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Abstract

Given a simple graph G = (V, F') with maximum degree A. Let (14, V1, V2) be an ordered partition
of V,where V; = {v € V : f(v) =i} fori =0,1and V5 = {v € V : f(v) > 2}. A function
f:V —{0,1,...,[2]+1} is a strong Roman dominating function (StRDF) on G, if every v € Vj
has a neighbor w € V3 and f(w) > 1+ [3|N(w) N Vp|]. A function f: V — {0,1,...,[5] + 1}
is a unique response strong Roman function (URStRF), if w € Vj, then |[N(w) N V5| < 1 and
w € V4 U V; implies that [N (w) N V3| = 0. A function f : V — {0,1,...,[£] + 1} is a unique
response strong Roman dominating function (URStRDF) if it is both URStRF and StRDF. The
unique response strong Roman domination number of G, denoted by ug;r(G), is the minimum
weight of a unique response strong Roman dominating function. In this paper we approach the
problem of a Roman domination-type defensive strategy under multiple simultaneous attacks and
begin with the study of several mathematical properties of this invariant. We obtain several bounds
on such a parameter and give some realizability results for it. Moreover, for any tree 7" of order
n > 3 we prove the sharp bound ug;z(T") < %”.
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1. Introduction

The original study of Roman domination was motivated by the defense strategies of the Roman
Empire during the reign of Emperor Constantine the Great, 274-337 A.D. Emperor Constantine
had the requirement that an army or legion could be sent from its home to defend a neighboring
location only if there was a second army which would stay and protect the home. Thus, there are
two types of armies, stationary and mobile. Each vertex with no army must have a neighboring
vertex with a mobile army. Stationary armies then dominate their own vertices, and a vertex with
two armies is dominated by its stationary army, and its open neighborhood is dominated by the
mobile armies. This part of history of the Roman Empire gave rise to the mathematical concept of
Roman domination, as originally defined and discussed by Stewart [13] in 1999, and ReVelle and
Rosing [11] in 2000. The defensive strategy of Roman domination is based on the fact that every
place in which there is established a Roman legion (a label 1 in the Roman dominating function)
is able to protect itself from external attacks; and that every unsecured (i.e., weak) place (a label
0) must have at least a stronger neighbor (a label 2). In that way, if an unsecured place is attacked,
then the stronger neighbor can send it one of the two legions to defend it.

Two examples of Roman dominating functions are depicted in Figure 1.

0 0
0 0
0% /2\ 0
10 0

(@ (b)
Figure 1. Two Roman dominating functions.

Although these two functions (Figure 1) satisfy the conditions to be Roman dominating func-
tions, they correspond to two very different real situations. The unique strong place 2 in Figure 1(b)
must defend up to 8 unsecured locations from possible external attacks. However, in Figure 1(a),
the task of defending the unsecured locations is divided between several strong locations. These
observations have let us to pose the following question: how many weak locations/places can be
defended by a strong location occupied by two legions? Taking into account that a strong place
must leave one of its legions to defend itself, the situation depicted in Figure 1(b) does not seem
to be an efficient defensive strategy: the Roman domination strategy fails against a multiple attack
situation. If several simultaneous attacks to weak places occur, then a single stronger place will be
not able to defend its neighbors efficiently. With this motivation in mind, in [1] Alvarez-Ruiz et
al., introduced the concept of strong Roman dominating function. Then in other references such as
[2, 7,9, 15] the properties of this parameter have been studied.

Let G = (V, E) be a simple graph of order n = |V|, where V = V(G) and E = E(G). The
open neighborhood of a vertex v € V is the set N(v) = {u : wv € E(G)}. If S is a subset of V/,
then N(S) = UzesN(x), N[S] = UzesN[z] and the subgraph induced by S in G is denoted G[S].
Let £, be the set of all edges incident with a vertex v in G, thatis, F, = {uv € F(G) : u € N(v)}.
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The degree of a vertex v is dg(v) = deg(v) = |E,|. The minimum and maximum degree of G are
denoted by 0(G) = § and A(G) = A. A star S,, of order n > 2 is the complete bipartite graph
K ,—1. We call the center of a star to be a vertex of maximum degree. For two vertices v and v in
a connected graph G, the distance d(u, v) between u and v is the length of a shortest (u, v)-path in
GG. The maximum distance among all pairs of vertices of G is the diameter of (G, which is denoted
by diam(G). For notations and terminologies, are not herein, see [14]. For a real-valued function
f:V(G) = Rand S C V(G), we define f(S) = > .o f(2).

A set S C V is a dominating set of G if N[S| = V. The domination number ~(G) is the
minimum cardinality of a dominating set G. A set S C V(G) is a 2-packing set of G if for every
pair of vertices 2,y € S, N[x] N N[y] = (. For more details on domination in graphs see [4], and
for other domination parameters see [5, 8].

A Roman dominating function (RDF) on a graph G is a function f : V' — {0, 1,2} such that
every vertex u for which f(u) = 0 is adjacent to at least one vertex v with f(v) = 2. The weight of
a Roman dominating function is the sum w(f) = >, .., f(v), and the minimum weight of an RDF
of G is called the Roman domination number of G, denoted by vg(G), For further, see [6, 10].

From now on, if f : V' — {0,1,2,...} isafunctionon G, thenweletV; = {v € V : f(v) =i}
fori =0,1and Vo = {v € V : f(v) > 2}. A strong Roman dominating function (StRDF) on a
graph G is a function f : V — {0, 1,.. ., [%] + 1} such that if v € 1} for some v € V, then there
exists a vertex w € N (v) such that w € Va and f(w) > 1+ [5|N(w)NVp|]. The minimum weight
over all strong Roman dominating functions on G is called the strong Roman domination number
of G, denoted by vs;r(G). An independent strong Roman dominating function (IStRDF) of G is
an StRDF such that the set of all vertices assigned positive values is independent. The independent
strong Roman domination number ig;r(G) is the minimum weight of an IStRDF of G. an StRDF
of minimum weight is called a vg;zr(G)-function and likewise is;r(G)-function is defined. An
example of an StRDF and an IStRDF can be seen on the graph in Figure 1 (b), by assigning a 5 to
the vertex of maximum degree, a 1 to the vertex of degree 2 and a 0 to the remaining vertices.

In [12], Rubalcaba and Slater studied Roman domination influence of parameters in which the
interest is in dominating each vertex exactly once. The authors [12] also introduced the concept of
unique response Roman functions which we will adapt the definition for strong Roman functions
as follows: A function f : V — {0,1,..., [2] + 1} with the ordered partition (Vy, V1, Va) of V is
a unique response strong Roman function if w € Vy then |N(w)NVa| < 1and w € Vy UV, implies
that [N(w) N Va| = 0. A function f : V — {0,1,...,[2] + 1}, is a unique response strong
Roman dominating function, or just URStRDE, if it is a unique response strong Roman function
and a strong Roman dominating function. The unique response strong Roman domination number,
denoted by ugsir(G), is the minimum weight of a URStRDF of G.

It is worth mentioning that every graph has a unique response strong Roman dominating func-
tion since (0, V(G), 0) is such a function. Moreover, if f = (Vg, V1, V2) is a URStRDF on G, then
V5 1s a 2-packing set. In Figure 2, the black shaded pebble represents a stationary army and the
white shaded pebble represents a traveling army. It is easy to check that an attack on any weak
vertex of the graph will have three traveling army responding to the attacks.
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Figure 2. A unique response strong Roman dominating function.

2. Preliminary results

In this section, we give some results on the unique response strong Roman domination number
of graphs. Most of these results are straightforward and so we omit the proofs.

Observation 2.1. Ler f = (Vy, Vi, Va) be an StRDF of graph G. If Vs, is independent and no edge
of G joins Vy and Vs, then there is an IStRDF g of G such that w(g) < w(f).

Observation 2.2. If G has an is;g(G)-function f = (Viy, V1, V) such that N(x) N N(y) = 0 for
any pair x,y € Va, then usir(G) = isir(G).

Observation 2.3. If G is a graph belonging to {P,,, C,,, K,,, K, ,}, then is;r(G) = usir(G).
Observation 2.4. Forn > 3, us;r(K,) = [25%] +1and forn > m > 1, ugir(Knm) = [2] +m.

It is known that vz (F,) = vr(C,) = [2n/3] . Clearly any RDF on paths and cycles is strong.
Moreover, since paths and cycles have minimum RDF that are unique response, the following
result then is immediate.

Proposition 2.1. Forn > 3, ugir(P,) = usir(Cy) = [2n/3] .
The next result shows that the difference between ug:z(G) and sz (G) can be arbitrarily large.

Proposition 2.2. For every integer k > 2, there is a graph G = Gy, such that us;gr(G) —vsir(G) =

k.

Proof. Let k > 2 be an integer and let G, be a double star in which every support vertex is of
degree 2k + 1. It can be seen that ug;g(G) = 3k + 2, while v5;r(G) = 2k + 2. O
3. Bounds

We provide in this section some upper and lower bounds for the unique response strong Roman
domination number of a graph G in terms of maximum degree, minimum degree, the domination
number, the diameter and the order of GG. Obviously, every graph of order n, ugr(G) < n, with
equality if and only if each component of G has order at most two. Our next result improves the
previous upper bound.
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Theorem 3.1. For any graph G of order n, usir(G) < n — |5, and furthermore, this bound is
sharp for all graphs of order n with A(G) =n — 1.

Proof. Let v be a vertex of maximum degree, and consider the URStRDF f = (N(v), V(G) —
N[v],v), where v is assigned the value [$] + 1. Clearly, w(f) = n— A+ [2] = n— 2],
implying the desired bound. The sharpness of the upper bound may be seen for all graph G of

order n with A(G) =n — 1. Since we have,n — [§] = n — [%52] = [271] + 1. O

Corollary 3.1. If G is a graph of order n, then ug;r(G) = n if and only if A(G) < 1.
Proof. By pervious Theorem the proof is clear. 0

Theorem 3.2. Let G be a graph of order n and let v be a vertex of G with degree A. If ugir(G) =
n— |5, then d(z) < 1 for eachz € V(G) — N[N (v)].

Proof. Suppose, to the contrary, that there exists some vertex ©v € V(G) — N[N(v)] such that
d(u) > 2. Then the function f defined by f(v) = [£] + 1, f(u) = (@] + 1, f(z) = 0 for
x € N(v) UN(u) and f(x) = 1 otherwise, is a URStRDF on G, and so

usiwl(@) < 151+ 1)+ (1227 +3) 4 (0 — VD)) — N Tul)
— 51+ 0+ (W4 1)+ (0 - 2 - a(w) -~ 2)
—n - 51— 12,
<n-151-1,
a contradiction. [

We remark that the condition of Theorem 3.2 is not sufficient. For example, lett > s —1 > 3
and let G be the graph of order n (= s + t) obtained from a complete graph K and a star S;
with center v by deleting a edge u;us of K and joining v to u;. Then the function f defined by
flug) = [52] + 1, f(v) =[] + 1 and f(z) = 0 otherwise, is a URStRDF on G, and so

3
145141

usir(G) < ([
:(g
s+t o) - o] +1

—n 3] 15] 4

<n—L%J—1.

)+ (51 +1)
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Lemma 3.1. Let G be a graph with maximum degree A and let f = (Vy, V1, Va, .. ., V[%Hl) where
Vi={veV: flv)=1i, 0<i<[5]+1} be ausr(G)-function. Then

A A

Vol +2[Va] + ...+ [E—HV[%'HII > (51‘

Proof. Let z be a vertex with deg(z) = A. If f(z) = [£] + 1, then the inequality is clear. Now
we assume that f(x) € {0,1}. Let f(z) = 1 and let V! = V; N N(x). Then N(z) — V,} C V;. If
N(z)=V}=0and N(N(x))—{x} = {v1,vq,..., v}, then f(N[z]) = A+1and f(N(N(z))—
{z})U (Ui€ 1] N(v;) — N(x)) > k. Therefore in this case f is not a minimum URStRDF respected
to f(z) = [$] + 1. Now assume that N(z) — V! # (. Let N(z) N Vo = Ny U N, U... U Ny,
where NN, is the vertices in N (x) NV, with common neighbor v; and v; # x for 1 <i < k.

Let N(v;) — N(z) = 0. Then f(v;) > (%] +1landso f({z} UV UN(N(z)NVp)) >
L4 [V +k+ 305, (‘]\2”'] We show that f is not a minimum unique respond strong Roman
dominating function, respected to when f(z) = [§]+1, f(N(z)) = 0and f(N(N(z)) — {z}) =
k. It is well known that A < 3% |N;| + [V}!|. Therefore [2] < S°F 2] 4 (@W and
L+ [81+k<1+30 1(“\2["‘1 +k+ [@1 <1+ Zle[%] + k + |V.}|. Thus, if we assign

f(z)=[21+1, f(N(z)) = 0and f(u) = 1 for the vertex in N(N(z)) — z, then f({z} UN(z)U
(N(N(@)) — {2})) < b+ 81 +1 < 1+ X5, 1] 4+ V2],

Let N(v;) — N(x) # (0 for some 1 < i < k. Let M; = N(v;) — N(z). It is well known
that: If f(z) = 1 and f(N(z) — V,})) = 0, then we should have f(v;) = (ww + 1 and
f(N(v;) = N(2)) = 0. If f(z) = [£ 1 + land f(N(x)) =0, then f(v;) = 1 and for every vertex
u € N(v;) = N(x), f(u) <1 Assume that we use the URStRDF f where f(z) € {0,1}. There
are two cases.

Case 1. Let |[V!| < 3°F | [Mj|. Then S5 (INi| + [M;]) > S50 [Ni| +[V;}| > A and so
Zle (%1 > [4]. So the result holds.

Case 2. Let [V'| > 31 |M,|. Since S-F , [N;| + [Vi}| > A, hence YF |]\2[i| 3 Mgil +
[V 2§+ 300 [Mi]. Therefore 3707 [T + b+ 1+ [V 2 [31+ 14k + 37, [Mil.
This means that in this case f is not a minimum URStRDEF, respected to when f(z) = (%1 + 1,
f(N(x)) = 0and f(N(N(z)) — {=}) = kand f(UL, N(v;) — N(JE)) < Y |Mil.

Let f(x) = 0. Then at least one vertex of N(z) isin Vo U... U V[ 141- Now using similar
proof in case of f(z) = 1 we can show that f(N(z) UN(N(z))) > [£]. These show that, we can
always use the URStRDF function that assigns the vertex x with deg( ) = A the value [ 1+ 1.
Therefore, in any case

)
nd
0.

A

ol

as desired. O]

A
Val +20Val + -+ [ 51 Vigal 2 1

Theorem 3.3. If G is a connected graph with A(G) > 1, then us;r(G) > v(G) + [£], and this
bound is sharp.

Proof. Clearly, n > 2 since A(G) > 1. If n = 2, then v(G) = 1 and ugir(G) =2 =v(G) + 1 =
v(G) + [£]. Hence, let n > 3. Then A > 2, since G is connected. Consider an ug;r(G)-function
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f=MV0 V1, Ve, Viagy), where Vi = {v € V'« f(v) = i} forevery i € {0,1,.. ., 21+ 1}
Vol +2|V| + -+ + (%HV(%HJ > [4]. Therefore

By Lemma 3.1,
A
usir(G) = [Vi| +2|Vo| + -+ + ([51 + 1)|V(%1+1| =

A
VAl +Val 4o+ [Visyal + Vol + 21Va] 4 + [ 11Via

A
>(G) + [5].
For sharpness, let G be a star K5 ,_; or complete graph ,, where n > 2. Then v(G) = 1 and
51 = %54 and usir(G) = 1+ [%54] = () + [4]. N

The next result gives a characterization of connected graphs attaining equality in the lower
bound of Theorem 3.3.

Theorem 3.4. Let G be a connected graph of order n with A(G) > 1. Then ugr(G) = 7(G)+[5]
if and only if G has a vertex of degree n — v(Q).

Proof. Suppose that G has a vertex v with degree deg(v) = n — v(G). By Theorem 3.1,

usw(@) < n— A+ [5] <n— (=) + 5]

and the equality follows from Theorem 3.3.
Conversely, assume that ugr(G) = ¥(G) + [2] and let f = (Vo, V4, Va, ..., Viagy) bea
ug;g-function for G. It follows that

A A
V(@) + 5] =usin(G) = Vil +2Va| + -+ (5] + DIViagu
A
= il Vel + - 4 [Vispl + Vol + 2[Va] £ -+ [S11Vigg
A
> () + Vol +2[Vs| + -+ [5 11V,

and therefore 7(G) = |Vi|+ Vo] + -+ |Viay | and [Vol +2|Vs] + -+ (5D (Vjagial) = [3].
Now using Lemma 3.1 and its proof, we have |V} 2 +1| > 0. Therefore we deduce |V5| = V3| =
_—. \V(%ﬂ = 0 and ]V[%Hll = 1. Consequently, 7(G) + [5] = usir(G) = [Vi| + ([5] + 1),
and so |V;| = v(G) — 1. Hence |V;| = n—~(G). Since every vertex of V4 is adjacent to the unique
vertex of V;a1,,, say v, and no vertex of V; is adjacent to v, we deduce that deg(v) = n—y(G). O

Theorem 3.5. Let G be a graph of order n. If G has a ugr-function f = (Vo, Vi, Vo, ..., V(%]H)

E n
such that Vi = (), then ug;r(G) < ([2!:11)

, and this bound is sharp.
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Proof. Let f = (Vo, Vi, Vs, ..., Vf%]—f—l) be a ug:p-function of G with V; = (). Then for every
vertex v € V' — V{, we have f(z) € V; fori > 2. Hence, if we have z € V such that deg(z) = A,
we may at most assign label [£] + 1 to the vertex z and label 0 to its neighbors. Thus we have

A
f(Nz]) = [$] + 1. Therefore we conclude ug;r(G) < [Zflln The sharpness of the bound

may be seen for the star K ,_1 where n > 2. Clearly, ugr(G) = [251] +1 = % lf n. Also
the sharpness of the bound may be seen for the other family of graphs as follows. Let G; and
G be stars K 9, where m > 1 such that G is obtained from (7 and G2 where one of leaves of
G is adjacent to one of leaves of G5. Then n = |V(G)| = 4m + 2, ugir(G) = 2(m + 1) and

_ _ _ (1214
A(G) = 2m. Therefore usip(G) = 2(m + 1) = ~Z5—. O

Theorem 3.6. Let G be a graph of order n with A > 1. If k = min{ f(v) : f = (Vo, V1, V2, ..., V[%]—H)

is a usip-function and v € V. — (Vo U V1) }, then ugip(G) > A’“_ﬁl, and this bound is sharp.

Proof. Let f = (Vo, V1, Vs, .. ->V[%1+1) be a ugg-function of G. Since |Vy| < A(|Vi| + -+ +
[Viaq44]) and [V1] < 2|Vi|, we have
2

k= k(|Vol + [Vl + Vil + -+ [Viagal)
A
SEAWR o+ AlVisyal + VAl + Vil + - 4 [Viag )
= AVi| + (A + D (kVi| + -+ k[Via )

A
— (A + DGVl + KIVAL+ -+ kY g

Moreover, since -2+ |Vi| + k|Vi| + -+ + E[Viaral < usir(G), we deduce that kn < (A +

At
1)us:r(G) yielding the desired bound. The sharpness of the bound may be seen for the star K ,,—;
with n > 2. Clearly, k = [251] + 1 and ug;r(G) = [“51] +1 = 22%;. O

Theorem 3.7. If G is a nontrivial connected graph, then

[51
usir(G) = min{» (i +1)|S;| +|V(G) — N[S]| : S = US; is a 2-packing set}.
1

>

%

Proof. Let f = (Vb, .. - Via 141) be a ugg-function of G. Since V' — (V5 U V1) is a 2-packing, let

S; = Vz—i—h 1<i< [%} Observe that V; = V' — N[S]. It follows that us:g(G) > min{2|S| +
3G+ ...+ ([§]+ D[S, |—|—|V NI[S]| : S = US; is a 2-packing}.

[971+1

On the other hand, let D = V3 U -+ U V2, be a 2-packing of G such that Z i|\Vi] +
|V(G) — N[D]| is minimum. Then f = (N(D),V(G) — N[D], D) is a URStRDF, 1mp1y1ng that
usir(G) < w(f) and the equality follows. O
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Theorem 3.8. Let G be a connected graph with diam(G) > 3, then

diam(G) — 1

usir(G) <mn—| 3 |

Furthermore, this bound is sharp for paths Psy. o with k > 0.

Proof. Letdiam(G) = d = 3m+t for some integers m > land ¢t € {0,1,2}. Let P = yoy1 - - - Yq
be a diametral path in G, and let f : V(P) — {0, 1,2} be a URStRDF defined on P by assigning
a 2 to every vertex in Vo = {yo,¥s3,...,Ysm}, @ 0 to N(V3) and a 1 to the remaining vertices
of P. Note that V5 is a 2-packing set of P as well as of G. Define now a function g : V —
{0,1,...,[2] + 1} by g(z) = f(z) for z € V(P) and g( ) = 1 otherwise. We also define a
function h : V — {0,1,...,[£] + 1} by h(y;) = [dG )] 4 1 for every i € {0,3,...,3m},
h(xz) = 0 for every x € N(y;) such thati € {0,3,... 3m} and h(y) = g(y) for any remaining
vertex y. Clearly, h is a URStRDF on GG and we have w(h) < w(g) < f(P) +n — (Diam(G) +
1). Thus w(h) < w + n — Diam(G) — 1. Finally, by simple calculations we have
UStR(G) < W(h) < 3n—dia;n(G)+1 —n— diamgG)—l <n— Ldiam(gG)—lj.

For sharpness, let G be a path Py, o with k£ > 0. Then ug;zr(G) = vsir(G) = [%’"‘1 = (2(3?2)] =
2k + 2. On the other hand, we have n = 3k + 2, diam(G) = 3k + 1. Thus, n — L%J =
3k 42— 3] =2k + 2. O

Recall that a vertex v € S is said to have a private neighbor with respect to the set .S if there
exists a vertex w € N(v) N (V —S) for which N(w) NS = {v}. Let pn[v, S] denote the set of
private neighbors of v with respect to the set .S.

Theorem 3.9. If G is a graph with A(G) > 3, then

1-

(Z.StR(G

)=
51+

— o[>

: A

usir(G) < isir(G) + (A(G) - (Ew -1

Proof. Let G be a graph with A(G) > 3. If igir(G) > ugir(G), then since igir(G) > [%} +1,
the inequality holds. Hence, we assume that ig;z(G) < ugr(G), and let f = (V{/, V/, V) be an
isir(G)-function. Then there exist two vertices z; and y; € V3 such that N(z;) N N (y1) # 0, for

otherwise, by Observation 2.2, is;r(G) = ugir(G), a contradiction. Without loss of generality, we
assume that dg(x1) < dg(y1). It follows that the function f; defined by

fi= v v = (Vi \ o, Vi), Vi Upn(e, Vi) U {an 3,V ).

is an StRDF such that V5 is independent, where no edge of GG joins Vlf ! and VQf '. By Observation
2.1, there is an IStRDF ¢; = (V§', V"', VJ") of G with weight at most w(f;). Now using the

facts that [pn(z1, V)| < da(m) — 1 (since N(z1) 1 N(yn) # ) and dg(eq)—[%520] — 1 <
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A(G) = [4] — 1, we obtain

() <w(f) — (197 1 1) 1 4 o, )|
<isir(G) + dc(xl)—[dG(Qxl)w -1
<ign(@) + () ) BOZTEIZD

[21+1

Thereafter, if V3" is not a 2-packing, then there must exist two vertices x5 and y, € V3" with
N(z2) N N(yq) # (). As above, we can define a function f, and so on. Clearly, with this process
we can get an ISRDF g, = (V% V% V) of G for some integer k < |V;/| — 1 such that V*
VS
is a 2-packing set yielding ugs;r(G) < igir(G) + |V[dc<x1>1+1|(f%1 + 1)%&:11 4o
2 2
dg (@ AG)-[51-1
(IVsgw | = DI + 1)

dg(l’l)
|V[@]+1‘((T—‘ + 1) +ot ‘V’—%‘|+l‘(’7

we deduced that

. Moreover, since

da(wy)
2

14+ 1) <isir(G)

istr(G) — [
[31+

This completes the proof. 0

1-1

— o[>

uStR(G) S iStR(G> + (

The following corollaries are immediate consequences of Theorem 3.9 and Observation 2.2.
Corollary 3.2. If G is a graph with maximum degree three, then ugr(G) < isir(G).
Corollary 3.3. If G is a cubic graph, then ug;r(G) < isir(G).

4. URStRDF of trees

In this section, we show that for any tree 7' of order n > 3, ugir(T) < %" and then we
characterize some extremal trees which attain this upper bound. We now need to introduce some
terminologies and notations. A vertex of degree one is called a leaf and its neighbor is called a
support vertex. We denote the set of all leaves adjacent to support vertex v, by L,. Forr,s > 1,
a double star S(r, s) is a tree with exactly two vertices that are not leaves, with one adjacent to
r leaves and the other to s leaves. A rooted graph is a graph in which one vertex is labeled in a
special way so as to distinguish it from other vertices. The special vertex is called the root of the
graph. For a vertex v in a rooted tree 7', let C'(v) denote the set of children of v, D(v) denote the
set of descendants of v and D[v] = D(v) |[J{v}. Also, we denote the depth of v, by depth(v) that
is the most length distance from v to a vertex in D(v). The maximal subtree at v is the subtree of
T induced by D(v) | J{v}, and is denoted by 7.

Now, we present a result on the unique response strong Roman domination number of double
stars. Let T = S(r, s) be a double star. For s = 1 = 2, ugr(T) = 5 = 2. Here we characterise
the ug;z(T") of any double star 7.
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Observation 4.1. Let r, s be integers with 1 < r < s and s # 2 or r # 2. Then any double star
T = S(r,s) ofordern =1+ s+ 2, ugir(T) < L%”J and equality holds if and only if one of the
following cases is satisfied.

(i)r=sands € {1,3,4,5,6,7,8,10,12}, or

(ii)r=s—1lands € {2,3,4,5,6,8,10}, or

(iiiyr =s—2and s € {3,4,6,8}, or

(ivyr=s—3ands € {4,6}.

Proof. Let u,v be two support vertices of 7" such that deg(u) = r + 1 and deg(v) = s + 1. We
define URStRDF function f on V/(T) as follows: f(v) = 1+ [=], f(u) =0, f(x) = 0 for every
vertex x adjacent to v and f(y) = 1 for every vertex y adjacent to u. Then w(f) =1+ [%W + .

Now there are two cases. Let s be odd. Then w(f) = =+ < |2(s + 1 +2)].

Let sbe evenand s # 2,7 # 2. Then w(f) = 2% < |2(s +r 4 2)]. A simple calculation
shows that each condition of (i)-(iv) yields uggr(S(r,s)) = L%"J Now suppose that for 7' =
S(r, s), we have ug(S(r, s)) = [ %]. We consider some cases.

Casel. Letr = s.

Let s be an odd integers. Then =
[358] = s+ 1+ |22 ] and then 531 = 255 ] = =HL 4
the odd integers in {1, 3,5, 7}.

Let s be an even integer. Then 25 = [1(2s + 2)]. Therefore 24 = [=4] + 355 Thus

|5t] = 0 and s is one of the even i2ntegers in {4,6,8,10,12}. h

Case 2. Letr =s — 1.
Let s be an odd integer. Then 221 = L4(2S5+I)J = s+ = + =53 | Thus |52 | = 0and s € {3,5}
since the value 1 for s is not acceptable
Letr = s— 1. Let s be an even integer. Then 352 = [225HU | — 54 |52 4 o2 | Thys 22| = ()
and s € {2,4,6,8,10}.

Case 3. Letr = s — 2.
Let s be an odd integer. Then 25+ = | %8| = s 4 [ 5% 4 &£2]. Thus [22] = 0 and s € {3} since
the value 1 for s is not acceptable.
Let r = s — 2. Let s be an even integer. Then % = %] = 2 4 | %] Thus 5] = 0 and
s € {4, 6,8} since the value 1 for s is not acceptable.

Cased. Letr =s — 3.
Let s be an odd integer. Then 22 = [8=2] = 33 4 || Thus |57| = 0 and s cannot
achieve any odd integer, since the value 1 for s is not acceptable
Let = s — 3. Let s be an even integer. Then 352 = [ 3] = 32 4 |=2| Thus [%X2] = 0 and
s € {4, 6} since the value 2 for s is not acceptable

Let 7 = s — k where 4 < k < s — 1. In this case ugr(S(r,s)) = 22=2k for odd s and
usir(S(r, s)) = 2222k for even s. On the other hand |1 (n)] = [1(2s — k +2)| = L%Hg)j.

Let s be an odd mteger. Then | 3=248) | — | stli2k | 4 35322k Gjnce | > 4, | $H142E | >,

Let s be an even integer. Then | 3=+ | — | s=d42k | | 35*3 2k " Since k > 4, and value 4 for s is
not acceptable | ==12£ | > 1,

Therefore, for any Value of s other than of value stated in the parts (1)-(iv) ug;r(S(r, s)) < L% (n)]
where n =1 + s + 2. O

Wrtst2) | Therefore 252 =

542r43 L
2 . 5
|£tL]. Thus |#| = 0 and s is one of
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The proof of Observation 4.1, ug:x(S(r, s)), and definition of ig;z(G) we deduce:
Corollary 4.1. is;r(S(r, s)) = usir(S(r, s)) for positive integers r, s where r < s.

The following sharp bound is the main result in this section, where we bound the unique re-
sponse strong Roman domination number of trees in terms of their orders.

Theorem 4.1. If T is a tree of order n > 3, then ug;r(T) < %”.

Proof. By induction on the order of 7" we prove the theorem. Clearly, theorem holds for all trees
of order n < 5. Let n > 6 and for every tree 1" of order at least 3 and less than n the result is
true. Let 7' be a tree of order n > 6. If Diam(T") = 2, then T is a star, which yields ug;r(T") =
L+ ["5= 1] < 8 If Diam(T) = 3, then T is a double star and the result follows from Observation
4.1. Thus, we can assume that Diam(7) > 4. But in Observation 9 we have seen for the infinite
number of natural numbers 7 and the infinite number of trees 7" of order n, ug;r(T) < %". Now we
will continue to prove the Theorem for every tree 7" such that |7'| = n, with the help of backward
induction. Suppose for any tree T of order n > 3, we have ig;r(T) < %”. Now let 7" be an
arbitrary tree of order n — 1. Also, we take the diametral path P = vyv; ... v; of among diametral
paths in 7" so that t = degr(v;) is the maximum. We put s = deg(v,). Now we have four cases.
Case 1. ¢ is an even number.

In this case we put 7' = 7" | J{u} such thatu € N (vl) Under the assumption of induction, for this
tree T, there exists a URStRDF f such that w(f) < <. But we must have f(u) = 0 or f(u) =
If f(u) = 1 then we have f(v;) = 0or f(vy) = 1. If f(vl) = 0, then for any x € L,,, f(z) =
and f(vy) = [§] + 1. So if we define the URSIRDF f’ on 7" by f’(x) = f(x) for every vertex

x € V(T"), then we conclude w(f') = w(f) —1 < 8 — 1 = 8n29 = 8o bol o Scl) gy
f(v1) = 1 then similarly, the assertion of the proposition is proved.
Now if f(u) = 0, then we must have f(v;) = [£1] + 1. So we define URStRDF f’ on T" by

f'(v1) = [5] + 1 and for the other vertices of z, f'(z) = f(z). Since t + 1 is an odd number

then we have w(f’) = w(f) — 1 < ( L Similarly, if the vertices vy, vs, . . ., vj_1 are of an even
degree, the proof is complete in the same way. Therefore, it can be assumed that the vertices of
V1, V2, Vs, ..., V;—1 are of odd degrees.

Case 2. t is an odd number and s > 3. Then we have two following cases.

Case 2.1. The vertex vy has an adjacent vertex, such as u, which is either a leaf or an end-
support of even degree. If u € N(v,) is a leaf, then we put 7' = 7" [ J{w'} such that w’ € N(u) is
a leaf. If f(w') = 0, then we must have f(u) = 2, f(v2) =0, f(v;) = 1 and for any z € N(v),
f(z) = 1. Now we define URSIRDF f" on T" by f'(u) = 1, f'(v2) = 0, f'(v1) = [§] + 1,
for any © € N(vy), f'(z) = 0 and for the other vertices of z € V(T"), f'(z) = f(z). So, we
have w(f') < w(f) —1 < S”Tl). If f(w') =1, then f(u) = 0or f(u) = 1. If f(u) =0
then f(vy) = [5] + 1 So we can define URStRDF f’ on 7" by f'(z) = f(z) which we have
w(f) <w(f)—1 < 22U 1f f(u) = 1, then similarly, the assertion of the proposition is proved.
If u € N(vy) is an end- support of even degree, then we put 7' = 7" | J{w’} such that w’ € N(u)
is a leaf. If f(w') = 0, then we must have f(u) = (%1 + 1. Now we define the function
G on T by letting g(u) = 1, g(v1) = [£] 4+ 1 and for any 2 € N(v;), g(x) = 0 and for any
y € N(u) — {v2}, g(y) = 1. Thus we have w(g) < w(f). We define f' on 7" by f'(z) = g(z) for
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any z € V(T"). Hence, we have w(f') <w(g) — 1 <w(f) —1< (" 8(n-l)
If f(w') = 1, then similarly, the assertion of the proposition is proved

Case 2.2. The vertex v, has not an adjacent vertex which is either a leaf or an end-support of
even degree. Therefore, each neighboring end-support from vertex v, will be of an odd degree. We
have two following cases.

Case 2.2.1. t > s. We put 7' = T" | J{u, v, u"} such that P; = u'uu” is a three vertex path
and the vertex v is connected to vertex vo. If f(vy) = [£] 4 1 then we have f(v;) = 0 and
f(u) = f(u') = f(u"”) = 1. Now we define the function f’ on 7" by f’(z) = f(z). Hence, we
have w(f') = w(f) — 3 < 222 3 = Sntl6=27 _ Sncll _ 8(n-l)3 - 8l
If f(v1) = 0, then f(vg) = 0 or f(vg) = 1 or f(vz) = [5] + 1. If f(vy) = 1, then there exists
w € L, such that f(w) = 2. In this case we must have f(u) = f(u') = f(u”) = 1. Hence,
similar to the previous one, the result is achieved. If f(vy) = 0, then there exist w € L,, and
x € N(vg) such that f(w) = 2 and f(v) = [9¢] + 1. Since, s + 1 > 4 then we can suppose
x # u. Thus, we have f(u) = f(u') = f(v”) = 1. Hence, similar to the previous one, the result
is achieved. Finally, if f(vs) = [231] + 1, then we have f(v;) = 0 = f(vs) and for any z € L,,,
f(z) = 1. Now we define URStRDF g on T by letting g(v2) = 0, g(v1) = [5§] 4+ 1, g(v3) =1
and for any y € L,, and for any z € N(ve) — {v1,v3} g(y) = 0, g(2) = 1. Clearly, we have
w(g) < w(f) < 8("+2) Now we define URStRDF [’ on T" by f'(z) = g(z). Thus, we have
w(f) =w(f)—3< (n+2) _ 3= 8n+196 27 _ Sn 11 _ 8(n 91) < 8(n9 1)

Case 2.2.2. t < s. We put degus = . If t > s', then s’ < s. In thls case, we suppose that
T =T |J{u, v, u"} such that P; = w/uu” is a three vertex path and the vertex u is connected to
vertex v3. Now we continue the argument in the same way as before. But if ¢ < &', then we put
T" =T J{u} such thatu € N(vy). Thus, f(v1) = 0or f(v;) = 1. Now we continue the argument
in the same way as before.

This completes the proof. ]

Theorem 4.2. If T' is a tree of order n > 3, then, isr(T) < %".

Proof. We prove this theorem by induction on n > 3. Clearly, the theorem holds for all trees of
order n < 5. By the inductive hypothesis, let n > 6 and suppose that for every tree 7' of order at
least 3 and less than n the result is true. Let T° be a tree of order n > 6. If Diam(7T") = 2, then 7' is
a star, which yields igr(T) = 1+ [25+] < 5. If Diam(T) = 3, then T is a double star and the
result follows from pervious lemma. Thus, we can assume that Diam(T') > 4. For a subtree 1"
with n’ > 3, the induction hypothesis yields a IStRDF f” of 7" with weight at most ST”/. We shall
find a subtree 7” such that adding a bit more weight to f’ will yield a small enough IStRDF f for
T'. We take the diametral path P = vgv; . .. v; of among diametral paths in 7" so that ¢t = degy(v)
is the maximum. Also, suppose that among paths with this property we choose a path such that
|L,,| is as large as possible. Root T at v.

If t = 3, s = deg(vy), s = 3 and the vertex vy has only one neighboring support vertex of
degree three, for example u, except for vertex v;. We put 77 = T' — T,,. Therefore, the induction
hypothesis yields a IStRDF f’ of 7" weight at most %"/. Now we define a function f on 7" by
f(u) = f(vy) = 3, forany x € N(vy), f(x) = 0, for every y € N(u), f(y) = 0 and for every

. n/ 8(77,77) _ n— n
other vertex z, f(z) = f'(z). So, we have w(f) < w(f)+6 < ¥ +6 < =2 46 = 82 < %,
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Thus, for every n > 3 and for any tree 1" of order n such that the tree 7" applies to the conditions
of the previous state, we have ig;z(7) < %". Now we will continue to prove the theorem for every
tree 1" such that |7'| = n, with the help of backward induction. Suppose for any tree 7" of order
n > 3, we have igr(T) < %”. Now let 7" be an arbitrary tree of order n — 1. Also, we take
the diametral path P = wvgv; ...v; of among diametral paths in 7" so that t = degr(v;) is the
maximum. We put s = deg(vs). Now we have four cases.

Case 1. ¢ is an even number. In this case we put 7' = 7" J{u} such that u € N (vl) Under
the assumption of induction, for this tree T, there exists a IStRDF f such that w(f) < 2. But we
must have f(u) = 0 or f(u) = 1. If f(u) = 1, then we have f(v;) = 0 and for any r € Ly,
f(z) = 1and f(v2) = [5] + 1. So if we define the IStRDF f’ on 7" by f'(x) = f(z) for every
vertex « € V(T"), then we conclude w(f’) = w(f) —1 < & —1 = 32 — 8n— 1) L < 8(" b,
Now if f(u) = 0, then we must have f(v;) = [5*] + 1. So we define IS(RDF f’ on T by
f'(v1) = [£] + 1 and for the other vertices of z, f’(z) = f(z). Since t 4 1 is an odd number

then we have w(f') = w(f) — 1 < w. Similarly, if the vertices vq, vs, . .., v;—1 are of an even
degree, the proof is complete in the same way. Therefore, it can be assumed that the vertices of
V1, Vg, U3, ..., v;_1 are of odd degrees.

Case 2. t is an odd number and s > 3. Then we have two following cases. Case 2.1.
The vertex v, has an adjacent vertex, such as u, which is either a leaf or an end-support of even
degree. If u € N(vy) is a leaf, then we put T = T’ J{w'} such that w’ € N(u) is a leaf. If
f(v2) = 0, then we must have f(u) = 2, f(w’) = 0 and f(v;) = [5] + 1. Now we define
IStRDF f’ on 7" by f’( ) = 1 and for the other vertices of z € V(T"), f'(x) = f(x). So, we have
w(f) =w(f) —1 < 2D 1f f(vy) = [5] + 1, then we must have f(u) = 0 and f(w') = 1. We
define IStRDF f’ on 7" by f'(u) = 0 and for the other vertices of z € V(T"), f'(z) = f(z). So,
we have w(f') =w(f) —1 < 8(” Y If u € N(vy) is an end-support of even degree, then we put
T =T J{w'} such that w’ € N ( ) is a leaf. Now the proof is complete in the same way.

Case 2.2. The vertex v, has not an adjacent vertex which is either a leaf or an end-support of
even degree. Therefore, each neighboring end-support from vertex v, will be of an odd degree. We
have two following cases.

Case 2.2.1. t > 5. We put T = T" | J{u, v'} such that u,uw € N(vg) are leaves. If f(vy) = 0,
then we must have f(v;) = [£] + 1 and f(u) = f(u/) = 0. Now we define IStRDF f’ on 7" by
f'(x) = f(x) forevery x € V(T"). So, we have w(f') = w(f) —2 < (”+1) —2= 8("_91)_2 < 8
If f(vo) = 3 the we must have f(v;) = f(u) = f(u') = 0 and for any Vertex xr € Ly, f(x) =0.
Now if f(v) = [5]+1, then we define a function f" on 7" by f’(vo) = 1 and for any other vertices
z € V(T") f'(2) = f(2). Thus, we have w(f') = w(f) —2 < ("H) — 2 < 8. Butif f(vy) =0,
then we define a function g on T by g(v;) = (%1 + 1, for any Vertex z € N(vq1), g(x) = 0 and
g(u) = g(u') = 1. So, we have w(g) < w(f). Now we define a function f' on 7" by f'(x) = g(x).
Then we have w(f’) = w(g) — 2 < &

Case 2.2.2. t = 3 and the vertex v, has at least two neighboring vertices, which are end-support
vertices of degree three. We denote those vertices by w1, ..., u;_1. Now we consider a subtree 7"
such that 7" ~ T,,. We put T' = T"|JT"” such that if w is the central vertex of 7", then w is
connected by an edge to the vertex v;. So, for every function f’ on 7" we have

w(f) < w(f) -3k < 8(”%3“1) — 3k = 83k < 8(”_1)9_3k+8 < 8(”9_1). This completes the
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proof. O

Following we show that this bound is sharp. Let GG be a labeled graph on n vertices and let
be a rooted graph with root v. The rooted product graph G o, H is the graph obtained from G and
n copies of H, say H, --- H,, by identifying the root of the copy H; of H with the i*" vertex of
G, Godsil and McKay [3]. If H is a vertex transitive graph, then G o, H does not depend on the
choice of v, up to isomorphism. In such a case we will just write G o H.

Let S(K 4)(the star K 4 with all its edges subdivided) be rooted in its center v and let F?, consist
of all the rooted product graphs 70, S(K 4), where T is any tree on m > 2 vertices (see Figure 3

for an example).

Figure 3. A member of F}.

Theorem 4.3. Let T' be an n-vertex tree. If T € FE and m > 2, then ug,r(T) = 5.

Proof. Firstly, we notice that if the graph H = S(kK 4) is an induced subgraph H of G, and its
noncentral vertices have no neighbors outside H in GG, then any URStRDF must put total weight at
least 8 on the vertices of H. For the case of trees 7' € FP, m > 2, they contain m disjoint induced
subgraphs isomorphic to S(K 4) satisfying the situation mentioned above. So, ugr(T) > 2 =
%” for each ' € FP, m > 2. But since every tree 7' € F? has a vertex partition of m > 2
sets including such subgraphs, a weight of at least 16 is needed on every set of such partition.
Moreover, it is easy to find a ug, z-function of weight 2, which leads to the equality. O
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