Laplacian matrix of I' is the matrix L = K — A, where K =
diag(k(z1),...,k(z,)), where z; € X fori = 1,...,n. The Laplacian spectrum of I" is sp, I" =
spL = {6 g7 g7 with 6y = 0 < 6, < --- < 6,. In particular, since T is con-
nected, my = 1, and the eigenvalue 0 has eigenvector j, the all-1 vector. As in the case of the
adjacency spectrum, we can define the Laplacian predistance polynomials ry,r1,...,rq as the
sequence of orthogonal polynomials with respect to the scalar product

1 1 1
(g1 = —te(f(L)g(L)) = —sum(f(L)og(L)) =~

n

normalized in such a way that ||r;||2 = r;(0). The following result gives the first two Laplacian
predistance polynomials.

Lemma 1.1. Let T be a graph with Laplacian matrix L = K — A. Let k2 be the average of the
square degrees of I'. Then

(1) ro(x) = 1.
Proof. We only need to prove (ii). By using the method of Gram-Schmidt, we first find a polyno-

mial ¢(x) orthogonal to o = 1. That is, t(z) = z — <\T1:ZTI>2LL ro(x), where

1 1 — 1
(v, 70) = —tr(L) =~ d k(x)=k and  |rol} = —u(I”) = 1.

n
zeX

Now, r1(z) = at(z), where « is a constant to be determined by the normalization condition

|r1]|z = 71(0), which gives o = ”tt(ﬁg . Moreover,
L
- 1 — 1 — _ _
1t = llz— k7 = —tr([K — A= kI]*) = —te(K* + A* + (k)°T — 2K A — 2kK + 2kA)
n n
1 1 — —1 — - _
- > k(x)? + - > k(z) + (k) 2k~ D k(z) =R+ k+ (k) —2(k)
zeX zeX zeX
= B+k— (k)

Then, from 7 (z) = |T§|O) t(z) we get the result. O

Also, as in the case of the predistance polynomials p;’s, we have

d 2 -1
ra(0) =n (; ey W) , 3)
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with ¢; = H#i(ei —0;),i=0,...,d(see [3]).
The analogue of Proposition 1.1, for not necessarily regular graphs, was proved by Van Dam
and the first author in [5].

Proposition 1.2. A graph I" with Laplacian matrix L, d + 1 distinct Laplacian eigenvalues, and
diameter D is distance-regular if and only if D = d and its highest degree Laplacian predistance
polynomial satisfies r4(L) = Aq.

In fact, the regularity of I" is already implied by the equation (L) = A, as shown in the
following lemma.

Lemma 1.2. Let I" be a graph with adjacency and Laplacian matrices A and L, respectively, and
Laplacian predistance polynomial r1. Then, T is k-regular if and only if r1(L) = A.

Proof. From the Cauchy-Schwartz inequality,

F= S ka2 (% > k(a:)) ~ (Y,

zeV zeV

with equality if and only if T is k-regular. In this case, Lemma 1.1(i7) becomes 71 (x) = k — x and,
hence, (L) = kI — (kI —A) = A. Conversely, if 1 (L) = r (K —A) = A, Lemma 1.1(4i) yields
. _

A= m([/ — kI) and, by equating coefficients, we get m = —1, whence A2 = (k)?,

I" is k-regular, and K = k1. (Alternatively, note that L — kI can have zero diagonal if every entry
on the diagonal of L equals £.) ]

In this context, we also consider the sum polynomials s; = rg + ---+r; fori =0, ..., d, with
H; = s, being a Hoffman-like polynomial satisfying H(L) = J (independently of whether I is
regular or not). For more details, see [5].

In our results we use the following simple result.

Lemma 1.3. Let I = (X, F) be a graph with adjacency matrix A and Laplacian matrix L. Given
avertex x € X and a polynomial p € Ry [t],

(1) If T is k-regular; then Y, p(A)zy = p(k).
(1i) For any T, we have ZyeX (L) sy = p(0).

Proof. (i) Since I is k-regular, (k,j) is an eigenpair of A and, hence, p(A)j = p(k)j. Then, the
result follows by considering the 2" component of both vectors. Case (i7) is proved in the same
way by considering that (0, j) is an eigenpair of L. O
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2. A version of the spectral excess theorem

The spectral excess theorem, due to Fiol and Garriga [11], states that a regular (connected)
graph I' = (X, E) is distance-regular if and only if its spectral excess (a number which can be
computed from the spectrum of I') equals its average excess k4 (the mean of the numbers of vertices
at maximum distance from every vertex). More precisely, the spectral excess is the value of py(\g)
given in (2), and k; = ‘71| > sex ka(z). Then, the theorem reads as follows:

Theorem 2.1 (The spectral excess theorem). A connected regular graph on n vertices, with
adjacency matrix A and d + 1 distinct eigenvalues, is distance-regular if and only if

d -1
ka = pa(Xo) n(zm ) ;

where m; = [[,; |\i — Nl fori=0,1,...,d.

For short proofs, see Van Dam [4], and Fiol, Gago, Garriga [9].

In this section we find a possible solution to the problem of deciding whether, from the ad-
jacency spectrum of a (regular) graph I' = (X, F) and the harmonic (or arithmetic) mean of the
numbers (| X| — |I'p(z)|)zex, we can decide that Ap is a polynomial in A. To be more precise,
we provide a characterization of when Ap € span{pg(A),...,ps(A)}, where the p.s are the pre-
distance polynomials.

Before proving the main result, note that, for any € X and any matrix indexed by the vertices
of I', C' € Matx(R), the Cauchy-Schwartz inequality yields

2

S@) I Y = Y G

y€T'p(x) y€T'p(x) y&€l'p(z)

That is,
2

1
Cry)’ > o — Coy | > “)
2 Ol 2 R | 2 O
y#I'p(z) y¢l'p(z)
and equality holds if and only if all the values of C,,, are the same for all y & I'p(z).

Theorem 2.2. Let I" = (X, E) be a connected k-regular graph, with adjacency matrix A having
d + 1 distinct eigenvalues, diameter D, and predistance polynomials {p;}_,. Then,

RY .
5 —— > qpa(k) = 1 X] =Y pik), )
i=D

2€X | X[=|T'p(z)|

with equality if and only if Ap = Z?:D pi(A).
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Proof. We just adjust the proof of [4, Lemma 1], together with Lemma 1.3 and (4). Recalling that
dp-1= Y15 Pi» we have that
1 1
qul(k) = <QD717QD71>A = mtr<QD71(A)2) = m Z (qul(A)2)x:p

zeX
1 , 1 1
= mz > (ap-1(A)y) Z@Zm > apa(A)
z€X yeT'p(z) zeX p y¢I'p(z)

1 1 2
X IEZX X[ = [Tp@)] lap—1(K)]",

(notice that, for the last equality, we used Lemma 1.3(7)), and this yields
| X]

1
2 vex XTI @

> qp-1(k).

Since | X| = Zf:o pi(k) = qp_1(k) + Zf:D pi(k), the inequality follows.

If equality holds, then for each x € X the values of ¢p_;1(A),, are the same, say «, for all
y ¢ I'p(z). Moreover, since A is symmetric, ¢p_1(A)y = ¢p—1(A)y, for any z € X and
y & I'p(z), so that gp_1(A),y = a for any z,y € X at distance less than D. Also, by Lemma
13(1), $yex 0-1(A)ay = @1 (k) = np 10, where np 1 = 273" [Di(a)] = |X| = [Tp ()] for
any r € X. Finally, from ||gp_1]|* = ¢p_1(k), we have

21 2 1, - 2
np_1e = |lgp-1[|* = EU(QDfl(A) ) = o sum (; Ai) =np-107,
where we have used (1). Then, & = 1 and gp_1(A),, = 1 for each pair of vertices = and y at
distance less than D — 1. Consequently, gp_1(A) = Zi 61 A; = J — Ap, which yields Ap =
ch‘l:D pi(A).
Conversely, assume that Zf:D pi(A) = Ap. Then, Apj = ZLD pi(k)j, and with |I'p(z)| =
Z?: p Di(k), the equality follows. O

As a simple consequence, notice that, if ' is a k-regular graph of diameter 2, then |X| —
ITo(z)] = 1+ k for any x € X. Besides, q1(k) = po(k) + p1(k) = 1 + k. Thus, equality in
Theorem 2.2 holds, and I' is distance polynomial, as already proved by Weichel in [13]. Another
consequence of Theorem 2.2 is the following corollary.

Corollary 2.1. Let I' = (X, E) be a connected k-regular graph on n vertices, with spectrum
spT’ = {No(= k)mQo) N\ /\ZI(’\d)}, diameter D, and predistance polynomials {p;}%_,.
Then the following holds.

(1) In general,

|XL| D_(IXI = [Poa)]) > 1X] = 3 pilh)

zeX
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with equality if and only if Ap = Z?:D pi(A).
(ii) If Ap € span{I, A, ..., A%} then

To(@) < > pilk).

(i) 1t S (X] = [P (@)]) = [X] = S pi(F) then Ap € span{1, A, .., A1),
(iv) The graph U is distance-regular if and only if D = d and

d

N ) = 1X] — pulh) = 1—<Z¢—3> ©

1 9
2 reX TRI=Ta@)] 7 mid;

or, alternatively,

d 5\ *
%Z(IXI — Tp(@)]) = pa(k) = n (Z m;j&) , (7)

zeX =0

where ¢; = [[,.;(X\i — Aj), fori=0,....d

Proof. (i) Let aq, as, ..., a, be real numbers. Recall that the numbers
A =8TRT Ty M= " .
n a + E —|— e _|_ E
are the arithmetic and harmonic mean for the numbers a4, as, ..., a,, respectively, and we have
AM > HM. Equality occurs if and only if a; = a3 = -+ = a,. Now, the result of (i) follows
from Theorem 2.2. The proofs of (i) and (i7i) are immediate from (), or from Theorem 2.2. For
instance, under the hypothesis of (i), there exist constants co, . . ., cq such that Ap = Z?:o c; Al

Thus, as I" has the k-eigenvector j, we have that |I'p(z)| = (Apj). = Zj:o c;k' for every x €
X (a constant), and (¢) gives the result. The results in (iv) correspond to different versions of
the spectral excess theorem given in [4, 7] and [11], respectively. Thus, (6) is a consequence of
Theorem 2.2 and Proposition 1.1, whereas (7) follows from Theorem 2.2 and (7). In these two
cases, we also used | X| = n and (2). O

3. The Laplacian approach

Theorem 3.1. Let I' = (X, E) be a connected graph with d + 1 distinct eigenvalues, diameter D,
and Laplacian predistance polynomials {r;}¢_,. Then,

d
X
X i > sp-1(0) = |X| = Zri(0>’ ®)
2 eeX T Tp @] Py

with equality if and only if Ap = Z?:D ri(L). Moreover, in this case, if D = 2, ' is regular.
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Proof. The proof follows the same line of reasoning as in Theorem 2.2 with the polynomial sp_
instead of qp_1. Thus, we have:

1 1
sp-1(0) = llspilli = tr(sp-1(L)*) = 757 D (5p-1(L) s
LT x| 2
2
1 , 1 1
"2, 2 e e e 2 e | 2
zeX ygT'p(z) zeX PV lyero@)

1 1 )
= ¥ 2 TG O

and this yields
d

— > spa(0) = [X[ =) ri(0).

ZfﬁGX | X[=IT'p ()] i=D

RY

If equality holds, then for each x the values of sp_;(L),, are the same, say o, forall y ¢ I'p(z).
Moreover, since L is symmetric, sp_1(L),, = sp_1(L),, for any z and y ¢ I'p(x). Also, by
Lemma 1.3(ii), Y, cx $p-1(L)zy = sp-1(0) = np_1a, where np_; = Zf:f)l |T; ()| for every
r € X. Finally, from ||sp_1|> = sp_1(0), we have

D-1
1 1
np-1a = [sp-al = gtf(SDfl(L)Q) = 5042511“1 (Z Ai) = np_10”,
i=0

so that « = 1. Thatis, sp_;(L),, = 1 for each pair of vertices x and y at distance less than D — 1.
Consequently, sp_1(L) = J— Ap, which yields Ap = Zf: p 7i(L). In particular, if equality holds
and D = 2, we have [ + A = s;(L) = ro(L) + (L) = I + ry(L). Thus, r1(L) = A and, by
Lemma 1.2, T is regular.

Conversely, assume that > (L) = Ap. Then, Apj = 3%, 7:(0), and with |T'p(z)| =
S°%  ri(k), and the equality follows. O

From this theorem, we obtain the analogous results of Corollary 2.1()-(iv). In particular, the
analogue of (iv) yields the following characterization of distance-regularity for a (not necessarily
regular) graph.

Corollary 3.1. Let I' = (X, E) be a graph on n vertices, with Laplacian matrix L, Laplacian

spectrum sp L = {0y(= 0)™(%) 9;”(01), o 921(0(1) }, diameter D, and Laplacian predistance poly-
nomials {r;}¢_,. Then, T is distance-regular if and only if D = d and
x| N AN
=54.1(0) = |X| —r4(0) =n |1 - ( —°> : ©)
> eex RITTT@) ; m(0:)7

where 1); = H#i(@- —0;) fori=0,...,d
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Proof. Use Theorem 2.2, Proposition 1.2, and (3). []

Also, as in Corollary 2.1(iv), the above result implies the characterization given in [5] by using
the arithmetic mean of the numbers | X| — |I'y(z)|.)

4. Open problems

We finish the paper by formulating some open problems which could be of interest in further
studies.

In the first problem we are interested in algebraic and combinatorial properties of graphs for
which Ap can be written as a sum of predistance polynomials.

Research problem 1. According to Corollary 2.1(iv), if d = D and equality in (5) holds, then T’
is distance-regular. Classify all graphs for which equality in (5) holds.

In the second problem we are interested in properties of walk-regular graphs for which D < d.

Research problem 2. Let ' = (X, E) be a walk-regular graph (that is, for each { > 0, the number
of closed walks of length { from a vertex x to itself is the same for each x) with diameter D and
d + 1 distinct eigenvalues. Assume that D < d. Prove or disprove that

Tp(x)| <pa(k)  VaeX.
More generally, prove or disprove the same when I is a regular graph.

In the third problem we are interested in studying families of graphs for which the vector space
generated by the adjacency matrix is closed with respect to ordinary and element-wise (Hadamard)
multiplication.

Research problem 3. Let ' = (X, E) be a graph with diameter D, adjacency matrix A, and d+ 1
distinct eigenvalues. Let fy, f1, ..., fq be linearly independent polynomials satisfying Z?:o fi(A) =
J, where f;, fori =0,...,d, does not need to be of degree i. Find under what conditions on such
polynomials we can obtain a version of the spectral excess theorem for quotient polynomial graphs.
(For a definition of quotient polynomial graphs, see [8]).
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