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Abstract

A signed Roman dominating function on the digraph D is a function f : V(D) — {—1, 1,2} such
that 0, y-p, f(u) = 1forevery v € V(D), where N~ [v] consists of v and all inner neighbors of
v, and every vertex u € V(D) for which f(u) = —1 has an inner neighbor v for which f(v) = 2.
Aset {f1, fa, ..., fa} of distinct signed Roman dominating functions on D with the property that
Zle fi(v) < 1foreach v € V(D), is called a signed Roman dominating family (of functions) on
D. The maximum number of functions in a signed Roman dominating family on D is the signed
Roman domatic number of D, denoted by dyr(D). In this paper we initiate the study of signed
Roman domatic number in digraphs and we present some sharp bounds for dsz(D). In addition, we
determine the signed Roman domatic number of some digraphs. Some of our results are extensions
of well-known properties of the signed Roman domatic number of graphs.
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1. Introduction

In this paper we continue the study of Roman dominating functions in graphs and digraphs. Let
G be a finite and simple graph with vertex set V' (G), and let N¢[v] = N|[v] be the closed neigh-
borhood of the vertex v. A signed Roman dominating function (SRDF) on a graph G is defined in
[1] as a function f : V(G) — {—1,1,2} such that 3y, f(z) = 1 foreachv € V(G), and
every vertex u € V(D) for which f(u) = —1 is adjacent to a vertex v with f(v) = 2. The weight
of an SRDF f is the value w(f) = >~ cy(g) f(v). The signed Roman domination number v;r(G)
of G is the minimum weight of an SRDF on G. A set {f1, f2, ..., fa} of distinct signed Roman
dominating functions on GG with the property that Z?:l fi(v) < 1 foreach v € V(G), is called
a signed Roman dominating family (of functions) on G. The maximum number of functions in a
signed Roman dominating family (SRD family) on G is the signed Roman domatic number of G,
denoted by d;g(G). This parameter was introduced and investigated in [4].

Let D be a finite and simple digraph with vertex set V' = V(D) and arc set A = A(D).
The order |V| of D is denoted by n = n(D), and the size |A| is denoted by m = m(D).
For an arc (z,y) € A(D), the vertex y is an out-neighbor of = and x is an in-neighbor of y,
we also say that z dominates y and y is dominated by x. We write dj,(v) = d*(v) for the
out-degree of a vertex v and dj,(v) = d~(v) for its in-degree. The minimum and maximum
in-degree are 6~ (D) = §~ and A~ (D) = A~ and the minimum and maximum out-degree are
dT(D) = 0% and AT(D) = A*. The sets Ny(v) = N~ (v) = {z|(xz,v) € A(D)} and
Nf(v) = Nt(v) = {z|(v,z) € A(D)} are called the in-neighborhood and out-neighborhood
of the vertex v. Likewise, Njj[v] = NT[v] = NT(v) U {v} and N;[v] = N~ [v] = N~ (v) U {v}.
If X C V(D), then D[X] is the subdigraph induced by X. A digraph D is r-in-regular when
0~ (D) = A~ (D) = r and r-out-regular when §(D) = A*(D) = r. If D is r-in-regular and
r-out-regular, then D is called r-regular. The associated digraph G* of a graph G is the digraph
obtained from G’ when each edge e of G is replaced by two oppositely oriented arcs with the same
end as e. For a real-valued function f : V(D) — R, the weight of fis w(f) = > cy(p) f(v),
and for S C V(D), we define f(S) = > ¢ f(v),sow(f) = f(V(D)). Consult Haynes, Hedet-
niemi and Slater [2, 3] for notation and terminology which are not defined here.

A signed Roman dominating function (SRDF) on a digraph D is defined in [5] as a function
f V(D) — {-1,1,2} such that f(N~[v]) = > - f(2) > 1 foreach v € V(D), and
such that every vertex v € V(D) for which f(u) = —1 has an in-neighbor v for which f(v) = 2.
The weight of an SRDF f is the value w(f) = >, cy(p) f(v). The signed Roman domination
number of a digraph D, denoted by 7z(D), equals the minimum weight of an SRDF on D. A
vsr(D)-function is a signed Roman dominating function of D with weight v,z(D). A signed Ro-
man dominating function f : V(D) — {—1,1,2} can be represented by the ordered partition
(Vo1, Vi, Vo) (or (VI Vi, Vi) to refer f) of V(D), where V; = {v € V(D) | f(v) = i}. In this
representation, its weight is w(f) = |Vi| + 2|Va| — [V_4].

Aset {f1, fo,..., fa} of distinct signed Roman dominating functions on D with the property
that Z?Zl fi(v) < 1foreachv € V(D), is called a signed Roman dominating family (of functions)
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on D). The maximum number of functions in a signed Roman dominating family (SRD family) on
D is the signed Roman domatic number of D, denoted by dsg(D). The signed Roman domatic
number is well-defined and

dsr(D) = 1 ey
for all digraphs D, since the set consisting of the SRDF with constant value 1 forms an SRD family
on D.

Our purpose in this paper is to initiate the study of signed Roman domatic number in digraphs.
We study basic properties and bounds for the signed Roman domatic number of a digraph. In
addition, we determine the signed Roman domatic number of some classes of digraphs. Some of
our results are extensions of well-known properties of the signed Roman domatic number d,z(G)
of graphs G.

We make use of the following results in this paper.

Proposition A. ([4]) If K, is the complete graph of order n > 1, then dsr(K,,) = n, unless n = 3
in which case dsr(K,,) = 1.

Proposition B. (/5]) If K is the complete digraph of order n > 1, then vsz(K) = 1, unless
n = 3 in which case sz (K}) = 2.

Proposition C. (/5]) Let D be a digraph of order n > 1. Then y,z(D) < n, with equality if and
only if D is the disjoint union of isolated vertices and oriented triangles C's.

Proposition D. ([5]) If D is an r-out-regular digraph of order n with » > 1, then v,z(D) >
n/(r+1).

Proposition E. (/5]) Let C,, be an oriented cycle of order n > 2. Then ,z(C,,) = n/2 when n is
even and vsz(C,,) = (n + 3)/2 when n is odd.

Proposition F. ([5]) Let K, be the complete bipartite digraph of order n = 2p > 2. Then
Vsr(K71) = 17sr(K3,) = 3 and ,r(K} ) = 4 when p > 3.

Since N.[v] = Ng[v] for each v € V(G) = V(G*), the following useful observation is valid.

Observation 1.1. If G* is the associated digraph of a graph G, then v,z(G*) = ~sg(G) and
dsr(G*) = dsr(Q).

Using Observation 1.1 and Proposition A, we obtain the signed Roman domatic number of
complete digraphs.

Corollary 1.1. If K is the complete digraph of order n > 1, then d;z(K ) = n, unless n = 3 in
which case dsg(K) = 1.
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2. Properties of the signed Roman domatic number

In this section we present basic properties of dsg(D) and sharp bounds on the signed Roman
domatic number of a digraph.

Theorem 2.1. For every digraph D,
dsgr(D) <6 (D) + 1.

Moreover, if d;g(D) = 6~ (D) + 1, then for each SRD family {fi, fo,..., fa} on D with d =
dsr(D) and each vertex v of minimum in-degree, 3, y-(, fi(u) = 1 for each function f; and

Zle fi(u) = 1forallu € N~ [v].

Proof. Let {f1, fa,..., fa} be an SRD family on D such that d = d;gz(D). Assume that v is a
vertex of minimum in-degree 6~ (D). It is easy to see that

d<z Z fiwy= > Zfl < > 1=6(D)+1

=1 ueN— ueN~[v] =1 uEN*[U]

Thus dsg(D) < 6 (D) + 1.
If dsgp(D) = 6~ (D) + 1, then the two inequalities occurring in the proof become equalities.

Hence for the SRD family {fi, f2,..., fa} on D and for each vertex v of minimum in-degree,
Y uen-[v Ji(u) = 1 for each function f; and S filu) =1forallu € N~[u]. O

Inequality (1) and Theorem 2.1 imply the next result immediately.
Corollary 2.1. If D consists of isolated vertices or D is an oriented path, then d;gz(D) = 1.

A leaf of a graph G is a vertex of degree 1, while a support vertex of G is a vertex adjacent to
a leaf. The set of leaves incident to a support vertex v is denoted by L,,.

Proposition 2.1. If G has a support vertex v of degree at least two with |L,| > (2deg(v) + 2)/3,
then dsg(G*) = 1.

Proof. It follows from Theorem 2.1 that d;z(G*) < 2. Suppose to the contrary that dsr(G*) = 2
and assume that { f, fo} is an SRD family on G*. Let L, = {uy,...,ux}. Theorem 2.1 implies
that fi(v) + f2(v) = 1. Since f;(x) € {—1,1,2} for each j and each vertex =, we deduce that
fi(v) = =1 and fo(v) =2 or f1(v) = 2 and fo(v) = —1. Assume, without loss of generality, that
fi(v) = —1and f5(v) = 2. By Theorem 2.1, we must have fo(u;) + fo(v) = 1 foreach 1 <i < k
and therefore f5(u;) = —1 foreach 1 < i < k. Since |L,| > (2deg(v) + 2)/3, we obtain the
contradiction 1 < 37 -, f2(z) < 0. Thus dsp(G*) = 1. O

Corollary 2.2. Forn > 2, d,r(K7,) = 1.
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Theorem 2.2. If D is a digraph of order n, then
Ysr(D) - dsr(D) < n.

Moreover, if ysg(D) - dsg(D) = n, then for each SRD family {fi, fo,..., fa} on D with d =
dsr(D), each function f; is a sz (D)-function and Zle fi(v) =1forallv € V(D).

Proof. Let{fi, fa,..., fa} be an SRD family on D such that d = d (D) and letv € V(D). Then

d"VsR(D>:Z%R Z Z fz Z Zfl < Z 1=n.

1=1 veV (D) veV (D) =1 veV (D)

If vsg(D) - dsg(D) = n, then the two inequalities occurring in the proof become equalities.
Hence for the SRD family {fi, f2,..., fa} on D and for each 4, 3 () fi(v) = sr(D). Thus

each function f; is a y;r(D)-function, and Z?:l fi(v) =1forallv € V(D). O

The next result follows immediately from Theorem 2.2 and Proposition C, and it demonstrates
that Theorem 2.2 is sharp.

Corollary 2.3. Let D be a digraph of order n > 1. Then vsz(D) = n and dsg(D) = 1 if and only
if D consists of the disjoint union of isolated vertices and oriented triangles Cs.

Applying Proposition E and Theorems 2.1 and 2.2, we obtain the signed Roman domatic num-
ber for oriented cycles.

Corollary 2.4. Let C,, be an oriented cycle of length n > 2. Then dsg(C,,) = 1 when n is odd and
dsr(Cy) = 2 when n is even.

Proof. First let n be odd. Using Proposition E and Theorem 2.2, we deduce that

n 2n
dsr(C,) < = 2
r(Cn) vsr(Crn)  m+3 <

and thus d;z(C,,) = 1.

Now let n = 2p be even, and let C,, = ujv1ugvs ... uyv,u;. Define the functions f; :
V(C,) — {—-1,1,2} by fi(u;) = —1 and fi(v;) = 2 and fo(u;) = 2 and fo(v;) = —1 for
1 <4 < p. Then f; and f, are SRDF such that f;(z) + fa(x) = 1 for each vertex = € V(C,,).
Therefore dsg(C),) > 2. It follows from Theorem 2.1 that ds(C),) < 2, and so dsg(C,,) = 2 when
n 1s even. [l

Theorem 2.3. Let p > 4 be an even integer. Then d,z(K ;) = 5 when p # 6.

Proof. According to Theorem 2.2 and Proposition F, we have

2
der(K:,) < P

’YSR(K )

N3
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for p > 3.

Assume first that p = 6t 4 4 for an integer ¢t > 0. Let {uy, vy, ug, Vg, ..., Ustso, Usio} and
{a1,b1,a2,bs, . .., azii0,b3ry2} be the partite sets of D = K . For 1 < i < 3t + 2 define the
function g; : V(D) — {—1,1,2} by

gi(u;) = gi(vi) = gi(uiz1) = Gi(vigy1) = ... = Gi(uti) = gi(Vargi) = —1,

g9i(a;) = gi(bi) = gi(air1) = gi(bir1) = ... = gilazers) = gi(bar+i) = —1

and g;(x) = 2 otherwise, where the indices are taken modulo p/2 = 3t + 2. Then g; is an SRDF
on D for 1 < i < 3t + 2 such that 37 g;(x) = 1 for each vertex = € V(D). Therefore
{91, 92, - - -, g3r42} is a signed Roman dominating family on K . It follows that d,pr(K; ) >
3t +2 = & and thus d,r(K}; ) = &.

Assume second that p = 6t for an integer ¢ > 2. Now let {uy, vy, us, v, ..., ug,vs } and
{a1,b1,a2,bs, ..., as;, by} be the partite sets of D = K . For 1 <4 < 3t define the function
gi: V(D) — {—1,1,2} by

9i(ui) = gi(vi) = gi(uir1) = gi(viy1) = ... = gi(u—i) = gi(var—i) = —1,

gi(ai) = gi(bi) = gi(ai—f—l) = gi(bz’—f—l) =...= gi(a%—i) = gi(th—i) = -1,
9i(Uner1-i) = Gi(Varr1-i) = gi(Unero—i) = Gi(Varra—i) = 1,
Gi(a2t+1—i) = Gi(baut1-:) = gi(agr2—i) = gi(baryo—i) =1

and g;(z) = 2 otherwise, where the indices are taken modulo p/2 = 3t. Then g, is an SRDF on
D for 1 < i < 3tsuch 322 gi(z) = 1 for each vertex € V(D). Therefore {g1, g, - - ., gs}
is a signed Roman dominating family on K . It follows that d,z(K} ) > 3t = £ and thus
dsR(K* ) = g

Assume third that p = 6t + 2 for an integer t > 1. Let {uy, vy, us, vg, ..., Ussy1, Usesr  and
{a1,b1,a2,bs, ..., a1, b341} be the partite sets of D = K . For 1 < i < 3t + 1 define the

function g; : V(D) — {—1,1,2} by

gz(uz) = gi(%) = gi(ui+1> = gi(Uz‘H) =... = gi(“ztﬂﬂ') = gi<v2t+17i) = -1,
gi(ai) = gi(bi) = gi(az’Jrl) = gi<bi+1> == gi(a2t+17i) = gz(b2t+1 z) = -1,
gi(u2t+2—z’) = gi<U2t+2—i) = gi(a2t+2—i) = gi<b2t+2 z)
and ¢;(z) = 2 otherwise, where the indices are taken modulo p/2 = 3¢ + 1. Then g; is an

SRDF on D for 1 < i < 3t + 1 such 32" g;(x) = 1 for each vertex x € V(D). Therefore
191,92, - -, 9341} is a signed Roman dominating family on K . It follows that d,r(K; ) >
[

3t +1 = & and thus d,r(K}; ) = &.

Theorem 2.3 is a further example which shows that Theorem 2.2 is sharp.
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Theorem 2.4. If D is a digraph of order n > 1, then
Ysr(D) + dsp(D) <n+1 (2)

with equality if and only if D = K (n # 3) or D consists of the disjoint union of isolated vertices
and oriented triangles.

Proof. 1t follows from Theorem 2.2 that

n

’YsR(D) + dsR(D) < m

According to inequality (1) and Theorem 2.1, we have 1 < dsg(D) < n. Using these bounds,
and the fact that the function g(x) = x + n/x is decreasing for 1 < = < y/n and increasing for
v/n < x < n, the last inequality leads to the desired bound immediately.

If D = K} (n # 3) then we deduce from Proposition B and Corollary 1.1 that v;z(D) +
dsg(D) = n—+ 1. If D consists of the disjoint union of isolated vertices and oriented triangles, then
it follows from Proposition C and (1) that y;z(D) + dsg(D) > n+ 1 and thus sz (D) + dsg(D) =
n+ 1by (2).

Conversely, let equality hold in (2). It follows from (3) that

n+1:fYSR(D)+dsR(D)S +dsR(D)Sn+]—,

n
dsr(D)
which implies that v;z(D) = n and dsg(D) = 1 or dsgr(D) = n and ysg(D) = 1. If vg(D) = n,
then Proposition C shows that D consists of the disjoint union of isolated vertices and oriented
triangles. If dsr(G) = n and ysg(D) = 1, then Theorem 2.1 implies that (D) = n — 1 and

hence D is a complete digraph K. Since also ysz(D) = 1, we conclude from Proposition B that
n # 3 and hence D = K (n # 3). O

The complement D of a digraph D is the digraph with vertex set V(D) such that for any two
distinct vertices u, v the arc (u, v) belongs to D if and only if (u, v) does not belong to D. As an
application of Theorems 2.1, we will prove the following Nordhaus-Gaddum type result.

Theorem 2.5. For every digraph D of order n,

dsr(D) + dsg(D) <n+ 1. “4)

Furthermore, if d;z(D) + dsg(D) = n + 1, then D is in-regular.
Proof. Since 6~ (D) = n — 1 — A=(D), it follows from Theorem 2.1 that

(D)+1)+ (07 (D)+1)
“D)+1)+(n—1-A"(D)+1)<n+1.

dsR(D)_l_dsR(E) < (
=

If D is not in-regular, then A~ (D) —§~ (D) > 1, and hence the above inequality chain implies

the better bound dsz(D) + dsg(D) < n. O

o
)
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Using Observation 1.1, Theorems 2.1, 2.2, 2.4 or 2.5, we obtain the next known results.

Corollary 2.5. ([4]) Let G be a graph of order n. Then dsg(G) < (G) + 1, vsr(G) - dsr(G) < n,

Ysr(G) + dsr(G) < n+1and dp(G) + dsr(G) < n+ 1.
For some out-regular graphs we will improve the upper bound given in Theorem 2.1.

Theorem 2.6. Let D be an r-out-regular digraph of order n such that » > 1. If n £ 0 (mod (r +
1)), then dsg(D) <.

Proof. Since n # 0 (mod (r + 1)), we deduce that n = p(r + 1) + ¢ with integers p > 1 and
1<t<r.Let{fi, f2 ..., fa} be an SRD family on D such that d = dsz(D). It follows that

d d

Zw(fz’) = ZZfz(v) = ZZ]”Z(U) < Zl =n.

Proposition D implies w(f;) > vsr(D) > p + 1 foreachi € {1,2,...,d}. If we suppose to the
contrary that d > r + 1, then the above inequality chain leads to the contradiction

nZZw(fi)2d(p+1)2(r+1)(P+1):p(r+1)—|—r—|—1>n.

Thus d < r, and the proof is complete. 0

Corollary 1.1 demonstrates that Theorem 2.6 is not valid in general when n = 0 (mod (r+1)).
As an application of Theorem 2.6, we improve Theorem 2.5 for r-regular digraphs.

Theorem 2.7. Let D be an r-regular digraph of order n. Then dsg(D) + dsg(D) = n + 1 if and
onlyif D = K} or D = K and n # 3.

Proof. If n # 3and D = K or D = K, then Corollaries 1.1 and 2.1 lead to dyg(D) + dsr(D) =
n+ 1.

Conversely, assume that d,z(D) + dyg(D) = n + 1. Since D is r-regular, Dis(n—1—r7)-
regular. If r =0 orr =n — 1, then D = K, or D = K, and we obtain the desired result.

Next assume that 1 <r <n—2and1 < §(D) =n—1—r < n—2. We assume, without loss
of generality, that » < (n — 1)/2. If n £ 0 (mod (r + 1)), then it follows from Theorems 2.1 and
2.6 that

n+1=dsg(D)+dsg(D) <5 (D)+ (6 (D)+1)=r+(n—1—r+1)=n,

a contradiction. Next assume that n = 0 (mod (r + 1)). Then n = p(r + 1) with an integer p > 2.
If n # 0 (mod (n — 7)), then it follows from Theorems 2.1 and 2.6 that

n+1=dp(D)+dsg(D)<(r+1)+(n—1—7r)=n,

a contradiction. Therefore assume that n = 0 (mod (n — r)). Then n = ¢(n — r) with an integer
g > 2. Since r < (n — 1) /2, this leads to the contradiction

-1 1
2 2

and the proof is complete. 0

nzq(n—r)Zq(n—
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Corollary 2.6. If T’ is a tournament of odd order n > 3, then dsz(7T") + dsg(T) < n — 1.

Proof. If T is an r-regular tournament, then 7 is also an r-regular tournament such thatn = 2r+1.
Therefore it follows from Theorem 2.6 that dsp(T') + dsp(T) <7 +7=n— 1.
Assume now that 7 is not regular. Then §~(7') < (n —3)/2and 6~ (T") < (n — 3)/2, and we

deduce from Theorem 2.1 that

dyp(T) + dyp(T) < (6~(T) +1) + (6~(T) + 1) < <”;1) + (”_ 1) =n—1
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