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Abstract

We construct new families of integral graphs by considering complete products, unions and point
identifications of complete graphs and complete bipartite graphs. In particular, we find a relation
between arithmetic series and the integrality of complete products.
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1. Introduction

The notion of an integral graph, that is, a graph having integral eigenvalues only, was first
introduced by Harary and Schwenk [5] in 1973/74. All graphs considered in this paper are simple,
i.e. undirected and without loops or multiple edges. The quest of characterizing all integral graphs
seems to be a challenging project. There are several infinite families of integral graphs known
(cf. [5, 4,7, 6, 1]), but they appear rarely compared to the huge number of graphs at all. Thus,
there is still no satisfying answer to Harary’s and Schwenk’s question ‘Which graphs have integral
spectra?’. Wang et. al. [6, 7] and also Hansen et. al. [4] introduced new families of integral graphs
by combining common examples of integral graphs, like complete graphs or complete bipartite
graphs. Let G; = (Vi, Ey) and Gy = (Vh, E») be two graphs, then the union G; U Gy of Gy
and G5 is the graph with vertex set V) U V5 and edge set £y U F5. The notion a(; is short for
the a-folded union GGy UG, U...UG;. In the following we write v ~ w for adjacent vertices
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v and w. The direct product G; x G5 is the graph with vertex set V; x V5 and two vertices
(v1,v2), (v, vh) € Vi X V5 are adjacent in Gy x G if and only if v; ~ v} in G; and vy ~ v} in Go.
The graph GG, denotes the cartesian product of GGy and GGy and consists of vertices V; x V5
where two vertices (v, v2), (v], vh) € Vi x V5 are adjacent in G1JG, if and only if either v; = v]
and vy ~ v} or v; ~ v} and vy = v). Note that if G; and G, are integral graphs, then the graphs
G1 U Gy, G X G and GG, are integral, too, and if, in addition, G; and G are regular, then
also the respective complement graphs G, and G, are integral. A proof for this can be found in [2].

In this paper, we construct new families of integral graphs by considering the following two
products:

Definition 1.1. Let G; = (V4, Ey) and Gy = (V3, Es) be two graphs, then the complete product
G1 V(G5 has vertex set V; U V5 and vy and vy are adjacent in G1 VG, if and only if either v; € V;
and vy € V5 or v; and v, are adjacent in G or Gs.

Definition 1.2. Let G; = (V3, Fy) and Gy = (V4, Ey) be two graphs and let v; € Vy, vg € V5.
Then the point identification GG, ® G5 arises from setting v; = vs.

The graph obtained by applying a point identification a-times to the same graph G and the
same vertex of (G is denoted by Ge.

Note that these two products are not closed under integrality. However, the following lemma
stated by Hansen et. al. [4] characterizes all complete products of regular graphs with integral
eigenvalues:

Lemma 1.1. For ¢ = 1,2 let G; be regular graphs of degree r; with n; vertices. The complete
product G{V G4 is an integral graph if and only if both, G| and G, are integral graphs and there
exists k € 7 such that the integrality condition

ning = k(k +ry — o) (D
holds.

In Section 2 we construct new families of integral graphs by considering complete products
satisfying Lemma 1.1. In particular, we study families of integral graphs of the form G;VaG5 and
provide relations between the parameter a and some arithmetic series. In Section 3 we investigate
point identifications of integral graphs such as complete graphs and complete bipartite graphs. We
also find new families of integral graphs of the form Km,ng. Throughout the paper, K, ,, denotes
a complete bipartite graphs with bipartitions of order m and n, K, denotes a complete graph of
order n, and G — v denotes the graph obtained by deleting the vertex v of GG and all its adjacent
edges.

2. Integral complete products and airthmetic series

Lemma 1.1 provides a nice characterization of integral complete products of regular graphs.
However, it is not easy to find families of such graphs satisfying Equation (1). Some examples are
stated in the following theorem:
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Theorem 2.1. Every graph of any of the infinite families K{V (2n — 3)K,,_1, KoVnK, 5 and
K,V((m —1)(n—1))K, is integral.

Proof. We show that each graph of these families satisfy the respective integrality condition. Since
all graphs are complete products of integral regular graphs, our statement therefore follows from
Lemma 1.1.

Every graph of the first family K,V (2n — 3)K,,_; = ann.— ? satisfies the integrality condition

(2n—=3)(n—1) =k(k+ (n—2))

fork=n—-1¢Z.
The graph K is regular of degree one with two vertices and nf,, 5 is regular of degree n — 3 with
n(n — 2) vertices. Thus, the integrality condition of Ko VnK, 5 is

2n(n —2) = k(k + (n —4))

and indeed holds for k = n € Z.
Similarly, we can see that the integrality condition of K,,,V((m — 1)(n — 1)) K, is

mm—1)(n—1n=kk+(m—-1)—(n—1)).
This equation has integer solutions k = mn —m and kK = n — mn. O

This theorem motivates the question, for which a € N the graph K,,Vak, is integral. Some
notable observations are stated in the next result, which is also a consequence of Lemma 1.1.

Theorem 2.2. Let a,b € N. Furthermore, let H be an integral regular graph and G, and G5 be
regular graphs.

1. The graph HV aH is integral if and only if a is a square.
2. The graph G\NaG, is integral if and only if the graph GoVa(G is integral.
3. The graph aGVbG, is integral if and only if the graph G,V abGs is integral.

Proof. The integrality condition for HVaH is a|H|* = k*. Therefore, the first statement follows
from Lemma 1.1. If G; or G5 is non-integral, then by Lemma 1.1 neither G; VaGs nor GoVaGy is
integral. On the other hand, if both graphs, G; and G5, are integral, G; VaGs and G2 Va(G satisfy
the same integrality condition since k(k + (1 — 12)) = —k(—k + (r2 — 71)). This implies the
second statement and the third statement follows easily from the second one. 0

Besides this symmetry aspect, we also found that for fixed n, m € N the parameters a € N, for
which the graphs K,,VaK,, are integral, form some arithmetic series. The next theorem provides
several new infinite families of integral graphs:
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Theorem 2.3. Let p,q,r,t,u,n € N and

Sp = Zai with a; =1+ (i — 1)2n,

S = Zb with by = (2n — 1) + (i — 1)2n,
Sy = ZCZ' with ¢; =1+ (i — 1)n,

s¢ = Zdi with d; = (n—1)+ (i — 1)n,

Sy = Zei with e; = =54 (i — 1)24.

Then, every graph of any of the families K1V s,K,,, K1V s,K,,, KsV's,. K, KoV s K, and K3V (6+
su) Ky is integral.

Proof. We observe that

p
. 2+ (p—1)2
=30 (1 = 12m) = p P g

i=1

By Lemma 1.1, the graph K,V s, K, is integral if and only if there exists k € Z such that ns, =
n*p?* —n?p+np = k(k — (n—1)) holds. Indeed, this is true for k& = pn. The remaining cases can
be proven analogously. [

In view of the latter theorem and several computer experiments we conjecture the following:

Conjecture 1. Leta,m,n € Nand G = K,,VaK,. If G is integral, then there exists an arithmetic
series z+s, forp € Nand z € Z such that a € z+ s, and all graphs of the family K,V (z+s,) K,
are integral.

Given integral regular graphs GG1, G5 and H;, H,, the next theorem provides a relation between
the integrality of G;VaGy and H;VbH, for a,b € N.

Theorem 2.4. Let a € N and G, Gy be integral regular graphs of degree r and rs, respectively,
and let Hy, Hs be integral regular graphs of degree s, and ss, respectively. If

alG1||Gy|

€N,
| H,||Ho

§1—T1 =89 —19 and

then the graph GV aG is integral if and only if the graph

is integral.
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Proof. By Lemma 1.1, the graph G; VaG,, is integral if and only if there is k£ € Z with
a|Gh||Ga| = k(k + (r1 —72)). 2

Since 51 — 11 = s — 19, we have that r; — 79 = 51 — s and, therefore, Equation (2) is equivalent

to
alG1|]Gy|

Hi||Hs| = k(k —
|H1||H2|| 1|| 2| ( +(81 82))’

which equals the integrality condition of H 1V%H 2. [

Hence, the integrality of direct products G; VaGs can be verified by considering suitable com-
plete graphs K, K., in the sense that

a|G1|| G|

G1Va(Gy is integral <—= K,V
T2

K,, 1s integral.

The following corollary provides some explicit examples:

Corollary 2.1. Let a,m,n € N.

1. The graph K,V (K, x K,) is integral if and only if K,, V2K, is integral.
2. The graphs
Kaan2Kn+1a Kaan(Kn—i—l X KQ)

and
K,,V(a(n+1))(K,0OK,)

are integral if and only if one of them is integral.
3. The graph EVKm,m is integral if and only if K2,V K., is integral.
4. The graph K, ,,Val,, ,, is integral if and only if K,,V4aK, is integral.

3. Constructions of integral graphs by point identifications

We now focus on point identifications in order to construct new families of integral graphs.

Lemma 3.1. Let G| and G4 be graphs and let v be a vertex of G1 and w be a vertex of G'5. Then
the point identification v = w yields the following characteristic polynomials:

L x(G10Gy, z) = X(G1, 2)x (G2 —w, 2) + X (G1 — v, 2)X (G2, ) —2x(G1 —v, 2) X (G2 —w, x)
2. X(Glg,x) = x""YG, —v,z)(ax(G1,z) — (a — Dax (G — v, x)).

Proof. A proof of the first statement can be found in the book by Cvetkovi¢ et. al. [3]. For the
proof of the second statement we use induction over a. For a = 2 we get

X(Gr e Gy, z) =2x(Gy,2)x(Gy — v, 2) — 2x*(G — v, 1)
= x(G1 —v,2)(2x(G1, 7)) — xx (G — v, x).
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For the induction step we use the equality (G, ® —v, z) = x*(G; — v, z) and, therefore, get

a+1

X(Gi e, 2)= X(Glg,w)x(Gl —v,z) + x(Gy . —0,2)X(G1, z)—

— zx(Gy o, z)x(G1 — v, x)

= (X*HG1 —v,2)(ax(Gy, x) = (a — 1)ax (G — v, 7))
x X(G1 —v,2) + X(G1 —v,2)x(G1, ) —
—ax*(Gy —v,2)x(G1 — v, )

= ¥ (G — v, 2)((a + DX(Gr, ) — arx(Gy — v,2)).

]

Starting with a complete graph /,,, we observe that K,® = K1VakK,_,. Thus, by Lemma 1.1
we can easily deduce the following corollary:

Corollary 3.1. The graph K, is integral if and only if there exists k € 7 such that a(n — 1) =
k(k+ (n—2)).

These families of graphs were already studied in Section 2. Therefore, a next step is to consider
graphs of the form K, e K, for m # n. But computer experiments showed that there is no integral
graph of this form for 1 < m,n < 50, and, moreover, not even an integral graph of the form
(K, e K,,) ® K, with 1 <1,m,n < 50. Since the search of integral graphs within these families
of graphs therefore seems to be a non-promising approach, we consider point identifications of
complete bipartite graphs next. In particular, we could prove the following:

Theorem 3.1. Let a,m,n € N. The graph Kmyng is integral if and only if (m—1)n and n(a+m—1)
are squares.

Proof. It is well-known that the characteristic polynomial x of a complete bipartite graph K, ,,
equals
m+n—2( 2

XK, ) = x° —mn).

Thus, together with Lemma 3.1, we get that

X(Km,n'a r) = Xail(Kmfl,nvx)(aX(Km,m r) — (a— 1>37X<Km71,n7 ))

= (" — (m = ) x
X (az™" (e = mn) — (a - >m+“-2<x2—<m—1>n>>
= (2 (g — 1))t

x (a(a® —mn) — (a —1)(a” — ( —1)n)).

Assuming all roots of y to be integers, (m — 1)n therefore has to be a square. In particular, the last
factor of  is zero if and only if 0 = 22 — n(a + m — 1). This implies the statement. O

With this theorem we again find new families of integral graphs:
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Corollary 3.2. Let a,m,n € N. Then, the following graphs are integral:

(n+1)2—n?
1. Kn2+17n2 [ ] y

(a2—1)n

2. Kn+l,n . ,

m—1)(a®—
3. K e it i = Dn e 7

In particular, this corollary shows that for every m,n € N with y/(m — 1)n € Z there exist
infinitely many integral graphs of the form K’ m,ng fora € N.
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